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Chapter 1

Scope and approach

This course requires a good understanding of the Part IB course Statistics. This course
complements the Part I courses Principles of Statistics and Mathematics of Machine
Learning by providing a more applied and computational perspective.

This year we will take a slightly different approach to statistical modelling. On the
course website you will find the lecture notes from 2019, which take a more classical
approach. Additionally, you might find the following books useful:

o A. Agresti. Foundations of Linear and Generalized Linear Models. Wiley 2015.
(Especially Chapters 2, 3, 4, 7.)

e P. MuCullagh, J. A. Nelder. Generalized Linear Models. Chapman and Hall, 1989.

(A classic but lacks details and examples.)

e G. James, D. Witten, T. Hastie, R. Tibshirani. An Introduction to Statistical
Learning (with Applications in R). Springer 2013. (Provides perspectives from
machine learning.)

e D. Freedman. Statistical Models: Theory and Practice. Cambridge University Press,
2009. (Provides perspecties from causal inference and scientific applications.)

For mathematics students, it might not be obvious that statistics is not a branch
of mathematics.! There is no consensus on the definition of statistics (especially with
the rise of machine learning and data science), but the following definition in Wikipedia
cannot be too wrong:

e Statistics is the discipline that concerns the collection, organization, analysis, inter-
pretation, and presentation of data.

Compare this with the following definition of mathematical statistics:

o Mathematical statistics is the study of statistics from a mathematical standpoint,
using probability theory as well as other branches of mathematics such as linear
algebra and analysis.


https://idiscover.lib.cam.ac.uk/primo-explore/fulldisplay?docid=44CAM_ALMA51624112880003606&vid=44CAM_PROD&search_scope=SCOP_CAM_ALL&tab=cam_lib_coll&lang=en_US&context=L
https://idiscover.lib.cam.ac.uk/permalink/f/t9gok8/44CAM_ALMA21489301620003606
https://faculty.marshall.usc.edu/gareth-james/ISL/ISLR%20Seventh%20Printing.pdf
https://faculty.marshall.usc.edu/gareth-james/ISL/ISLR%20Seventh%20Printing.pdf
https://idiscover.lib.cam.ac.uk/permalink/f/1ii55o6/44CAM_ALMA51527574630003606

Another way to think about the difference is mathematics is mostly about deductive
reasoning from a set of axioms and assumptions, while statistics is mostly concerned
with inductive reasoning from empirical data.? Through exploring different statistical
models and learning R, a great programming language for statistical computing, you will
be exposed to both the mathematical and non-mathematical elements of statistics.

To understand how statistics are used in practice, the following quote by G. Box3
may be illuminating:

Scientific research is usually an iterative process. The cycle: conjecture—
design—experiment—analysis leads to a new cycle of conjecture-design—experiment—
analysis and so on.... The experimental environment ... and techniques appro-
priate for design and analysis tend to change as the investigation proceeds.

At one point, the dominant view was that statistical modelling is a critical step of “analysis”
and the model is built after data are collected. However, modern statisticians (and in fact,
many pioneers like Box and Fisher) view statistical model as an essential component of
the scientific process that guides all steps of the cycle and is being continuously updated.

Another important realization in modern statistics is that statistical models may come
at different levels:

(i) Models for conditional moments. For example, a linear model for conditional
expectation assumes E[Y | X = z] = =7 3.

(ii) Models for joint or conditional distributions. For example, the classical normal linear
model assumes Y = XT3 + € where the noise variable ¢ 1. X and € ~ N(0, 0?).

(iii) Structural or causal models that not only describe (associational) relationship for
the data at hand but also (causal) relationship under counterfactual interventions.
For example, the linear structural equation model assumes Y ®) = 273 + ¢, where
Y (®) is the counterfactual value of Y under the intervention that sets X to = and e
is an independent noise variable.

This course will not consider the third type of statistical model; see Freedman’s book for
some good introduction to it.

This course will discuss the first two types of statistical models, which are often called
regression models.* In particular, our focus will be on a class of models called generalized
linear models (GLM), which extends the classical linear model by using a beautiful theory
for exponential family distributions. In essence, a GLM assumes that the conditional
distribution of Y given X is (almost) determined by the conditional expectation E[Y" | X].

Why do we care about regression problems? Omne obvious reason is their nearly
ubiquitous presence in applications. Another reason is divide-and-conquer: the joint
distribution of some random variables can always be factorized as a product of conditional
distributions.

Why do we still care about (generalized) linear models, given the rise of machine
learning algorithms that almost always have better prediction accuracy? Because GLMs



are simple, elegant, and interpretable. Moreover, more complex models are often consti-
tuted by GLMs. For example, a neural network is essentially the composition of numerous
GLMs (with the distributional assumptions stripped away).

Notation

Upper-case letters indicate matrices or random variables. Lower-case letters indicate fixed
quantities. We use I, to denote the p x p identity matrix, 1, to denote the p-vector of ones,
and 0, the p-vector of zeros. Bolded symbols are vectors or matrices. Independent random
variables (or vectors) X and Y are denoted as X 1 Y. As a convention, we usually
use subscript ¢ in{1,...,n} to index observations and j € {1,...,p} to index variables.
“Independent and identically distributed” is abbreviated as “i.i.d.”. The Euclidean norm of
a vector Y is denoted as ||Y'||. Convergence in distribution (weak convergence) is denoted

d
as —.

Notes

!Perhaps this is true for any non-statistician. When I told my neighbours that I am a statistician,
most of their first reaction is that I do mathematics.

2Mathematics also involves induction, see G. Pélya’s book Mathematics and Plausible Reasoning, but
mathematical induction is a deductive method. Statistics also involves deductive reasoning (which is
basically mathematical statistics).

3 Abstracts. (1957). Biometrics, 13(2), 238-246.

4The terminology “regression” was derived from a statistical phenomenon called “regression toward
the mean” discovered by F. Galton. The original meaning of regression is no longer relevant today, but
the terminology was kept for historical reasons.



Chapter 2

Linear models

Suppose our data are comprised of observations
(X17 Y1)7 (X27 Yé)a ey (XTL’ Yn)

For any observation i € {1,...,n}, X; € RP is a p-dimensional random vector whose
entries are often called the regressors, covariates, predictors, explanatory variables, or
independent variables. The random variable Y; € R is often called the response, outcome,
target, or dependent variable. To emphasize that we are considering regression problems
(as opposed to causal problems or purely predictive tasks), we will refer to X; as the
regressor and Y; as the response.!

Unless otherwise stated, we assume n > p throughout the course.

2.1 The normal linear model

The classical normal linear model assumes that (X1,Y7), (X, Y2),...,(X,,Y,) are inde-
pendent and the conditional distribution of Y; given X satisfies?

P
Y, = ZXiij + €, € L X5, € ~ N(O,O’Q), 1=1,...,n. (2.1)
Al

Equation (2.1) is rather cumbersome and can be simplified by introducing the following
vector /matrix notation:

Yy > ¢ S €1
Y = , X = , B= , and € = :
Y, xr By €n
Now we can rewrite (2.1) as

Y = XB+e€, €| X ~N(0,0°I,). (2.2)

The matrix X is known as the design matrixz or model matriz. The former terminology
was derived from the classical setting in experimental design in which X is chosen by the

4



experimenter. This is rarely the case in modern applications. For this reason, we will
refer to X as the model matrix in this course.

Example 2.1 (Normal measurements). This model assumes Y; i N(u,0%),i=1,...,n.
The model matrix X = 1,, is a matrix with just one column and the regression coefficient
B = p is one-dimensional.

Example 2.2 (ANOVA). Let F; € {1,...,l} be a categorical variable with [ levels
(also called a factor). The classical ANalysis Of VAriance (ANOVA) assumes Y; =

Br, + €, € g N(0, 0?) where 3 is a [-dimensional parameter vector. The ith row X; of
the corresponding model matrix X is an indicator vector whose F;th entry is 1 and all
other entries are 0.

To distinguish (2.1) and (2.2) with models for the conditional expectation, let p; =
E[Y; | X;]. Then (2.2) contains three different types of assumptions:

r N\

(i) The conditional expectation satisfies

M1

Hn

(ii) The noise € =Y — p satisfies € 1L X;

(iii) The noise € is distributed as N(0, o2I,,).

. v

You may have noticed that (2.1) does not make any assumptions on the distribution of
the regressors X. This is intentional, because we are only concerned with the conditional
distribution of Y given X. In most applications, the distribution of X is unknown.
However, this does not matter in the classical linear model because the assumption € 1L X
allows us to factorize the likelihood function as

n

L(B) = f(@1, @y yts ey yns B) = flan, o ywn) - [ flyi | s B),  (2.3)

i=1

where f is a generic symbol for density functions and f(y; | @;;3) is the density function
of a normal random variable:

1 T 3)2 2
f(yi | i3 8) = e—Wi—z{B)?/(20%)
(Wi | s B) V2mo?
Because f(a1,...,®,) does not depend on 3, whether the distribution of X is known or

not does not affect the inference for 3.3



2.2 Ordinary least squares and its geometry

2.2.1 Derivation of ordinary least squares

Following (2.3), the log-likelihood function is given by

n

1(B,0°%) = long(Yg | X;;8) + constant

i=1
n 1 <
= —§log02 " 597 2 I(Yi — X[ B)? + constant
1=
= —ﬁloga2 - iHY — X 3||* + constant
2 202

Therefore, the maximum likelihood estimator (MLE) of 3 is given by the solution of the
ordinary least squares (OLS) problem

B =argmin|Y — X3 (2.4)
B

Notice that this holds regardless of whether o2 is known or not.
We may obtain a closed-form solutionto (2.4) by using the following identities for
matrix calculus:

0, r 0 o1 T
— — p— .
—8ﬁ(a B) = a, and 8,6(/8 AB)=(A+A" )8
Therefore the OLS estimator satisfies
XT(y —Xp3)=o0. (2.5)

Equation (2.5) is called the normal equations because it requires the vector of residuals
R=Y - X,é to be orthogonal to X.

The linear equations (2.5) have an unique solution if X7 X is invertible (or equivalently,
because n > p, X has full rank). In this case, we have

B=(XTx)'xTy.

Unless otherwise stated, we assume X has rank p throughout this course.
The maximum likelihood estimator of o2 can be obtained by differentiating 1(3, 02)

with respect to o2:
n

1 2
Gy + QfﬂHY - X3|*.

@l(ﬁa o?) =
By solving Z(B, o?), we obtain
g = IV~ XBI? = ~|RJ?.
n n
The quantity || R||? is often referred to as the residual sum of squares (RSS). Because 631 &

is biased (see Section 2.3), it is more common to use the following unbiased estimator of

0'22

N n 1 A 1
62 = — Ul%/ILE:7n_pHY_X/6‘|2:f_pHRHQ'

6



2.2.2 Orthogonal projections

Before discussing the statistical properties of the OLS estimator, it is useful to get a
geometric understanding of what it does. By definition, the fitted values in the linear

model are given by R
p=Xp=XXTX)"'xTy,

which is a linear transformation of the original response vector Y. Let H = X (X7 X)) 1 X1,
which is often called the hat matriz in statistics literature for the obvious reason. Geomet-
rically, the least squares problem (2.4) implies that the vector of fitted values it = HY is
the projection of the response vector Y onto the column space of X.

We briefly review some basic results about orthogonal projections. Two vectors
u,v € R" are orthogonal if u"v = 0. For a linear subspace W of R", its orthogonal
complement is defined as W+ = {v | vTu = 0 for all u € W}. Any vector y € R™ admits
a unique decomposition y = y; + y2 where y; € W and y» € W', and the Pythagoras
theorem says ||ly||? = ||y1]|? + ||y2]|?>. Moreover, dim(W) + dim(W+) = n.

Let C(X) = {X 3| B € RP} denote the column space of X. Consider the decomposi-
tion

Y= XB +(Y-Xp)
[ (fitted values) R (residuals)

Note that 1 = X8 € C(X). Furthermore, the normal equations (2.5) can be written as
XTR =0,s0 ReC(X)". Again we see that f1 is the projection of Y onto C(X) and
we have || Y |2 = ||| + | R

The hat matrix H is a projection matriz onto C(X) that satisfies the following

properties:
(i) Hu=uifu € C(X); Hu=0if u € C(X)*.
(ii) I, — H is the projection matrix onto C(X)*.
(iii) H is symmetric (i.e. HY = H) and idempotent (i.e. H?> = H).
)

(iv) Orthonormal bases of C(X) and C(X)* are eigenvectors of H with eigenvalues 1
and 0, respectively.

(v) tr(H) = rank(H) = rank(X) = p.

We can define the projection matrix P for an arbitrary subspace W of R" by replacing
C(X) with W in property (i). Moreover, P is a projection matrix for some subspace of
R™ if and only if property (iii) is satisfied. An immediate consequence of property (i) is
that HX = X.

2.2.3 Projection onto nested models

Consider a partition of the regressors:

X = (Xo X1), B= <g?) ;



where X, € R™P X, € R™0P—P) g, ¢ RPox1 and @y € R@P)X1 We are often
interested in comparing the full model p = X3 with the submodel p = X,y (possibly
under additional independence and distributional assumptions, see Section 2.1).

Let P denote the projection matrix onto C(X) (so P = H) and Py denote the
projection matrix onto C(Xy). They satisfy two important properties:

(i) PPy = PyP = Py, see Figure 2.1.
(ii) P — Py is also a projection matrix.

Exercise 2.3. Prove the second property. Which subspace does P — Py project onto?

Y
e

PY

BoXo

Figure 2.1: Nested model projections.

The first property implies the following identity. Let

5_ (Bo
- (2
B1
be the partition of the OLS estimator 8. Let X; = (I — Py) X, and Y = (I — P,)Y be

the residuals of Xy and Y after projecting onto C(Xo). Then B is equal to the OLS
estimator for a linear regression of Y on Xj:

B = (XTX)'XTY. (2.6)

This is a generalization of the Gram-Schmidt process in linear algebra.* To prove this,
consider any Xo € R™*("=P) guch that (Xo X1 X3) is a full-rank n x n matrix. By
applying Gram-Schmidt, we obtain matrices Xo, X1 = (P—Py) X1, and X, = (I-P)X,
that are orthogonal to each other. In consequence, P — Py = PX'l = Xl(Xif)Zl)_leT



is the projection matrix onto the column space of X;. Correspondingly, Y can be
decomposed as

Y ZX()B()—i-XlBl + R

= (XoBo + PoX161) + (I - P) X161+ R
Py (P—Py)Y (I-P)Y

Therefore, )
Xi1681=(P-P)Y = Pg Y.

Because X has full rank, this shows (2.6).

An important special case is pg = p — 1, where X is a single regressor. In this case,
some refer to Bl as the partial regression coefficient to distinguish from the marginal
regression coefficient in a regression of Y on just X;.

Example 2.4 (Simple linear regression). When p = 1, the OLS estimator is given by
the simple formula:

~ X'y
P=xrx
When p = 2 and the model matrix is
1 X,
X=|: 1],
1 X,

the coefficient (3 is called the intercept and S5 is called the slope. By treating the first
column of X as Xj in the above partition, we obtain

By > (Xi — X)(Yi - Y)
i (Xi—-X)2

where X =Y | X;/nand Y =31 | Y;/n.

2.3 Exact inference for the normal linear model

Besides motivating the OLS problem (2.4) as finding the MLE of 8 in the normal linear
model, the rest of (2.2) was entirely algebraic. In this section, we discuss statistical
properties of the OLS estimator and how to use it to make exact inference under the
normal linear model (2.1).

2.3.1 Multivariate normal and related distributions

We first review the properties of some common probability distributions.

A d-dimensional random vector Z is said to follow the multivariate normal distribution
with mean p € R? and covariance matrix ¥ € R¥?, written as Z ~ Na(p, X), if its
probability density function is given by

1 e TS (52— 1) /2
f( ):We (z—p) (z—n)/

9



The multivariate normal distribution has two important properties:

(i) If Z ~ Ny(u, X), then for any fixed matrix A € R**? and vector b € R¥, AZ +b ~
Ni(Au+b, AT AT).

Zo
distribution, then Z; 1 Zs if and only if Cov(Z1, Z2) = 0.

(ii) If Z, and Zy are two random vectors and <Z1> follows a multivariate normal

We often omit the subscript d in Ng4(p, ) if the dimension is clear from the context.
Let Z ~ Ng4(0,I). Then we say

d
1ZI1? =2 ~ x4
i=1

follows the chi-square distribution with d degrees of freedom. The following result will
be useful for us. Suppose P € R?? be a projection matrix and rank(P) = r, then
IPZ|” ~ x;.

Exercise 2.5. Prove the last result.
Suppose Z ~ N(0,1), S ~ x3, and Z L S. Then we say

z_
s/a

follows the (Student’s) t-distribution® with d degrees of freedom.
Suppose Sp ~ X?h? Sy ~ X?lz’ and S1 L S5. Then we say

Sy /dy
~ F
SQ/dQ d17d2

follows the F'-distribution with degrees of freedom d; and ds.
Informally, the above definitions can be summarized as follows:

X3 = N(0,1)* + -+ N(0, )%

d times

N(0,1)
Xa/d

X5, /d1

X3,/ d2

Fdl,dz =

In this informal notation, two random variables (as indicated by their distributions)
are independent whenever they appear in the same expression. It is obvious that tz =I 4.
Moreover, E[x3] = d.

10



2.3.2 Distribution of ,é and 42

Since 8 = (XTX) 1 XTY is a linear transformation of Y, it has a multivariate normal
distribution conditional on X:

B~N((XTX) ' XTp (XTX) ' X701, X (XTX)™)
=N(B,0*(XTX)™).

2

The estimator 62 of the noise variance o2 can be written as

R 1 A
0= —|IY - XB|’ = (I — H)Y .
n—p

— |
n—p
Because I,, — H is also a projection matrix, this implies that

6% | X ~ a*xp_p/(n —p).
This shows that E[6%] = ¢2 and thus 62 is unbiased.%

Exercise 2.6. Show B and &2 are still unbiased without the normality assumption, that
is, by only assuming € given X has mean 0 and covariance matrix o21I,,.

Finally, B and 62 are independent under the normal linear model, because, given X,
(XTX)"'XTY and (I, — H)Y are jointly normal and

Cov (I, - H)Y,(X"X)'X"Y) = (I, - H)o’L,X(X"X)' =0.

2.3.3 Confidence sets

For the rest of this section, we view X as fixed (in other words, the inference is conditional
on X). The key to exact inference is to find pivotal quantities whose distribution does
not depend on unknown parameters. For example,

(n —p)*
Q2 Xo—p (2.7)
is pivotal, but R
B-B~N(0,0*XTX)") (2.8)

is not pivotal because the distribution depends on ¢2. Instead, we can use the following
pitoval quantity
B-8 N(0.(XTX)7)
o

Xn—p/(n = p)
Element-wise, we have

~ T —1
5o N(0.(XTX);) - .
J N J ~ = (XTX)JJI 'tnfpa J= 17 -y D (29)

Xn—p/ (0= D)

g

11



By using (2.9), we can immediately construct a (1 — a)-confidence interval for f;:
Czy(0) = B o X7 X0 a0/, By 4 64 (KT X) /2]

where t,,_,(a/2) is the upper (o/2)-quantile of ¢,_,. By (1 — a)-confidence interval, we
mean the following probabilistic statement is true:

]P(,Bj S CIj(Oé)) =1-oa.

To construct a confidence region for the p-dimensional vector 3, a simple approach is
to take the product of univariate confidence intervals H§:1 CZ;(a/p). (Ezercise: Show
that this set covers B with probability at least 1 — «.)

However, this product set is usually quite conservative because it does not take into
account the dependence between the entries of le A better solution is to use the following
pivotal quantity R X

(B- BT (X"X)(B-8)

P&

~ Fyp. (2.10)
So the following ellipsoid is a (1 — «)-confidence region of 3:

(B-AIXTX)B-F) Fp,npm)} ,

po

CI(a) = {[3 ERP |

where F),,,_p(a) is the upper a-quantile of Fj, ,_,,.

Exercise 2.7. Use (2.7) to construct a (1 — a)-confidence interval for o2.

Exercise 2.8. Let (X*,Y*) € R” xR be a new observation of the normal linear model.
That is, suppose Y* = (X*)T 3 + ¢* where ¢* 1L (X, €, X*) and ¢* ~ N(0, 0?). Construct

a (1 — a)-confidence interval for (X*)7 3 and Y*. The latter is called a (1 — a)-prediction
interval.

2.3.4 Hypothesis tests and analysis of variance

By using the duality between hypothesis testing and confidence interval, we can easily
construct level-a tests for

Hy:B8;=0vs. H :3; #0 and Hp:B8=0vs. Hy:3#0.

That is, we reject 3; = 0if 0 € CZ;(a) and reject 8 =0 if 0 € CZ(cv).
More generally, we may be interested in comparing nested linear models. As before,
consider the following partition

X = (Xo X1) and 8= (g?) ;

where Xy € R™P0 and By € RP°. We are interested in comparing the full model u = X3
with the submodel p = Xo3p, which amounts to testing Hy : 31 = 0 vs. Hy : 31 # 0.
The (generalized) likelihood ratio statistic is given by

SWpcwr LB o) w2+ H<P—P>YH}
SUPg,eRrPo,8,=0 L(ﬁvaz) 2 2 H(I - P>YH2
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Exercise 2.9. Prove the above equality.

Thus, the likelihood ratio test rejects Ho : 31 = 0 if ||(P — Py)Y ||?/||(I — P)Y||? is
large. Note that ||[(I — P)Y||? is the residual sum of squares (RSS) of the full model,
while ||(P — Py)Y||? is the reduction of RSS when we enlarge the submodel to the full
model. This ratio has obvious geometric interpretations; see Figure 2.1.

To determine the critical value, we need to derive the distribution of the test statistic
under Hy : 81 = 0. Under this null hypothesis, we have Y = X3 + € = X8 + €.
Therefore,

|(P=P)Y|? _ |(P =Ry’
[T-P)Y[? [T P

Because € follows a multivariate normal distribution and

Cov (P — Py)e, (I — P)e) = (P — Py)o*I(I — P) = 0,

we have (P — Py)e L (I — P)e. Because P — Py and I — P are projection matrices,
(P — Py)el|* ~ x2_,, and |(I — P)e||* ~ x2_,. Therefore,

5o 1P = P)Y |2/ (p = po)
I = P)Y[]*/(n—p)

~ Fy_pon—p under Hy.

The level-a likelihood ratio test rejects Hy : 81 = 0 when F' > Fj,_p, np(c).

Exercise 2.10. Show that the t-test and F-test for Hy : 8; = 0 vs. Hp : 3; = 0 are
equivalent.

2.4 Linear conditional expectaion model

As discussed in Section 2.1, the normal linear model (2.2) contains three assumptions:
the conditional expectation follows a linear model u = X 3, the noise € is independent
of X, and the noise € ~ N(0,02I,). The last two distributional assumptions play an
essential role in the exact statistical inference discussed in Section 2.3 but are often too
restrictive in applications. Next, we briefly discuss relaxations of these assumptions.

2.4.1 Generalized least squares

One possible relaxation is to assume € follows an non-isotropic normal distribution:
Y =XB+e €| X ~N(0,0%°%),

where 02 € R is unknown and 3 € R™™" is a known positive-definite matrix that may
depend on X.

Theoretical results in Sections 2.2 and 2.3 can be easily extended to this model by
using the transformation X — ¥71/2X and Y — X~Y2Y. The maximum likelihood
estimator of 3 in this model is given by the generalized least squares (GLS) estimator:

Bars = (XTe1x)1xTs-ly.
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Exercise 2.11. Derive the above formula for BGLS from the definitions. Then derive it
again using the formula for Bors.

An important special case of GLS is the weighted least squares (WLS). Given a vector
of weights w = (wy, ..., wy,), the WLS estimator is given by

n
Bwis = argmin Y _w;(V; — X[ B)%.
i=1

This is equivalent to choosing ¥ = diag(wfl, ...,w; ) in GLS.

n

2.4.2 Heteroscedasticity

Consider the following less restrictive linear model:

YZ-:XiT,@—Fei, 1=1,...,n,
where
o (6,X;), i=1,...,n, are independent and identically distributed (IID);
o E(¢; | X;) =0;

[ Var(ei | Xl) = 02(Xi)~

Compared to the classical normal linear model (2.1), it no longer assumes ¢; 1 X, the
distribution of ¢; is normal, or the variance of ¢; is a constant.” When 0?(X;) = o2 is a
constant, we say the noise is homoscedastic; otherwise, we say the noise is heteroscedastic.

Due to the lack of distributional assumptions, exact statistical inference is no longer
possible. However, we can rely on asymptotic arguments:

V(B -8)=vn{(XTX)"' X"y - B}
= Vn{(X"X)"'X"(XB +¢€) - B}
= Vn(XTX)'XxTe

Under suitable regularity conditions, the first term converges in probability to X x =
E[XlXZT | by the weak law of large numbers, and the second term converges in distribution
to N(0,€2), where Q = E(X; X ¢?) = E{o?(X;)X;X}. Therefore, by Slutsky’s lemma,

\/ﬁ(ﬁ -B) AN (0, E;(lﬂﬁ}l) , as m — 0o. (2.11)

The form of matrix 2}192}1 is common in misspecified maximum likelihood and
is often called the sandwich variance (for obvious reasons) or the inverse Godambe
information. When the noise is homoscedastic, i.e. 02(X;) = o2, this reduces to \/n(3 —
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B) 4N (0,02%!), which is consistent with the exact distribution (2.8) obtained under
normality.

Equation (2.11) is not an (asymptotic) pivotal quantity yet because the distribution
depends on ¥ and 2. These unknown quantities can be estimated by

¢ 1 ¢ T s lg T2
Sy = EZXiXi and Q = ﬁZXiXi e?.
=1 =1
Under suitable regularity conditions, they converge to ¥ x and € in probability. By
Slutsky’s lemma,

VnExQ Y23 - B) LN N(0,1I,), as n — oo.

It is then straightforward to construct confidence intervals or hypothesis tests for 3.

2.4.3 Misspecified linear models

One may further question the validity of the linear model pu = X itself. To emphasize
that the linear model could be misspecified, we sometimes call g = X3 a linear working
model. Consider the following setting

Y, = g(Xz) + €;, where (Xz'75i) are IID, ¢ 1 X;, E(GZ) =0,t=1,...,n. (2.12)

In nonparametric regression, the goal is to estimate estimate the regression function
g(+). A parametric model such as the linear model assumes g(-) belongs to a class of
function {g(-;3) | B € RP} that is indexed by some finite-dimensional parameter 3. Here,
our interest is to understand how the linear working model behaves when the truth is
(2.12).8

Recall that the OLS estimator 8 minimizes Y (Yi — XI'B)% Therefore, it is
expected that, as n — oo, B will converge to

BoLs = argminE {(YZ — XlTB)Z}
B

= argminE {(9(X;) — X/ B+ €¢)*}
B

= argminE {(9(X;) — X[ B8)*} +E{(9(Xi) — X B)ei} + E(e})
B S~—~—
=0 =constant
= arg,;ninE {(9(Xi) = XZT,B)Q} .
Therefore, XIT Bors may be viewed as the projection of g(X;) onto the space of linear
functions of Xj.

We make two remarks on misspecified linear models. First, the “true” value of the
parameter Borg depends on the distribution of X;; see Figure 2.2 for an illustration.
Second, the definition of the population regression coefficient 3 also generally depends on
the estimator we use. For example, the least absolute deviation (LAD) estimator”

n
BrLap = arggninz Yi — X |
i=1
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does not generally converge to Bors, unless the linear model is correctly specified (i.e.
g(x) is indeed linear in ).

20
151
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b
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%) N
c 0.2 L2
@ T
T 0.1
0.0 oo I;;;;:::::‘.'.' ............. P -.>.T.'.‘.':.I
-4 -2 0 2 4
X

Figure 2.2: The “true” value of Bors depends on the distribution of the regressors. This
figure shows two samples generated from the same conditional distribution of Y; given
X; but different marginal distributions of X;. In both samples, Y; = Xi2 + X, + ¢; where
€; ~ N(0,1). In sample a, X; ~ N(—1,1); in sample b, X; ~ N(1,1). The value of Sors
is negative in sample a but positive in sample b.

2.4.4 Omitted-variables bias and Simpson’s paradox

Misspecified models may also arise if some covariates are omitted in the regression.
Consider two linear models:

Model 1: V; = X B+ ¢, i=1,...,n;

I

Model 1: V; = X ' 8* + ZI'~v* + ¢, i=1,...,n.

In general, 3 # 3%, a phenomenon often referred to as the ommited-variable bias.
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Exercise 2.12. Show that 8 = g% if X; 1 Z;.

In its extreme form, ommited-variable bias is known as Simpson’s paradox, which was
initially discovered by K. Pearson and U. Yule. One of the best-known examples is the
1973 Berkeley admission data; see Table 2.1. Overall, men appear to be more likely to be
admitted than women. However, if we look at the department-level statistics, in most
cases women have a higher admission rate. This apparent paradox can be explained by
the observation that there appear to be more men applications to departments with a
higher admission rate. Whether this is also a kind of “gender bias” is another matter of
debate.

Fundamentally, the reason behind Simpson’s paradox is that a regression coefficient
only measures (conditional) association and does not necessarily indicate causation. A
rigorous discourse on causation is beyond the scope of this course, but you might find the
cartoon in Figure 2.3 illuminating (or not).

Department Men Women
P Applicants  Admitted | Applicants Admitted
A 825 62% 108 82%
B 560 63% 25 68%
C 325 37% 593 34%
D 417 33% 375 35%
E 191 28% 393 24%
F 373 6% 341 ™%
Total 8442 44% | 4321 35%

Table 2.1: Berkeley admission data.'?

T USED T0 THINK, THEN I TOOK A | | SOUNDS LKE THE
CORRELATION IHPUED STATISTICS CLAsSs. CLA‘SS HELPED.
CAUSATION. Now I DON'T, WELL, MH‘fBE

THElE

Figure 2.3: Correlation does not imply causation.
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2.5 Model diagnostics and model selection

Although the normal linear model makes several restrictive assumptions, it remains the
default choice for many applications used due to its simplicity. In practice, a common
trask is to select a linear working model according to one or some of the following criteria:

(i) Does the model appears to provide a good fit to the observed data?
(ii) How large is the model’s prediction error?

(iii) How likely is the true model covered, assuming the data are indeed generated from
it?

(iv) How interpretable is the model?

This section will provide some theoretical insights for the first three considerations.

2.5.1 Linear model diagnostics

One nice thing about making restrictive assumptions is that we can often check them
empirically. Here we provide some useful diagnostic quantities and plots for the normal
linear model.
To measure how well the linear model fits the observed data, a widely used value is
the coefficient of determination, defined as
_la-v12 1Y — af

RP=C L 1
1Y —Y1[J Y =Y’

where Y = Yo, Yi/n. In words, R? is a measure of the proportion of variance of Y; that
can be explained by the linear model. A common mistake in practice is to interpret the
absolute value of R? out of context, which depends crucially on the level of noise in the
observations. So a linear model with R? = 1% is not necessarily a poor model.

The leverage of the ith observation is defined as Hj;, the ith diagonal element of the
hat matrix. Recall that the fitted value for Y; is

fii = (HY); = HiY; + Y Hip Y.
ki

So the leverage H;; is how much the observed value Y; determines the fitted value f;.
Another motivation for leverage is the following result (recall R =Y — i is the vector of
residuals)

Var(R; | X) = 0%(1 — Hy). (2.13)

So the residual R; is close to 0 if the leverage H;; is close to 1.

Exercise 2.13. Prove (2.13).
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Next we describe the diagnostic plots produced by the R function plot.1lm by default.

The first is the residual vs. fitted plot, which plots the studentized residual R; against
the predicted value fi;. We can visually assess the assumption E(¢; | X;) = 0, by checking
if there is any obvious trend (e.g. a quadratic trend) in the plot.

The second is the quantile-quantile (Q-Q) plot, which is used to visually check normality
of the noise ¢;. Motivated by (2.13), the studentized or standardized residual of the ith
observation is defined as

R 1

T eVI-Hy
If the normal linear model is correct, R; should be close to ¢; /o, which follows a standard
normal distribution. We may check this assumption by plotting the sample quantiles of

(]:21, ..., Ry) against the theoretical quantiles of N(0, 1); see Figure 2.4 for an illustration.

SawP\L
tlw*ﬂ\ﬂ Heavier N
o + "i’ “ail
0 — P e —
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A
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;‘ |
> !
0 .
Theoectical
wwmtile
of N©.D

Figure 2.4: Quantile-quantile (Q-Q) plot.

Exercise 2.14. In the normal linear model, show that ]:ZZ ~ tp—p—1 if we replace & in
the definition of R; by &(_;), which is the estimator of o using all observations besides
(X3, Y5).

The third diagnostic plot is the scale-location plot, which shows the square root of the
absolute value of the standardized residual y/|R;| against the fitted value ji;. This plot is
used to check the homoscedasticity assumption Var(e; | X;) = o2, under which |]:2,\
should have an average value around 1.

The four:ch and final one is a plot of residuals vs. leverage. More precisely, this
plot shows R; against H;; and is used to identify outliers with a large leverage. We
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say an observation (X;,Y;) is an outlier if |R;| is much larger than what is expected if
¢i ~ N(0,0?%). In other words, these observations differ substantially from model-predicted
values. Especially of concern are outliers with a high leverage, because just one or a few
of them can severely bias a regression model. Note that the definition of “outlier” depends
on the model. It is not rare to have one observation that is not an outlier originally
become an outlier when some other apparently outlying observations are removed. See
Figure 2.5 for an illustration.

owtliey

Y N
-f;-(»floL wadel

> klcl‘r lwar“—ja ?olhts,

A\ 4

Figure 2.5: Outliers with a high leverage can severely bias a regression model.

A useful quantity for outlier detection is Cook’s distance:

_ IXB-Bay)l? 1 Hy -,

D; . ]
‘ p&2 pl—Hy '

(2.14)

where B(,i) is the “leave-one-out” OLS estimator of 8 when (X;,Y;) is removed from
the dataset. By definition, D; is a standardized change of the fitted values when the ith
observation is removed. Therefore, a large value of D; indicates that the ith observation
have a large influence on the fitted values. Some clever algebra produces the formula in
(2.14), so in order to compute Cook’s distance, it is unnecessary to repeatedly solve least
squares problems.

Recall that in the normal linear model, a (1 — a)-confidence ellipsoid for 3 is given by

5 vz
CT(a) = {5 R | ‘X([;&Qﬂ)” < Fp,n_p(a)} ,

Motivated by this, a rule of thumb in practice is that a Cook’s distance D; > F}, ,_,(0.5)
indicates an outlier of concern.

Exercise 2.15. Prove (2.14) using the Sherman-Morrison formula

Ay A1

1+vTA 1

that holds for any non-singular A € RP*? and u,v € R? such that v7 A= u # —1.

(A+ur?) =471 -
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As a final remark on model diagnostics, the above quantities and plots should be
regarded as visual “falsification tests” of the various assumptions made by the normal
linear model. This means that even when all the diagnostic plots look exactly like what
are expected, we cannot conclude that the linear model must be correct. These tools
depart from rigorous theorems in mathematical statistics but are immensely useful in
practice. They provide empirical evidence to improve a statistical model and fit in nicely
with Box’s cycle of scientific research discussed in the very beginning of the course.

2.5.2 The bias-variance decomposition

Next, we consider the prediction error of a linear working model when it is possibly
misspecified. Consider the nonparametric regression model (2.12) which is repeated below:

Y = g(X;) + ¢, where (Xj,¢;) are IID, ¢; 1L X;, E(¢;) =0, i=1,...,n.

We further assume Var(e;) = o2 exsits. In Section 2.4.3, we saw that the OLS estimator

,é estimates Borg, the projection of g(X;) onto the space of linear functions of X; in the
population.

Let 3, = E(B | X1,...,X,) be the expected value of 3. Notice that B, depends on
the model matrix X, so 3, is a random quantity. This is why a subscript n is included.
Let (X141, Ynt1) be a new independent observation from the same distribution.

The mean squared prediction error (MSPE) at a fixed value & € R" of the regressors
is defined as'!

MSPE(@) = E [{Yas1 — X118 | X1 = x|
=E [{g(@) - 2" B+ eor1}?]

—E|{g(2) - 2"BY| + E[{g(@) - Blenss|  +E(E,)

=0 because e, 11 L B and E[e,41] = 0.
=E [{g() - 278, + 2" B, — 2" BY| + E(el,1)
~E[{g(@) —2"8.}%] +E {g(@) - 2" B Ha" B, — 2" B}
=0 because E[B — 8] = 0.
+E [{wT,Bn — wTB}2} +E(e2,4)

=E [{g(x) — 278,}2] + E [{7 8, — 2T 81| + B(e2,).

To summarize, we have obtained the following bias-variance decomposition of MSPE:

MSPE(z) = E [{g(z) — =’ 3,}*] + Var (:UT,B> + o . (2.15)

~
bias? variance irreducible

Equation (2.15) plays a central role in understanding the predictive behaviour of
regression models, as its derivation does not rely on how 3 is obtained. For the OLS
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estimator ,[9, it can be shown that

> Var(X[8| X) = po®. (2.16)
=1

Therefore, the average MSPE over the observed regressors is given by
1 ¢ 1 ¢ Tg 2, PO § 2
- 2 MSPE(X;) = — z;{g(Xi) = X[ B}t + 5t (2.17)
1= 1=

Exercise 2.16. Prove (2.16).

Equation (2.17) illustrates a fundamental phenomenon called the bias-variance trade-
off. In order to make the bias term > i, {g(X;) — XI3,}? smaller, we can increase
model complexity and include more regressors in the linear model. However, this comes at
a price: the variance term po?/n will become larger. This trade-off of bias and variance
applies to not only the least squares estimator but also many other statistical tasks;'? see
Figure 2.6 for a nice schematic illustration.

Closest fit in population

Realization
1.\

MODEL

Truth / N
= SPACE

Model bias /\ |

Estimation Bias

| Shrunken fit

e
Estimation _ -~

Variance

RESTRICTED
MODEL SPACE

Figure 2.6: Schematic of the behavior of bias and variance.!?.

In linear models, the complexity of the least squares estimator is measured by p,

which coincides with the degrees of freedom. In more complex models, it is not always
straightforward to come up with a good measure of model complexity.
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2.5.3 Quantitative criteria for model selection

Next, we review some commonly used criteria for model selection. A better idea is to
estimate the prediction error of the working model.

The first criterion is Mallows” C),, which is an unbiased estimator of the average MSPE
in (2.17) (up to a constant scaling). To derive Cp, we first compute the expected value of
the RSS under the nonparametric regression model (2.12):

E(lY - al*| X) =E{|(I - H)Y|*| X}
=E{|(I - H)(u+e)|*| X}
= I(I - H)p|* +E{||(I - H)e|* | X}
=|(I = H)ul* + (n - p)o’.

Notice that for the OLS estimator B,
XB,=XEQB|X)=X(X"X)"'XE(Y | X)=Hp.
Therefore, by comparing with (2.17), we see that
Cp = Y — ]2 + 2po? (2.18)

is an unbiased estimator of > " | MSPE(Xj).

In practice, in order to use Mallows’ C), the noise variance 0?2 needs to be estimated.
One common choice is to use the 42 obtained from the full working model that uses all
the regressors.

Heuristically, because the training error rate ||Y — fi||?/n evaluates the predictive
performance of the model using the same data that the model is fitted to, it underestimates
the prediction error rate Y | MSPE(X;)/n. The gap between the training error and
prediction error is sometimes referred to as the optimism of the training error rate. In
the case of OLS, the amount of optimism is 2pa?/n, which is proportional to the degrees
of freedom p, a measure of model complexity. In general, the optimism tends to become
larger when the working model becomes more complex.

Exercise 2.17. Consider any linear estimator fi = MY of u where M € R™*" only
depends on the data through X. Show that tr(M) is a “generalized degrees of freedom”
in the sense that

Car = |IY = ] + 202t2(M)

is an unibased estimator of »_ ! ; MSPE(X;) for f.
Our second criteria is leave-one-out cross-validation (LOO-CV), which is defined as
LOO-CV = Y (Yi — fu—i))*, fi—i) = X{ B,
i=1

where B(_i) is the leave-one-out OLS estimator that is computed using all observations
besides (X;,Y;). The idea of leave-one-out was used in the definition of Cook’s distance
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(2.14) previously. Likewise, it is not necessary to actually compute the LOO OLS
estimators repeatedly. Indeed, it can be shown that

i = HiiYi + (1 — Hig) fi—s)-

Therefore, we have the following simple formula

LOO-CV_;<YZ o, > —;(1_}[“)2.

For linear models, Mallows’ C}, and LOO-CV often lead to very similar estimates of the
prediction error. The advantage of cross validation is that is is often easier to use in more
complex problems, although it may be no longer possible to obtain a closed-form formula.

Another two commonly used criteria for model selection are Akaike’s information
criterion (AIC) and the Bayesian information criterion (BIC). Because these information
criteria are based on the likelihood function, they can be applied to a wide range of
statistical problems. To illustrate this flexibility, we describe these criteria in more general
setups.

Suppose Y; o f(y),i=1,...,n, but a parametric model Y; 10 f(y;0) is fitted instead
over an Euclidean model space ©. Under suitable regularity conditions, the MLE is
expected to converge to

. 1 <&
f = arg max — log f(Y;;6
ISe) n; (¥::6)

IS )
= arg max — log
6co n; f(Yi)

P f(Yi;H)}
— argmax E {log
b0 f(Ya)
=argminEy {—log f(Y;;0)},
0O

where the subscript f under E means that the expectation is computed over the density f(-).
To select an approriate model space ©, AIC attempts to estimate E {—2 log f(Yn41; é) | é}

where the expectation is taken over a new observation Y, ;1. It does so by making a
correction to the log-likelihood of the observed data at the MLE 6:

AIC = —2 zn:log f(Yi;0) + 2dim(0). (2.19)

i=1

The correction term 2 dim(0) penalizes the log-likelihood function evaluated at the same
data used to fit the model. This closely resembles the idea of estimating the optimism of
the training error in Mallows’ C). It can be shown that AIC (divided by n) is a consistent
estimator of its target as n — oo, but that proof is beyond the scope of this course.

To simplify the presentation, we assumed above that the data are IID. The same idea
can be easily extended to regression problems by replacing f(Y;; é) with the conditional
likelihood given X;.
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Exercise 2.18. Show that for the normal linear model with known a?, AIC concides
with Mallows” C,,.

Let {©1,...,0,,} be a collection of Euclidean model spaces. Then BIC is defined as

BIC(©y) = —22105; £(Y3:03) + dim(©y) logn,

i=1

where 0y, is the MLE over ©. BIC, as its name indicates is motivated by the Bayesian
perspective on model selection. If we assign a uniform prior on the model spaces,

1
]P)(@k):E, k:l,...,m7

Then it can be shown that, as n — oo, the posterior probability for a model is approxi-
mately given by
P(O | Data) o e BIC(O8)/2,

This provides a much more principled way to select “true” regressors than naive selection
rules based on statistical significance of regression coefficients.

Compared with AIC, BIC puts a larger penalty on model complexity and thus selects
a smaller model. In practice, a rule of thumb is that AIC is more suitable for predictions
and BIC is more suitable for selecting the “correct” model.!*

2.5.4 Algorithms for model selection

Besides the statistical considerations discussed above, there are also computational
challenges in model selection, as the number of submodels grows exponentially as the
number of regressors increases. This section describes some algorithms that explore a
large numberof of models more efficiently.

Our discussion thus far provides two useful insights for model selection. First, the
RSS ||Y — X|? concides with the (negative) log-likelihood function in the classical
normal linear model and is indicative of predictive performance. Thus, it is reasonable
to compare different models (especially those with the same complexity) by their RSS.
Second, a good measure of model complexity is the degrees of freedom, i.e. the number of
parameters in the model that are allowed to vary freely. These insights motivate the best
subset algorithm, which selects the submodel with the smallest RSS for every degrees of
freedom k.

However, the best subset algorithm is still a computationally intensive algorithm that
requires us to compute the RSS for all 2P submodel. Two greedy algorithms are commonly
used to reduce the number of search paths. The first is the forward stepwise algorithm,
which starts from the null model and greedily adds one unselected regressor at a time
that reduce RSS the most. The second is the backward stepwise algorithm, which starts
from the full model and greedily removes one unselected regressor at a time that increases
the RSS the least. There is of course no guarantee that these greedy algorithms will
select the aboslute best submodel for each degrees of freedom k. But they often select a
reasonably good submodel by examining only O(p?) submodels.
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Example 2.19. Consider Figure 2.7, which shows the RSS for every submodel represented
by a set of indicies of regressors for p = 3. For k£ =0,1,2, and 3,

e The best subset algorithm selects 0, {3}, {1,2}, and {1,2,3};
e The forward stepwise algorithm selects 0, {3}, {2, 3}, and {1, 2, 3};

e The backward stepwise algorithm selects 0, {2}, {1,2}, and {1, 2, 3}.

RSS

éi.
i (fs)

Figure 2.7: An illustration of model selection.

A common feature of these algorithms is that they produce a path of algorithm that
is indexed by model complexity. Once such a path is obtained, we can then select a single
model by using one of the quantitative criteria introduced above. We can also resort
to the model diagnostics and select a model that passes the visual checks or add new
regressors to the search space (e.g. add a quadratic term when the residual vs. fitted plot
shows a quadratic trend). There is no need to feel too uncomfortable about the ad hoc
nature of model selection. As G. Box summarized in a famous aphorism, “All models are
wrong, but some are useful.”

2.5.5 *Regularization

Thus far, our discussion on model selection has been fairly “discrete”. A single subset of
regressors is selected, and model complexity is measured by an integer (the number of
selected regressors). It is possible and in fact often desirable to “smoothen” this process
via an important idea called regularization. Briefly speaking, regularization tries to
stablize the fitted model (or in statistical terms, reduce the variance of the estimator) by
penalizing model complexity.!®
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Our first example is the best subset algorithm, which can be rewritten as the solution
to the following optimization problem

minimize |Y — X 3|
subject to |80 < k&,

where [|Blo = |[{j | B; # 0}| is the number of non-zero entries in 3 (the ¢p-“norm”). Because
the minimal value of this problem is decreasing in k, the solution path for k =0,...,p
can be reconstructed by the solution to the following unconstrained optimization problem

minimize ||[Y — X8> + A8,

where \||B||o is the regularzing penalty to the least squares objective |[Y — X 3||? and
A > 0 is a tuning parameter that controls the amount of regularization.

However, the lp-“norm” ||3||o is a difficult penalty to work with computationally. The
most widely used alternatives are the ridge regression (l3-norm penalty) that solves

minimize ||Y — X 3|> + \|| 8|3, (2.20)
and the lasso (l;-norm penalty) that solves
minimize [|Y — X3[]% + || 8]
Exercise 2.20. Show that the ridge regression estimator is given by
Br=(X"X+AD)'X"Y
using the following two methods:

(i) Matrix calculus (see Section 2.2.1); and

(ii) Transforming (2.20) to an ordinary least squares problem of the form in (2.4).

2.5.6 *Inference after model-selection

After a model is selected (e.g. by any of the algorithms described in Section 2.5.4), a
common pitfall is to pretend that the selected regressors are determined a priori and
apply the standard inference procedures (e.g. those described in Section 2.3). This is
problematic because the selected subset of regressors is not fixed; in fact, it depends on
the realized Y and incurs selection bias.

There are two common solutions to inference after model-selection:

(i) One can split the sample and use some observations for model selection and the
others for statistical inference;

(ii) Ome can try to account for model selection, by excluding the information used by
model selection from statistical inference.
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The second solution is indeed an active research area in statistics.

Notes

'The regressor X; may be a subset or a transformation of the covariates that are actually observed.
For example, suppose Z; is an observed covariate. Then we may let X; = (1, Z;, Z? ) in a linear model to
capture trends that are quadratic in Z;. See also footnote 8.

2Equation (2.1) does not necessarily describe the causal relationship between X; and Y;. That is, if
an external force sets X; to x; (instead of its “natural” value), (2.1) does not make any assumptions
on what the resulting Y; would become. In contrast, a linear structural equation model assumes that
the counterfactual value of Y;, often denoted as Y;(wi), is «I' B + €;. What has confused generations of
statisticians and scientists is that many people also use (2.1) to indicate a linear structural equation
model. For more discussion on the distinction between regression and causation, see Section 6.4 of
Freedman’s book.

3This is why some texts assume X is “fixed”. A better way to think about this is that the inference
for the normal linear model (2.1) is conditional on the model matrix X. This is an instance of the
conditionality principle, which says that the unconditional distribution and the conditional distribution
given an ancillary statistic carry the same information for statistical inference.

4In econometrics, this result is known as the Frisch-Waugh-Lovell theorem.

5Named after the statistician W. S. Gosset who used the pseudonym "Student" to publish his method.

51f we are more rigorous, we should write the estimator of o2 as o2 instead of 62. But it is widely
understood that we estimate o by first estimating o and % does not mean “6 square”. Notice that
unbiasedness of 62 does not translate to unbiasedness of v/62 as an estimator of .

"This model makes an extra assumption on the distribution of X, but this is mostly needed to simplify
the presentation.

8The word “linear” in “linear model” refers to the modelling assumption that g(z;3) is linear in 3
(instead of x). So the regression model Y; = 81 + B2Z; + $3Z7 + €, although quadratic in the covariate
Z;, is still a linear model.

9The LAD estimator is a robust regression method that tries to limit the influence of outliers.

Freedman, D., Pisani, R., and Purves, R. (2007). Statistics. New York: W W Norton, p.18.

1Some other texts define MSPE as E[{g(x) — 27 3}], which we shall refer to as the mean squared error.

120ne simple instance is Stein’s paradox, which is discussed in the Principles of Statistics course in
detail.

3Taken from Hastie, T., Tibshirani, R., and Friedman, J. (2009). The elements of statistical learning
(2nd ed.). New York: Springer, Figure 7.2.

1n a Bayesian setup, it is not necessary to select a single model. An alternative and perhaps more
desirable approach is called Bayesian model averaging.

15The same idea is frequently used to solve ill-posed inverse problems in applied mathematics and
engineering, often under the name Tikhonov reqularization.
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Chapter 3

Exponential families

This Chapter provides an introduction to the theory of expoential families, which greatly
expand the classical statistical theory based upon normality. Exponential families are
basic building blocks of the generalized linear models discussed in the next Chapters and
more complex statistical models.

3.1 Definition and examples

3.1.1 Exponential tilting

Exponential families are obtained by exponentially “tilting” any density function. Suppose
fo(y), y € Y € R is a density function with respect to a dominating measure m(dy).
By exponential tilting, we mean a collection of density functions given by

F(y;0) o @ TW fi ().

By normalizing the density functions, we obtain

F(y;0) = 2" TW=KO) f(4), (3.1)

where

K(0) = log/yeeTT(y)fo(y)m(dy).

Some terminologies for the terms in (3.1):

e 0 € RP is called the natural parameter or canonical parameter.
o T(y) € R? is called the sufficient statistic.

e fo(y) is called the carrying density.

e K(0) is called the cumulant function.

0= {9 € RP | fy " TW fo(y)m(dy) < oo} is called the natural parameter space.
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e The exponential family {f(y;0) | @ € ©} is called minimal if T'(y) is linearly
independent.

Obviously, f(y;0) = fo(y), so 0 € ©. Furthermore, for any 6y € ©, we may rewrite
the density function as

fly;0) = e(ﬂ—eo)TT(y)—{K(B)—K(Bo)}f(y; 6),

So comparing to (3.1), we see that the same exponential family can be obtained by
exponentially tilting any density function f(y;8p) within it.

Exercise 3.1. Show that © is a convex set and K (f) is a convex function on ©. |Hint:
Use Holder’s inequality.|
3.1.2 Examples

The first motivation to study exponential families is that they contain many important
probability distributions. Next we go through some examples.

Example 3.2 (Normal distribution). The density function of N(u, 1) is given by

flyip) =

1
V2T

1 2
— 2 —y°/2
=exp( p oy —p’/2) —=e V2.
V2
N N il
0 T(y) K@) f(y;0)

Example 3.3 (Poisson distribution). The Poisson distribution with rate A can be obtained
by exponentially tilting the probability mass function of Poisson(1):

1

fO(y):e a, y=20,1,....

We can first compute the cumulant function

> 1 > y 1
K(0) = logZeeyefla =-1 —|—logz (ee> m =e—1
y=0 y=0
The exponentially tilted density is then given by

Fly:0) = 5O fo(y)
e@yfegl

y!
. /] Yy —69 1
= () ey

— )\ye—kl
y!’

where A = €. Thus, the natural parameter 6 is related to the mean parameter \ via
# = log A in the Poisson exponential family.
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Example 3.4 (Binomial distribution). The probability mass function of a Binomial(n, )
with fixed n is given by

f(y; 71') _ <n> 7ry(1 - w)n_y _ 6ylog 7= tnlog(l-m) (n)’ y=0,1,....n
Y Y

So the natural parameter is the so-called logit function or log odds

O(m) = log

™

1—m

that maps (0,1) to R. By inversing this, we can obtain the usual parameter for binomial
by the expit function

The cumulant function is given by
K(#) = —nlog(l — m) = nlog(1 + €%).

More rigorously, we should further normalize the (Z) term as it does not add up to 1.
But for all practical purposes, it is enough to obtain a cumulant function K(6) up to a
constant difference.

Example 3.5 (Multinomial distribution). The probability mass function of a Multinomial(n, 7r)
for m = (my,...,mr) with fixed n is given by

n! n! log )T
fly;m) = ———a¥ ... ¥ = ellogm) "y
(i) il eyl T Ty
So it is tempting to treat log w = (logm,...,log ) as the natural parameter. However,

this is not minimal because of the constraints 71 +---+ 7, =1 and y; + -+ + yr = n.
To overcome this, one possibility is to set the last level as the baseline by rewriting
the density as

L-1 L-1 L—-1
n!
flyym) = ol eXp{ > yilogm + (n— > yz) log (1 - m)}
’ ) =1

L—1
exp Z y; log +nlog|1— Z m
yl l 1 ) -1

So the (L — 1)-dimensional minimal natural parameter is given by

0 = log ™ = log 7, I=1,... L—1.
L Zl 1771

Inversing this, we obtain the so-called multinomial logit or softmaz function

et

Zszl efl
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if we define 87, = 0. The cumulant function is given by

L—1 L
K(0) = —log (1 - Zm) = log (Z eeL) .
=1

=1

Exercise 3.6. Show the following distributions are exponential families and find their
natural parameter, sufficient statistic, and cumulant function:

(i) The normal distribution

(ii) The Gamma distribution

s, 8) = Fﬁ(a)yaleﬂy, y>0.

(iii) The negative binomial distribution with fixed k

<y+k—1
Yy

fly;m) = )w’“(l—w)y, y=0,1,2,....

3.2 Properties of exponential families

Next, we introduce some important properties about univariate exponential families.
Many of the results below can be extended to multivariate exponential families, but such
extension is beyond the scope of this course.

3.2.1 Cumulants

The moments of an exponential family distribution (3.1) can be easily computed by its
cumulant function. Recall that for a random variable Y, its moment generating function
is given by

M(t)=E (ety) ,

and its cumulant generating function is defined as
K(t) =log M(t).

Suppose M (t) is infinitely differentiable at 0. Then we have the following Maclaurin
expansions

00 "
M =Y BL,
r=0 ’
00 e
K(t) = Z ﬁTﬁ’
r=0 ’
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where E(Y") = M) (0) and s, = K (0). The values k1, ko, ... are called cumulants of
the probability distribution and are closely related to the moments. In particular, the
first two cumulants are the mean and variance.

Exercise 3.7. Verify that k1 = E(Y), ko = Var(Y), ng = E(Y — k1), and kg =
E(Y — k1)* — 3K2.

The exponential family {f(y;6) | 0 € ©} is called regular if © is an open set. Nearly
all exponential families and certainly all the exponential families we will consider are
regular. For a regular exponential family with a one-parameter natural parameter 6, the
moment generating function is given by

My(t) = Eg(e™)
= [ et 14O o ()
_ K(0+0)—K(0) /e(t+9)y—K(9+t)f0(y)m(dy)
_ JK(O+)-K(0)
So the cumulant generating function is given by
Ky(t) = log My(t) = K(0 +t) — K(0).

Therefore, the mean and variance are given by the first two derivates of the cumulant
function K (-) at 6:

u(6) =Eo(Y) = SEy(t)| = K'(6). (3.2)
t=0
2
V(6) = Varg(Y) = %Kg(t) — K"(8). (3.3)
t=0

This is why we often only need to determine K () up to an additive constant.
We refer to u(0) as the mean function and V (0) the variance function. The above
derivation shows that they are related through the following key identity

W (0)=K"(6)=V(6) >0. (3.4)
This shows that, apart from pathological cases with zero variance, the mean function ()
is strictly increasing and the cumulant function K () is strictly convex.

3.2.2 Mean value parametrization

Because (#) is strictly increasing in 6, we can also parameterize a univariate exponential
family by its mean value. Suppose the inverse function of p(6) is 8(u). By the inverse
function theorem,



The exponential family can be alternatively written as

Fys ) = PWv=EKOW) foy))

for p e M = {u(0) | 6 € ©}. The set M is usually referred to as the mean space. When
using the mean-value parameterization, we often write the variance function as V(u).

Example 3.8. Continuing from Examples 3.2 to 3.4, the natural parameter of N(u, 1)
is (p) = p and the cumulant function is K (6) = #2/2. Therefore, the mean and variance
functions are

w@) =0, V(@) =1.

For Poisson()\), the natural parameter is § = log A and K (#) = ¢ — 1. Therefore, its
mean and variance functions are given by

For Bernoulli(7) = Binomial(1, 7), the natural parameter is 0(u) = log{w/(1 — 7)} and
the cumulant function is K (#) = log(1 + €?). Therefore, its mean and variance functions
are given by

e? 1

MO =T =10 =™
o

V) = gy =71 )

Exercise 3.9. Derive the mean and variance of the negative binomial distribution.

3.2.3 IID sampling
Suppose Y1,...,Y, 1 f(y;0) where f(y;6) is a one-parameter exponential family with
sufficient statistic Y. Then their joint density is given by

Frsyns0) = ] F5i:0)
=1

eOvi—K(0) fo(yi)

I

s
Il
—

n

= " KO fo(ws).

=1
This is a new exponential family with
e Natural parameter (" = no;
e Sufficient statistic Y = 1 5. |V}

e Cumulant function K (0() = nK(0) = nK (0™ /n);
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e Carrying density [}, fo(v:)-
This property allows us to easily extend results for a single random variable from

exponential families to IID sampling.

Exercise 3.10. Use the cumulant function above to show that p(™ =y and V(™ = V/n.

3.2.4 Bayesian posterior distribution

Because the exponential family density function (3.1) is symmetric in the natural parameter
and sufficient statistic, the Bayesian posterior distribution of the natural parameter is
also an exponential family. To see, suppose we observe Y from an univariate exponential
family

F(y;0) = 5O fo(y),

and 6 € © C R itself has a prior density 6 ~ 7(6). Let f(y) be the marginal density

fly) = /@W(H)f(y; 0) de.
By using the Bayes formula, the posterior distribution of  is given by

m(0)f(y; 6)
f)
 w(0)e KO fy(y)
a f)
- eyG—log{f(y)/fo(y)}ﬂ(g)e—K(G)'

(0 |Y =y) =

This is an exponential family with natural parameter y, sufficient statistic #, and cumulant

function log{ f(y)/fo(y)} (up to a constant).
As an application of this, suppose Y ~ N(u,0?), where o2 is known and p has a prior

density m(@). Then we have the following Tweedie’s formula

2 /'(Y)
)

E(u|Y)=Y +0o (3.5)

Exercise 3.11. Prove Tweedie’s formula.

3.2.5 *Empirical Bayes

A consequence of Tweedie’s formula is that the posterior mean of p only depends on the
prior distribution 7(u) through the marginal density f(y). This gives rise to the empirical
Bayes methods.

Suppose we observe independent variables Y; ~ N(u;,02),i = 1,...,n, where the mean
parameters are generated by p; 0 m(w),i=1,...,n but the density m(u) is unknown.

Suppose ¢ is known and let Y = (Y1,...,Y,) and p = (p1, ..., itn).
In this model, the MLE of p is given by & =Y, with risk

E (|- pul?) =E(|Y - ul]?) = no™

35



But we cannot apply the usual asymptotic efficiency theory for MLE here because the
dimension of the parameter is not fixed. In fact, the James-Stein estimator

Pys = (1 _ =207 ‘;,2‘)202> Y.

has a strictly smaller mean squared error than the MLE [ for all values of u, a result
that should be proved in Principles of Statistics.

This phenomenon can be best understood in the empirical Bayes framework. If 7(u) is
known, the optimal estimator of g under the mean squared error is given by the posterior
mean (the “Bayes estimator”):

2 /(i)
fYe)

,aBayes,i = E(Mz ’ }/;) = Y'z +0o

The problem is the density 7(u) is unknown.

Empirical Bayes departs from the usual Bayesian analysis in the last paragraph by
estimating the prior () empirically. This implies that empirical Bayes is indeed a
frequentist method. In the normal means problem, empirical Bayes is made simple by
Tweedie’s formula because we can estimate the marginal density f(y) directly. In more
complicated problems, we may need to solve a deconvolution problem to estimate the
prior directly.

Exercise 3.12. Derive the James-Stein estimator by assuming p; N (0,7%) and using
the fact that E{(p —2)/x3} = 1.

What is remarkable about the James-Stein estimator is that it dominates the MLE
even though the normal prior on g may be wrong.

Tweedie’s formula (3.5) demonstrates a statistical concept called shrinkage, which is
also closely to regularization. The posterior mean E(u | Y) is given by the MLE Y (the
optimal unbiased estimator) plus a correction term o2 f/(Y)/f(Y) which increases bias
but decreases variance. When f(+) is unimodal, this correction term can be seen as a kind
of “regression toward the mean” or a correction to “winner’s curse”; see Figure 3.1 for an
illustration.

3.3 Likelihood inference

3.3.1 Maximum likelihood estimator

Consider the setting of IID sampling in Section 3.2.3. That is, suppose Yi,...,Y, 10

f(y;0) where f(y;6) is a one-parameter exponential family with sufficient statistic Y, so
the joint density function is given by

n

F@r,- - yn; 0) = e" O KO fo(y).

i=1
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Figure 3.1: Tweedie’s formula and shrinkage.

Thus, the log-likelihood function is given by
1(0) =n{0Y — K(6)} + constant. (3.6)
The score is defined as the gradient of the log-likelihood, which in this case is given by
U©) =1(0) =n{Y — K'(0)} = n{Y — u(0)}. (3.7)

The last equal}ty uses (3.2), i.e. the first cumulant of a distribution is its mean.
The MLE 6 = arg max, [(6) should satisfy the first-order condition U (), which means
that

fi = (@) =Y, or equivalent § = 6(Y).

In other words, the MLE simply matches the theoretical mean p(#) with the observed
mean Y.

Example 3.13. For Poisson(u), 0 = log(j1) = log(Y). For Binomial(n, ) with fixed n,
0 =log{#/(1 — #)} where & = fi/n =Y /n.

3.3.2 Asymptotic inference

The large-sample distribution of 6 can be obtained by the standard asymptotic theory for
MLE. Next we outline some main results in this theory; you are referred to Principles of
Statistics for rigorous proofs.

By differentiating the identity [ f(y;0)dy = 1 with respect to #, under suitable
regularity conditions we obtain the second Bartlett identity,

i™(0) = Var{l'(9)} = E{-1"(0)}, (3.8)

where we use (™) (0) to denote the Fisher information of # in an IID sample of size n. By
using (3.7), we obtain the following formula for exponential families

i™(0) = nK"(0) = nV(0).
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Thus in exponentialy families, the Fisher information (™ (6) is simply the variance
function V' (#) times n.

Exercise 3.14. Prove (3.8).

Consistency of the MLE 6 follows from standard arguments and the proof is omitted.
To obtain the asymptotic distribution, the general approach is to take the first-order
Taylor expansion of the score equation at 6 = 6:

0=UB) ~UB)+U'6)(6 - 0).
By using (3.7) and the central limit theorem, we have

T~ VALY - u(6)) 4 N(O.V(0)),
Moreover, (3.7) implies that U’(8) = nK" () = nV(6). Thus,

i oy UGV 4 NOV(O) !
VO OR ey Ve _N@W'>' o

Informally, we sometimes write this as

. 1
0~N(0,——]).
<’i(”>(9)>

The above calculations are simplified by the fact that U’(6) is a constant for exponential
families. In the more general case, one can invoke the law of large numbers and Slutsky’s
lemma to derive the same asymptotic distribution.

Because the MLE of 6 is given by 8 = 6(Y'), one can also use the delta method to
obtain its asymptotic distribution. Roughly speaking, the delta method says that g(7) is
asymptotically normal if 7 is asymptotically normal and g(n) is a smooth function. More
specifically, suppose that

V(i —n) 5 N(0,72),

2 may depend on 7 and g(n) is continuously differentiable at . Then

where 7

Vi {g(i) — gm)} % N (0,729'(n)?).

This result can be shown by considering the Taylor expansion of g(7) at n and can be
easily extended to multivariate settings.

Exercise 3.15. Prove (3.9) by applying the delta method to 6 = o(Y).
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3.3.3 Hypothesis testing

Consider testing a simple null hypothesis Hy : 8 = 6y against a simple alternative
hypothesis H; : 8 = 6; for some 6 > 6. By (3.6), the likelihood-ratio statistic is given
by

1(61) — 1(60) = n {(61 — 60)Y — K(61) + K(6o)},

which is increasing in Y. Thus, by the Neyman-Pearson Lemma, the most powerful
level-a test rejects Hy if Y > C_,, where C1_ is the (1 — a)-quantile of Y under 6 = 6.
Because this test is independent of #; and controls the type I error for any null parameter
value smaller than 6y, it is indeed the uniformly most powerful test for Hy : 8 < 6y versus
Hy: 60> 0.

To test Hg : 0 = 0y against Hy : 6 # g, one can also resort to asymptotic arguments.
The likelihood-ratio statistic is given by 1(6) — [(6p), which converges in distribution to
X3/2 as n — oo by Wilks’ theorem.

In general, Wilks’ theorem says that, as n — oo and under the null hypothesis, the
log-likelihood ratio times two should converge to a x? distribution with a degrees of
freedom being the difference in the dimensions of the full parameter space for Hy U H;
and the dimension of the null parameter space for Hy. A rigorous proof of Wilks’ theorem
should be covered in Principles of Statistics.

3.3.4 Deviance

Deviance is a measure of how one distribution in an exponential family differs from
another:

D(61,02) = 2Ky, {IOgM}
= 2E91{(01 — 92)Y - K(el) + K(92)}

=2{(01 — O2)p1 — K (61) + K(62)}.

(3.10)

If you are familiar with information theory, deviance is simply twice the Kullback-Leibler
divergence.

Example 3.16 (Continuing Example 3.2). For the family of normal distributions N (u, 1),
the natural parameter is # = y and the cumulant function is K () = 2/2. Therefore,
2 2
po
D(p1, p2) =2 {(Ml — p2)p — ?1 + 22} = (1 — pa2)?
coincides with squared Euclidean distance.

Heuristically, deviance can be thought of as an extension of the Euclidean geometry
to exponential families, although generally it is not a distance metric (it is not symmetric
and does not obey the triangle inequality). By rewriting p; as K’'(61), we have

D(01,05) _

5 (62) — K (61) — (02 — 61)K'(61).
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Recall that the cumulant function K(6) is convex. Thus, the last identity can be
informatively represented by the picture in Figure 3.2, which is closely related to duality
theory in convex analysis. In particular, this picture shows that the deviance can be
locally approximated by the squared Euclidean distance times the Fisher information
i(1) = iM(0y) = V(6y), which is curvature of the cumulant function K (6) at 6;:

D(Ql, 92) ~ Z(@l)(eg — 91)2 for 92 ~ 91. (3.11)

k),
D(et,ev) /‘L

\

Dce.,eu) ~ K87~ K(8,) ~ (6-60

Figure 3.2: An informative picture about the deviance in exponential families.

Exercise 3.17. Verify the following formulae:

e For Poisson(\), the deviance is given by

D()\l,)\g) =2 {)\1 log% -\ +)\2} .
2

e For Binomial(n,7) with fixed n, the deviance is given by

1—
D(my,m2) =2n {771 log— + (1 —m1)log UE } .
2 1 —m

Deviance also behaves nicely under IID sampling:

D™ (y,0,) = 2y, {logH il Y”el)}
=1

f Y;702)
R J(Y3;61)
=2 2B {log f(n;ez)}
= nD(Ql,GQ).

Exercise 3.18. Show that, for one-parameter exponential family, the likelihood-ratio
statistic for testing Hp : 8 = 0 versus H; : 0 # 6y is given by D™ (6, 6). Show that this
statistic has a x? asymptotic distribution under the null by using (3.11).
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3.3.5 Deviance residual

Because deviance can be viewed as an extension to Euclidean distance, it allows us to
extend the definition of residuals to exponential families. With an abuse of notation, we
use D(p1, p2) to denote the deviance between two distributions in the exponential family
with mean p1 and po.

In the normal linear model, D(y, ) = (y — p)? is the squared residual. On the other
hand, the exponential family analogue of y — u is given by

sign(y — )/ D(y, p)-

With IID sampling, the total deviance is given by D™ (i, n) = nD(Y, 11). This motivates
us to define the deviance residual by

R =sign(Y — p)/ DM(Y, p).

Exercise 3.19. Use Wilks’ theorem to show that B2 % X3 as n — oo.
In practice, deviance residual R is generally preferred over the Pearson residual
Y —
Rp=——»r
VV(r)/n

because the distribution of R is much less skewed and closer to the standard normal
distribution.

Bartlett correction (not covered this year)

Moreover, it is possible to give a better approximation to the distribution of R via the
Bartlett correction. Recall that the skewness of the distribution of a random variable Y is

defined as
E{Y — IE(Y)}3 K3

Var()PP2 3

and the kurtosis is defined as

ELY —EM)F 5 s
{Var(¥) 12 w3

By using the Taylor expansion, it can be shown that
R =N (=an, (1+b0)%) +0p(n~"?),

where a, = O(1/y/n) depends on the skewness of Y and b, = O(1/n) depends on the

skewness and kurtosis. The Op(n_g/ 2) error term means that

P<R+an
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where z, is the upper-a quantile of N(0, 1). Therefore, it is possible to obtain inexact but
very accurate inference for small n by staying within the exponential family framework.

3.4 Exponential dispersion families

3.4.1 Motivation and definition

The one-parameter exponential family can be restrictive in modelling the distribution of
random variables because the distribution is uniquely determined by the mean parameter
. In many applications, it is useful to introduce an additional parameter to model how
the variance deviates from its theoretical value V(0) = u/(6).

Example 3.20. The normal distribution N(yu, 02) is an exponential family only if the
variance parameter o is fixed. As another example, it is undesirable to use the Poisson
distribution to model a count variable Y that satisfies Var(Y) > E(Y). This is called
overdispersion and is common in count data.

Rather than considering the full generalization to multi-parameter exponential families,
we will make a compromise. An exponential dispersion family is a collection of density
functions of the form

F(y;0,0%) = el KON £y 0%, (3.12)

where @ is called the natural parameter, o > 0 is called a dispersion parameter, and
fo(y; 0?) is a carrying density function. It is straightforward to show that the cumulant
generating function for f(y;0,02) is given by

K(t:0,0%) = Egg2(e") = % {K(o*t+0)—K()}. (3.13)

Exercise 3.21. Prove (3.13).

Therefore, the mean function would match that of the corresponding exponential
family:

1(0,0%) =Ky 2(Y) = gK(t; 6,0%) = K'(9),
’ ot t=0
and the variance function would have an extra factor of o2:
82
V(0,0°) Varg ,2(Y) = @K(t; 0,0°%) . a?K"(0).

Compared to the standard exponential family, u(0,0%) = u(9) and V(0,0?%) = a2V (0).

3.4.2 Examples
Example 3.22 (Normal distribution). The density function of N(yu, o?) is given by

2 2
L .
1 67% — ooz tmy—p?/2} 1 e 22

V2ro? V2ro?

So as expected, = p and o2 is the dispersion parameter.

flysp,0%) =
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Example 3.23 (Poisson distribution). The density function of Poisson(\) is given by

AY 1
f(y7 A) = e_)\y = eylog)\—)\?, y= 07 17 s

So § =log(\) and i = \ as before, and the dispersion parameter o2 = 1 is fixed.
Example 3.24 (Binomial distribution). The density function for ¥ ~ Binomial(n, 7)/n

is given by

flysn,m) = (:y) (1 — )=y

_ oniylog {75 +log(1—m)} ( n >’ y=0,1/n,...,1
ny

So 6 = log 1~ as before and the dispersion parameter is given by 0% =1/n.

Example 3.25 (Gamma distribution). The density function for I'(a, 3) is given by
6aya71 efﬁy
I'(c)

Is this an exponential dispersion family? Suppose it is, then the last term in the numerator
suggests that —3 = 0/a2. Moreover, the mean and variance of the Gamma distribution
is given by

fy; o, B) = , y > 0.

wo) =a/B, V(0,0%) = V() = a/5

By using the mean-variance relationship (3.4),

rion _iga(e,(ﬂ) B B ia(0702)
WO ==Cag— ¢ VO =5
This implies that
- 2 —
so a(f,0?) = a(0?) does not depend on . Because the mean
a ao?)
0 = — =
1(0) 3~ Z0/0?

only depends on 6, we may take a = 1/0% and 3 = —0/a%. Conversely, § = —3/a and
o2 =1/a.

Exercise 3.26. Verify that the Gamma density can indeed be written in the form in
(3.12) and the cumulant function is given by K(0) = —log(—6).
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Chapter 4

(Generalized linear models

4.1 From linear models to generalized linear models

We are now ready to introduce generalized linear models (GLMs) that expand the classical
normal linear models.

4.1.1 Non-normal noise and the Box-Cox transformation

One of the main motivations for considering GLMs is to relax the assumption that the
noise variable is normally distributed. This is certainly not true if the response Y is
categorical. In many other applications, the distribution of Y may have a heavy tail. For
example, how long we spend on social media roughly follows a log-normal distribution
(i.e. logY is normally distributed).! In other cases such as the distribution of wealth, the
tail may exhibit a power law.?2 We can use the central limit theorem to deal with model
misspecification (Section 2.4.2). However, with heavy-tailed distributions the central limit
theorem may not hold or may only provide a poor approximation for a moderate sample
size.

One solution to non-normal noise is to model a transformation of the response. The
Boz-Cox transformation applies the following function to a positive response Y':

vy = =D/ A A,
logY, it A= 0.

One can then fit the usual normal linear model. The tuning parameter A that defines the
transformation can be selected using the maximum likelihood estimator (jointly over 3
and \) or some visualization tool such as the Q-Q plot.

The Box-Cox transformation attempts to “kill three birds with one stone” in the
sense that it uses a transformation indexed by a single parameter A to achieve normality,
linearity in the regressors, and variance stability. In practice, these goals are often difficult
to achieve together.

4.1.2 Three components of a generalized linear model

The key idea of GLMs is to use the theory for exponential families, which offer more
flexibility than the Box-Cox transformation. GLMs consist of three components:
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(i) Modelling the distribution of Y; given X; using an exponential (dispersion) family;
(ii) A linear predictor n; = X1 3;

(iii) A strictly increasing and smooth link function g(-) that relates the predictor 7; with
the conditional expectation p; = E(Y; | X;): m; = g(u;) and p; = g~ (n;).

As an example, the familiar normal linear model corresponds to assuming
(i) Yi | Xi ~ N(ps, 0%);
(i) m = X B;
(iii) p; = m;, so g(-) is the identity function.

To simplify the exposition, we will adopt the same vector/matrix notation as in linear
models:

Y xT B1 1 m
Y=|:|, X=]|:]|.8=:),p=]:[adn=]:
Yy quj /Bp Hn Tin
Unless noted otherwise, the regressors X will be treated as fixed. In other words, the

inference for GLMs will be conditioned on X. See Section 2.1 for discussion on this in
the normal linear model.

4.2 The canonical form

The canonical form of a generalized linear model corresponds to setting the natural
parameter § = n and identity dispersion o2 = 1. It provides most of the insights into the
general theory for GLMs without getting into too much technical details.

More concretely, let {f(y;0) | 6 € ©} be a one-parameter exponential family as defined
in the previous Chapter. A canonical form GLM assumes that the responses Y1,...,Y,
are independent and

Yi| Xi~ f(y:6:), i=1,...,n,

where the natural parameter is given by
0; =ni = X} 8.
An immediate consequence is that the mean parameter is given by
pi = B(Y: | Xi) = pu(0:) = (i),

so the canonical link function is given by g(u) = 0(u).
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The joint density of Y is given by

n

Fy; B) = [ fwis 0)

i=1

— 62?:1 O;yi—K(0;) H fo(yl)
i=1

— ATXTy-YL K(XTB) H Folyi)
i=1

This is a p-parameter exponential family, with
e Natural parameter 3;
e Sufficient statistic Z = XTY; and
e Cumulant function ¢(8) = > K(X]3).

Therefore, the canonical form GLMs can be studied using the theory for multi-
parameter exponential families and have many nice properties that generalize the theory
in Section 3.2. For example, it can be shown that the expectation and covariance matrix
of Z are given by the gradient and Hessian matrix of the cumulant function:

Ep(Z) =Ve(B) = > K'(XIB)X;=X"n(B),
=1

Covg(Z) =V?¢(8) =) K"(XB)X.X] = X"V(B)X,

i=1

where u(B) = (11(B),...,u.(8))! and V(B) = diag(K"(X{B),...,K"(XIB)) =
diag(Var(Y1), ..., Var(Yy,)).
The log-likelihood function of 3 is given by

1(8) =8TXTY — z”: K(X}!B)+ constant .
i=1
The score function is given by
U(B) = VI(B) = XY — 3 K'(XTB)X: = XT{Y — ()
i=1
Thus, the MLE ,é satisfies the normal equations
XT{Y - p(B)} =o. (4.1)

Geometrically, the MLE is obtained by projecting Y onto {u(8) | B € RPF}, a p-
dimensional manifold in R"™. Of course, the GLM normal equations (4.1) reduce to the
normal equations (2.5) for the normal location family.

46



For asymptotic inference of GLMs, the one-dimensional theory in Section 3.3.2 can be
extended in a straightforward manner. The Fisher information matriz for B is defined as

IM(B) = Cov{U(B)} = E{-V*1(B)} = }_K"(X]BX;X] = X"V(B)X.
i=1
The asymptotic theory for the MLE suggests that, under suitable regularity conditions,
BANEBIMB)T.

This is an informal way of writing the convergence in distribution

V(B - 8) L N©,I(8)7"), as n — oo,

where I(8) = lim,, 0o I (8)/n is assumed to exist.

4.3 Linkage and over-dispersion

Next, we introduce linkage and dispersion to GLMs. In this more general setup, it is
assumed that Y7, ...,Y,, are independent and Y; | X; ~ f(y;0;,0?) follows a distribution
from a exponential dispersion family

J(y:0,0%) = V= KOV fy(y:0%),
where the natural and dispersion parameters are modelled by

0; = 0(u;) = 0(g~ ' (m) = 69~ (X] B)),
where ¢(+) is strictly monotone (usually increasing) and twice differentiable, and

2 _ 2
o; = o w;,

where o2 is possibly unknown and w; is some known weight.

4.3.1 Estimation

The log-likelihood function of this model is given by

n

1B,0%) = 3~ (00~ K(60)} + log fo(Vis o). (42

=1 1

This function depends on the coefficients 3 through 61, ..., 60,. By differentiating {(3, 02)
with respect to 3, the MLE for 3 should solve the following score equation

; Var(Y;)g' (i) 0. (4.3)
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Because Var(Y;) = 02V (u;) = o?w;V (1), the MLE B satisfies

n

(Y — ) Xi
; wiV (fui)g (i) 0 44

where ji; = g~ H(XT ,3) Equation (4.4) does not have a clear geometric interpretation like
(4.1), but crucially, it does not depend on ¢2. This means that including the dispersion
parameter o2 in the model does not change the MLE 8.

Exercise 4.1. Prove (4.3). Then show (4.4) reduces to (4.1) when g(-) is the canonical
link function and wy = --- = w,, = 1.

To estimate o2, in the normal linear model we use
1 1
~92 2112 ~ N2
= Y - XB|P= —S (v, — iy)%
= Y = XBI = S -

In GLMs, recall that E{(Y; — p1;)?} = Var(V;) = o2w;V (i1;). This motivates us to estimate

o? (if it is unknown) by
I ot el )

n—p<= wV(@)

To use a consistent notation, we set 62 = 02 when o2 is known (e.g. 02 = 1 in the
canonical form GLM).
4.3.2 Asymptotic normality and confidence intervals

By computing the Hessian of [(3, 0?), it can be shown that the Fisher information matrix
for (B3,0?) is block-diagonal

I(”) ’ 2 0
I(n)(ﬂ70'2) — ( BB (OB g ) 1(2)2(/6702)) . (45)

Therefore, including the dispersion parameter o does not change the information for 3,
which is given by

(n) 2 —i T where = = dia 1
IB (B,0°) = 0_2X WX, wh W = W(3) = diag <in(Mz’){gl(Ni)}2> . (4.6)

Exercise 4.2. Prove (4.5) and (4.6).

N

The standard asymptotic theory shows that, under suitable regularity conditions, 3
has an asymptotic normal distribution

BN (5,1%(5,02)—1) =N (8,2 XTWX)™).

The asymptotic variance on the right hand side depends on the unknown parameters
B and o%. To construct a confidence interval/region, they can be replaced by their
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estimators 3 and 62. For example, an equi-tailed asymptotic (1 — «) confidence interval
for 5,5 € {1,...,p} is given by

|:Bj — Za/2 Iﬁﬁ(37&2);j173j + a2 Iﬂﬂ(ﬁ7&2)ﬂl:| :

With a moderate sample size n, a slightly more accurate inference may be obtained by
replacing the normal upper-quantile z,/, with t,_,(c/2), the upper-quantile of the ¢
distribution, which is motivated by the exact theory for the normal linear model.3

4.3.3 Overdispersion due to clustering

At this point, you might wonder why we sometimes want to model the dispersion in
GLMs. Overdispersion, the phenomenon that the variance of Y is larger than what
is expected from a theoretical model, often occurs in practice. A common mechanism
for overdispersion and underdispersion is unaccounted structure in the sample. This is
illustrated by the next sample.

Example 4.3. Suppose a sample of size n has n/k clusters, each of size k. The observa-

tions are distributed as Z;; ~ Bernoulli(m;),i =1,...,n/k,j =1,...,k. The response Y’

is the total Y = Z?:/ llc Z?:l Z;j, which is often modelled by a binomial distribution. This

is reasonable when m; = 7 for all i, as Y then follows a Binomial(n, 7) distribution with
E(Y)=nn, Var(Y) =nn(1l —m).
However, if the probabilities 7; themselves are IID and
E(m;) =, Var(m;) = 727 (1 — 7),
it is straightforward to show that
E(Y) = nx, Var(Y) = o?nn(1 — 7), where 0% =1+ 7%(k — 1).

That is, the mean of Y is unchanged but the variance is increased by a factor of o2.

4.4 Analysis of deviance

The deviance is a key concept in exponential families and GLMs. It extends the
RSS /variance in normal linear models as a way to measure the goodness-of-fit of a
GLM. Analysis of deviance is an extension of the ANOVA in the normal linear model
(Section 2.3.4). Recall that in a one-parameter exponential family {f(y;0) | 6 € O}, the
deviance between f(y;61) and f(y;02) is defined as

D(61,02) = 2Eq, {log f(Y;061) — log f(Y;02)}
=2{(01 — O2)p1 — K(61) + K(62)}.

As discussed in Section 3.3.4, deviance extends the Euclidean geometry to exponential
families. With an abuse of notation, it is often convenient to parameterize an exponential
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family distribution by its mean and write the deviance as D(ug, p2). For two n-vectors of
mean-value parameters p1 and o, their total deviance is defined as

D™ (1, o) = Z D(pi, poi).
i=1

4.4.1 Nested models

The analysis of deviance applies to the setup of nested canonical form GLMs.* The full
model is given by

0 =n=XB,
where X € R™P and B € RP. As in Section 2.2.3, suppose the design matrix X and
coefficient vector 3 are partitioned as

X = (X X1), B= <ﬂ°> ,
B
where X € R™P0, X, € R™P—p) gy e RPoX1 and B, € RP~P)*1 The submodel or
null model we consider is

0 = n = XoBo.
In other words, we are interested in testing the hypothesis Hy : 31 = 0 against Hy : 31 # 0.

According to the GLM normal equations (4.1), the full model MLE 8 € R” and
submodel MLE 3 € R0 satisfy

wx{B)
XY — 4)} = 0, where i = M(XB) = : ; and
(X3 B)
X7 Bo)
XJ{Y — f10)} = 0, where fig = pu(Xof0) = :
XEBo)

See Figure 4.1 for an geometric illustration of nested GLM fits.

A GLM is called saturated if X has rank n (which implies p > n). In this case, o =Y.
Assuming the intercept is also included in the model, the smallest GLM is given by p =1
and X = 1,,. In this case, 1 = Y1,,.

4.4.2 The deviance additivity theorem

The deviance additivity theorem says that the deviance between the observations (or
equivalently the saturated model) and the submodel can be decomposed as

DY, i) = DY, ) + D™ (g, fao). (4.7)

This equation follows immediately from the following relation between the deviance and
log-likelihood:

D™ (fa, frg) = 2 {I(f) — 1(fuo)} , (4.8)
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Figure 4.1: Tllustration of nested GLMs. The full model space is given by M = {u(X3) |
B € RP} and the submodel space is given by My = {u(XoBo) | Bo € RP°}.

where [(p) = >0 log f(Yi;0(u;)) is the log-likelihood function. In Example 3.16, we
saw that in normal linear models with ¢ = 1, we have D™ (uy, o) = ||1 — p2||?. So in
this case the deviance additivity theorem reduces to Pythagoras’ theorem.

Exercise 4.4. Show (4.8), then use it to prove (4.7).

The key identity (4.8) can be extended to GLMs with a canonical link function but a
undetermined dispersion o2. In this case, it can be shown that®

D™, fig) = 20 {I(j) — 1(fuo)} - (4.9)

Exercise 4.5. Prove (4.9).

4.4.3 Analysis of deviance

By Wilks’ theorem and (4.8), we have D™ (f, fig) 4 Xi_p, @ 1 — 0o under the null
Hy : 81 = 0. So we reject Hy if

D" (1, f10) > Xy (@)-

In GLMs with the canonical link function and a dispersion parameter o2, the deviance
should be divided by an estimator of o2 following (4.9). Motivated by the exact F-test
for normal linear models, a slightly more accurate test in small samples rejects Hy if

D(n) (/:l‘a ﬂO)

52 > (p = po) Fp—po,n—p(c).

With a sequence of nested GLMs, one can further perform a chain of analyses of deviance.
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4.5 Numerical computation

Up till now, we have not said anything about how the MLE ,é can be computed. Unlike in
the normal linear model where B can be found by solving some linear equations, the score
equations (4.1) or (4.4) for GLMs are not linear in 8. Thus, some iterative algorithms
are needed.

4.5.1 Newton-Raphson

The Newton-Raphson algorithm is a general algorithm for optimization or root finding
problems. We illustrate this with a classical problem in statistics—finding the MLE.
Consider the optimization problem

o
maimize 1(3).

where [(3) is the log-likelihood function for some statistics problem. Let U(8) and H (3)
be the gradient and Hessian matrix of [(3) at 3. That is,

Uk(ﬂ):alagkl(ﬂ)’ k:]‘?"’7p7
ok ,
HJ (ﬁ):aﬁjaﬁkl(ﬁ)’ ]7k:1""7p‘

The key idea of the Netwon-Raphson algorithm is that the objective function I(3)
can be locally approximate near 3* € R? by its second-order Taylor expansion (assuming
the function is sufficiently smooth):

(B) = 1(B*) +(B—B)TUPB) + %(ﬁ — B )TH(8")(8 — B8Y).

Because the local approximation is a quadratic function of 3, we can easily find its
maximizer. By differentiating with respect to B, the maximizer should satisfy

U(B*)+ H(B")(B—-pB") =0.
This motivates the following iterative algorithm (see Figure 4.2):

(i) Start at an initial parameter value 8(°),

(ii) For t =1,2,..., update the parameter by
B0 =g {E(E)} T U

(iii) Stop the algorithm until the sequence BW converges in a numerical sense (e.g. if
1(B®) —1(B4V) < 7 where T is some tolerance level).
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Figure 4.2: An illustration of the Newton-Raphson algorithm.®.

4.5.2 Fisher scoring

A drawback of the Newton-Raphson algorithm is that the Hessian matrix H(3¢~1) is
sometimes close to singularity, making its inverse numerically unstable.

When the objective function [(3) is the log-likelihood of some IID data, the Fisher
information matrix is the expectation of the negative Hessian matrix (which is sometimes
called the observed information):

1(B) = Eg{-H(B)}.

The Fisher information matrix is guaranteed to be positive definite. Fisher scoring refers
to the modification of the Newton-Raphson algorithm where —H (,B(tfl)) is replaced by
I(ﬁ(t— 1) ) _7

4.5.3 Iteratively reweighted least squares

Let us now apply the general algorithms above to GLMs. For the most general form of
GLM described in Section 4.3, the log-likelihood function is given by (4.2) and is repeated

below:
n

1(B,0%) = Z {9 Y — K(6:)} +1log fo(Yi; 07),

1= 1

where 0; = 0(g7(X}'8)) and 02 = o%w;. The B-score is given by

1 n
Up(B.0%) = V(8,07 U—Z o
=1

and the Hessian matrix can be obtained by further differentiating Ug(/3, o) with respect
to 3. In general, this is a complicated matrix, but the calculations greatly simplify if g(u)
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is the canonical link, i.e. g(u) = 6(u). In this case, the negative Hessian matrix (a.k.a.
the observed information matrix) is indeed equal to the Fisher information matrix:

n 1
~ Hg(B,0%) = I15(8.0%) = S XWX, (4.10)

where W is defined in (4.6). So for GLMs using a canonical link function, the Newton-
Raphson algorithm coincides with the Fisher scoring algorithm.

Exercise 4.6. Prove (4.10) when g(u) is the canonical link function.

The Fisher scoring algorithm admits a nice representation by defining a “residual” in

the predictor
Ry

Ri = (Yi — pi)g (i), R=| :
R,
With this new definition, we can express the (3-score as

1
Us(B,0?) = ;XTWR.

Let 77@@ = X/'BW, ,ugt) = g’l(m@), and similarly define W and R"). The Fisher
scoring update is then given by

B(t) _ ,B(t_l) + {Igg(ﬁ(t_l),02)}_1Ug(,3(t_1),02)
_ g1 4 (XTW(tq)X)_l Ty (t-D g1

_ (XTW(t—l)X)—lXTW(t—l) (n(t—l) I R(t—l)) .

The last expression is the solution to a weighted least squares problem (Section 2.4.1).
Therefore, the Fisher scoring algorithm for GLMs is also known as the iteratively reweighted
least squares that updates the model parameters as follows

3O O 1,0 ) gO)WES g1 p) ()

To initiate the algorithm, it is common to choose B8 =0 or p® =Y.

4.6 Model diagnostics and model selection

The diagnosis of GLMs is very similar to that of linear models, thanks to the iteratively
reweighted least squares formulation of the MLE.
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4.6.1 The general idea

The key idea is to define the pseudo-response:
zZ® =n® L R®
So the Fisher scoring update can be written as
,B(t) _ <XTW(t_1)X>71 xTw(t-1) z(t-1)
Let Z be the limit of Z(®) as t — co. That is,
Z;= Jim X789 + (Vi — i) (") = XTB+ (Vi = fu)g (), i =1,

Further, let

1
w;V (fii){g' (f1:) }?

So we have the following convenient matrix representation

W = W (B) = diag ( ) and V' = diag(w;V (1))

Z =XB+ R, where R=W2Vv-12(y — j).

The GLM diagnosis proceeds by treating wl2z, W1/2ﬁ, and W1/2R as the “adjusted”
responses, fitted values, and residuals (see Section 2.4.1). They often behave like their
counterparts in the linear model. For example, the adjusted fitted values are given by

Wl/zﬁ _ W1/2X(XTWX)—1XTW1/2 W2z,
H

which motivates the definition of the adjusted hat matriz H (not to be confused with the
Hessian matrix in the previous section).

4.6.2 Redefining residuals

It can be shown that X A
Var(Y — fi) ~ o*VV2(I — H)V/?, (4.11)

HV (Y — ) ~ V(- ).

This motivates us to maintain the definition of the leverage of observation ¢ as Hy;.
There are several versions of residuals one can use for GLMs. The most common ones
are the Pearson residual )
Y — fi;
Rp; = S TR
62wV (fi;)

and the deviance residual (see Section 3.3.5)
Rp,; = sign(Y; — i)/ D(Y5, fi;).-
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The Pearson residual is closely related to the adjusted residual. In fact, it is straight-
forward to verify that Rp = W/ 2IA%/ o. However, the variance of Rp; is usually smaller
than 1 upon considering (4.11). So just like in the diagnosis of linear models, the following
standardized Pearson residual is often used:

. Ro.
RP,z’ — i_
1 — Hj;
Similarly, it is common to use the standardized deviance residual
~ Rp
Rp; = D

Cook’s distance can be similarly extended to GLMs:

1 H -
D;=-—
pl—H;

Pyi-

4.6.3 Model selection

To select a GLM, we cannot apply Mallows’ C), criterion because it relies on mean squared
error. However, we can still use cross-validationz by replacing the squared error with the
deviance. In other words, we seek a model that minimizes

CV(model) = Z D(Y;, i),
i=1

where fi_; is the leave-one-out fitted value for the ith observation. AIC and BIC can be
applied in the same way to GLMs by using the corresponding log-likelihood function.

Regarding algorithms for model selection, the stepwise methods and the best subset
method can be applied in the same way as before. Regularization can be achieved by
adding the same penalty on certain complexity measure of 3 as before.

4.7 Binomial regression

In the rest of this Chapter, we discuss two of the most widely used families of GLMs:
binomial regression and Poisson regression.

In a binomial regression, it is assumed that the responses Yi,..., Y, are independent
and

Y; ~ niBinomial(ni,,ui), i=1,...,n,
(2

where n; is known but p; is unknown. As we have seen in Example 3.24, Binomial(n, 1)
is an exponential dispersion family:

flyin, p) = (:y) [ (1 — )y

S )

The dispersion parameter is 02 = 1, the dispersion weight is w = 1/n, the natural
parameter is § = log{u/(1— )}, and the cumulant function is given by K () = log(1+€?).
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4.7.1 Common link functions

Recall that the link function relates the linear predictor with the mean value. Specifically,
g(pi) =ni = XZT 3. The canonical link makes 7; equal to the natural parameter 6;, so for
binomial regression the canonical link is given by the logit function

=0(u) =lo .

9(n) = 0(u) = log -— .

More generally, we can choose g(u) to be any strictly increasing function from (0, 1)

to R.% In other words, we can let g to be the quantile function (inverse of the CDF) of

any continuous random variable €. The logit link corresponds to the logistic distribution,
whose distribution function is simply the expit function:

el
Cl4en’

F(n)

Another commonly used link is the probit link g(u) = ®~1(u), which corresponds to
letting € ~ N(0, 1). Some less common link functions include the identity link g(p) = p
and the complementary log-log (cloglog) link g(u) = log{—log(1 — p)}.

4.7.2 Latent variable interpretation

The above quantile function viewpoint provides an interesting interpretation of the link
functions for the binomial regression. To illustrate this, suppose n; =1, i =1,...,n. Let

Y* =n+e 6NF(')7 Y = 1{Y*>O}a

where F(-) is the CDF of some continuous probability distribution. Then the mean value
of Y can be given by

p=EY)=PY*>0)=Ple>n)=1—-F(—n).
Thus, if the distribution is symmetric about 0,
n=—F(1-p)=F(p).

This formulation is quite useful because it allows us to fit a linear model to the latent
variable Y* using just the sign of Y*, as long as the noise distribution is known.
The cloglog link arises from a similar model in which the latent variable is distributed
as
Y™ ~ Poisson(e").

Note that p = € is in fact the canonical link for Poisson regression (see Section 4.8).
Suppose the observation is still given by ¥ = 11y« ¢y, then

1-p=PY =0)=PY*=0)=¢,

which results in the cloglog link n = log(—log(1 — p)).
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4.7.3 Logistic regression and odds ratio

The logit link (aka the logistic regression) is by far the most popular for binomial regression.
Beyond the fact that it enjoys some nice properties being the caonical link, it has some
other advanrages. First, in logistic regression the odds of an observation is given by

B(
B(

=
Il

1) Hi ; xTp F N\ K
= = 6771 = e = (eﬂj> .
0 1-w 11

&
I

j=1

Therefore, e’ represents a multiplicative change to the odds per nuit change of the jth
regressor.”

Moreover, when we just have a single binary regressor, consider the saturated model

log

1M :77:/80+/81Xa
—

where p =E(Y | X) =P(Y = 1| X). Then the difference in odds ratio for different levels
of X is given by

P(Y=1]|X =1)
P(Y =0] X =1)

P(Y =1]X=0) _

1
°8 P(Y =0 X = 0)

— log

(Bo + B1) — Bo = P

Therefore, the odds ratio is given by

PY=1|X=1)/PY =0|X=1)
PY=1|X=0)/PY=0]|X=0)

— P,

The odds ratio is a useful quantity because it enjoys a symmetry:

P(Y =1|X=1)/P(Y =0|X=1) PX=1|Y=1/PX=0|Y=1)
By 1| X =0)/P(Y =0| X =0) P(X 1]V =0)/Bx=0|v=0) 12

This neat property implies that we can sample from a population according to Y (suppose
Y =1 means a case), and it does not bias the odds ratio. For example, in case-control
studies for rare diseases, we can pair each case (e.g. a patient suffering from the disease)
with a control (e.g. a healthy individual). This is much more efficient than a random
sample from the population, which may contain very few cases. For rare diseases, the
odds ratio offers a good approximation to the more interpretable risk ratio, defined as
PY=1|X=1)/P(Y =1| X =0), because P(Y = 0) is very close to 1.

4.8 Poisson regression

4.8.1 Models for count data

Poisson regression is used to model count data: Y; € {0,1,2,...}, i =1,...,n. Itis
common to model counts by a Poisson distribution, ¥; ~ Poisson(u;). One rationale for
this is the following law of small numbers. Consider a triangular array {j, ; > 0|1 < j <
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n} such that Z?:1 tnj = pr. Then under the assumption that max; pu, ; — 0 as n — oo,
we have

n
Z Bernoulli(yt,, ;) — Poisson(u) as n — oco.
j=1
In words, if Y is the total count of many small probability events, then Y approximately
follows a Poisson distribution.
The Poisson distribution Y ~ Poisson(y) has the mean-variance relation (Example 3.8)

Var(Y) =E(Y) = p.

In practice, the data are sometimes overdispersed compared to the theoretical relationship
above due to clustering or other reasons (Section 4.3.3).

4.8.2 *Variance stabilizing transform (not covered this year)

To deal with overdispersion, one can use the variance stabilizing transform that maps Y
to g(Y). By the delta method, Var(g(Y)) ~ {¢'(1)}? Var(Y). Thus, if we take

o1
g (1) )

then Var(g(Y)) ~ 1. For Poisson, this is g(Y) = 2vY. We can then fit a linear
model for E(2v/Y | X) and use the linear model noise variance to probe overdispersion.
The drawback of this approach is that /Y might not be the scale we would like to
investigate. We can also use a dispersion parameter o2 in the (quasi-)Poisson GLM to
model overdispersion, which will be discussed in more detail next.!?

4.8.3 Poisson regression

Recall that the probability mass function of Poisson(y;) is given by

_ _Myi . o 1
flyis i) =e “2—' _ evilogpi—pi ~

uil yi!,yiz(),l,....

With the expersion parameter o2 included, the probability mass function bcomes

1 g .
f(yi§ﬂi702) _ eoztyilogpi “Z}fo(yz‘;UQ)-
0

So the natural parameter is 0; = log(p;) and the cumulant function is K(6) = €”.
In Poisson regression, the most common choice of the link function is the canonical
log link g(u) = 0(u) = log(u), so the model is

log i = X7 B.
This is often referred to as the log-linear model. This model is straightforward to interpret,

as
p

pi = X2 = T ()%,
=1
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So e represents a multiplicative change to the predicted mean value per nuit change of
the jth regressor.

Other common link functions for Poisson regression including the identity link and the
square root link.!! Notice that the square root link assumes that /E(Y; | X;) = X! 3,
which is different from fitting a linear model after the square root variance stabilizing
transform which assumes that E(v/Y; | X;) = X1 3.

The deviance in Poisson regression (02 = 1) is given by (Exercise 3.17)

. Y .
D(Y; ui)=2{Yilogﬂf—Yi+m}-

1

If X includes intercept (a column 1) and the canonical log link is used, the score equation

XT(Y — j1) = 0 implies that
NEDIRE
i=1 i=1

Therefore, by letting §; = Y; — ji; and assuming |d;| < fi;, the total deviance for the
Poisson regression is approximately given by

n
Y;
DY) =2 Yilog -
i=1 ¢

= QZ(ﬂi + 6;) log (1 + ﬂ)
i=1

X 5 167
~ QZ(M + ;) <ﬂ - g)

The last expression is precisely the Pearson x?-statistic from IB Statistics:

9 (observed — fitted)?
=2 fitted

For Poisson regression, Pearson’s residual is given by

Ros Yi—fi  Yi— i
Pji — — - ~ )
V(i) i

so Pearson’s y2-statistic is given by x? = S R?D,i and converges to X%—p if the Poisson
regression is correctly specified. Note that this convergence does not require n to converge
to infinity; in fact, convergence to X%—p would be ill-defined if n increases and p is fixed.
The crucial assumption is that min; y; — oo (which can be seen from the assumption
that 0; < fi;). This is the so-called small dispersion asymptotics.
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4.8.4 Multinomial models and the Poisson trick

Poisson regression can also be used to analyze multinomial data. Suppose (Yi,...,Yr) ~
Multinomial(n, 7r), where n is known but « = (71, ..., ) is unknown. The probability
mass function is given by

n!

) =
Hyim) =5

L
mit ik for E Y; = n.
=1

This is not a minimal exponential family because of the constraint on Y, which also
implies that Y7,..., Y7 are not independent. A potential solution is to set one level as
the reference and obtain a (L — 1)-parameter exponential family (Example 3.5). However,
the symmetry in the parameters is broken.

A more elegant solution is the Poisson trick, which refers to the following result in
probability. Suppose Y; ~ Poisson(p;), i = 1,..., L independently. Let Y, = Zle Y;,
then

Y, ~ Poisson(py) and Yi,...,Yr | Y ~ Multinomial(Y,; ),

where m; = pi/py, t=1,..., L and py = Zle i 12
Exercise 4.7. Verify the Poisson trick.

Consider the log-linear Poisson model
Y; ~ Poisson(y;) independently, and log p; = a + X[ 3,

where the intercept « is distinguished from the rest of the coefficients. Then by the
Poisson trick,

L
Y, = Z Y; ~ Poisson(u4) and Y | Yy ~ Multinomial(Y;, ),
i=1

where
n n

e = 3= e 30 X8, an
=1 =1
xr
i e .
=—=——,1i=1,...,n. (4.13)
Pt 3 eXi P
Importantly, 7 does not depend on the intercept « in the Poisson model. In consequence,
the likelihood function for the Poisson model factorizes as

T

Lp(a, B) = [ f(¥i; )
i=1

=f(Y1,..., YL | Yy 8) f(Yi;0,8)
=Ly (B)f(Yy;a,8),
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where Ljs(8) denotes the likelihood for the multinomial model (4.13). Alternatively,
because given 3, p4 is uniquely determined by « and vice versa, we can write this more
concisely as

Lp(py,B) = Ly (B) f(Yy; py).

The above likelihood factorization implies that we can fit the multinomial model (4.13)
using the Poisson log-linear model with an intercept, and the likelihood inference for 3
in the two models will be equivalent. To see this, the MLE B for the Poisson likelihood
Lp(ps,3) will also maximize the multinomial likelihood Ljys(3). The Fisher information
matrix for the Poisson model is block-diagonal:

I(n)( /8) _ II(JT—LO—)M+ (M-‘r) o’
BB
Deviance in the Poisson model is the same as deviance in the multinomial model, because
fir = Y5
4.9 Contingency tables

Next we apply the Poisson and multinomial models to analyze contingency tables that
display empirical frequencies of random variables.
4.9.1 Two-way contingency tables

Example 4.8. The following contingency table was constructed from a interim release
of a Phase-III trial for the Moderna COVID-19 vaccine in November, 2020.'2 The *

‘ Not a case Non-severe case Severe case

Placebo * 79 11

Vaccine * 5 0

cells were not reported, but they are presumably very large because the total number of
participants was about 30,000. The press release claims that the vaccine efficacy is about
1—-(54+0)/(79+ 11) = 94.5% and the p-vlaue (for no efficacy) is less than 0.0001.

There are two ways to think about the data in contingency tables:

e We observe counts Yji, j=1,...,J, k=1,..., K. In the previous example, J = 2
and K = 3.

e The table is an aggregation of individual observations (4;, B;), i = 1,...,n. In
the previous example, A; is the treatment received (placebo or vaccine), B; is the
outcome (not a case, non-severe case, or severe case), and n = 30,000. The observed
counts are given by

Yik=> Lajperp j=1....J, k=1 K

=1

62



A common question in two-way contingency tables is testing the null hypothesis that
the rows and columns are independent, Hy : A; 1L B;. In the vaccine trial example, this
amounts to testing the hypothesis that the vaccine has no effect at all.

Suppose (A;, B;i), i =1,...,nareIID. Let mj, =P(A; = j,B; =k), j=1,...,J k=
1,..., K, so the counts follow a multinomial distribution ¥ ~ Multinomial(n, 7). The
null hypothesis can be expressed in terms of 7 as

Hy: mj, = 7r347r,]€3, for all 7, k,

where 7r34 = Zle mix and T2 = Z}]:l ;) are the marginal distributions of A and B. In

the surrogate Poisson model, this can be expressed as
Hy: pji = ,u+77j‘-47r,]€3 for all j, k,
which is equivalent to the log-linear model
Hy: logpjr = o+ 53-4 + BB, for all 4, k, (4.14)
This is a submodel of the saturated model that places no restrictions on gy
Hy: logpjy = o+ B+ BE + B47, for all j, k. (4.15)

Therefore, testing independence in contingency tables is equivalent to testing nested
models in Poisson regression.

Notice that (4.14) and (4.15) are overparametrized. For identifiability, it is necessary
to set some levels as the reference. For example, we may set 3f = gP = g8 = 5].‘413 =0
for all j, k.

Example 4.9. For a 2 x 2 table (J = K = 2), the null/independence log-linear model
assumes

log 11 1 0 0 N Qo
log ft12 1 01 A o+ BB
].0 == = = R
&K log ji21 110 ng o+ B
log fig2 11 1) V2 a+ B+ By
—_—
Xo
and the saturated log-linear model assumes
log p111 1 0 0 0 « «
o — |togmz | _[1 0 1 0] | B a+ gy
EE " Nloguan | {1 1 0 0f | 88|~ o+ B3
log 122 111 1) \gy o+ pg + BY + pg°

X

The degrees of freedom of the sub/independence model is 14+(J—1)+(K—1) = J+K—1
and the degrees of freedom of the saturated model is JK. By Wilks’ theorem, under Hy
and as n — 00, the deviance between the two models or equivalently Pearson’s y2-statistic
converges in distribution to X3 K—(J+K—1) = X% J-1)(K—1)* This provides an asymptotic
test for the independence hypothesis.
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4.9.2 Three-way contingency tables

The discussion above can be extended to three-way contingency tables, although there
are more independence and conditional independene hypotheses that can be tested.
Individually, the observations come as IID triplets (A;, By, C;),i = 1,...,n, which can be
aggregated by a three-way table:

n
Yii =Y Yajpiekcimty 3 =1, k=1,... K, I=1,... L.
=1

There are several possible models for the joint probability mass 7 = P(A; = j, B; =
k,C; =1). The first model assumes

Hy: mjpy = 773477}?7710 for all 7, k, 1,

where 773-4, WE, 7rlc are the corresponding marginal probabilities (similar conventions are

used below). This is equivalent to assuming
Hi: A; 1L B, 1L C;.
The second model assumes
Hy: mjyg = m)'mfC for all j,k,1,
which amounts to the independence
Hy: A; L (B;,Cy).
The third model assumes
Hs: mj, = mpPrfC for all j k. 1.
It can be shown that this implies
P(A;i =4, Ci=1|Bi=k)=P(A; =7 B =k)P(C;=1| B; = k). (4.16)
So this model amounts to the conditional independence
Hs: A; L C;| B;.
Exercise 4.10. Verify (4.16).
The fourth model assumes
H, AB_BC_AC

This model does not imply any independence or conditional independence, but it assumes
that there is no three-way interaction in the joint distribution.
Finally, the fifth and saturated model assumes
Hs: mjp = Wﬁfc,
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where Wﬁ?c is completely unrestricted besides the constraints that the marginals need

to sum up to 1. Of course, this model also makes no independence or conditional
independence assumptions.

The five models above for the three-way contingency table are nested and can be tested
using the deviance or Pearson’s x? of the corresponding surrogate Poisson models. These
Poisson log-linear models differ in whether certain two-way and three-way interaction
terms are included.

4.9.3 *Graphical models (not covered this year)

With more variables, it is more convenient to represent independence and conditional
independence relationship using a graph.

Consider an undirected graph (V,&) where V' = (V4,...,V}) is a discrete random
vector and E C {V4,...,V,}? is the edge set. We say the distribution of V' factorizes
according to this graph if the probability mass function of V' can be written as

P(V =v) = 11 7€ (ve).
Vi,...,Vp}
£ for all A1, As €C

Such subset of vertices C is called a complete subgraph or clique. Thus, graphical
factorization means that the distribution can be decomposed according to the cliques in
the graph.

See Figure 4.3 for the graphical models corresponding to the five models for the three-
way contingency table. There is a deep connection between graph theory and conditional
independence: in an undirected graphical model, if the probability distribution factorizes
according to the graph and a subset of variables B “blocks” all paths between two other
non-overlapping subsets A and C, then A I. C | B.14

Notes

!See https://en.wikipedia.org/wiki/Log-normal _distribution#Occurrence and _applications for more
examples.

2See https://en.wikipedia.org/wiki/Pareto distribution#Occurrence and__applications for more
examples.

3This is indeed what summary.glm in R does.

4With non-canonical link functions, one can still carry out an analysis of deviance by Wilks’ theorem,
but the additive relationship (4.7) no longer holds.

5In some texts, the total deviance is simply defined as the difference in the log-likelihood.

6Taken from Agresti, A. (2015). Foundations of linear and generalized linear models. John Wiley &
Sons, Figure 4.2.

“In machine learning, this technique is known as the natural gradient method.

8We may need g(u) to be sufficiently smooth (e.g. twice differentiable) for the asymptotic theory to
go through.

9This is not necessarily a causal effect. See Section 2.4.4.

90ne can also use GLMs with other discrete distributions such as the negative binomial. However,
this is beyond the scope of this course.

See ?family in R.
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@) @)
©

a) Hi: ALB1C. (b) : AL (B,C).
cALC \ B. H4 and Hs: no 1ndependence or

condltlonal independence.

Figure 4.3: Graphical models for three-way contingency tables.

2This is in fact a special instance of a more general result for exponential families. See Brown, L. D.
(1986). Fundamentals of statistical exponential families: With applications in statistical decision theory.
Institute of Mathematical Statistics, Theorem 1.15.

3https:/ /investors.modernatx.com /news-releases/news-release-details/
modernas-covid-19-vaccine-candidate-meets-its-primary-efficacy.

This is one direction of the famous Hammersley-Clifford theorem.
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Chapter 5

Review and look forward (not covered this year)

5.1

Review

Table 5.1 provides a concise summary of the main definitions and results in this course.
Some other topics we covered are reviewed below.

Model diagnostics

For linear models:

Leverage of ith observation: H;;, where H = X (X7 X)™1 X7 is the hat matrix.
Coefficient of determination/Variance explained: R?.
Check normality: Q-Q plot using standardized residuals
Y — fi; .
ov/1— Hy;
Check nonlinearity: residual vs. fitted plot.

An observation with a large residual is called an outlier, which is particularly
concerning if the leverage is also large. Check by the residual vs. leverage plot.
Cook’s distance is another useful diagnostics:

CIX@- Bl 1 m
p&2 pl—H;

D;

Check heteroskedasticity: residual scale vs. fitted plot.

For generalized linear models, diagnostics are same as above with some minor modifi-
cations:

Replace the hat matrix by H = W2X(XTW X)) ' XTW/2 obtained from
iteratively reweighted least squares.
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89

Distribution of Y

MLE & Geometry

Statistical inference

Chapter 2

Linear model

1. Normal LM: Y | X ~ N(X B, 7I);

. Nonparametric relaxation:

1. Euclidean: 8 = arg ming [|Y — X33
2. Nested projections:
X = (Xo X1) = PxPx, = Px;

3. Partial regression:

B; = 1m(resid(Y ~ X_;) ~ resid(X; ~ X_;)).

1 6% = ¥ — XBI*/(n — p);
2. With normality, use pivor (8 — 8)/5;
3. Without normality, establish
V(B - B) <4 Normal;
4. Nested models: Use ANOVA/LRT.

1. MLE: p =Y

2. Deviance extends Euclidean distance:

known over/under-dispersion

D(Y, jio) = D (Y, 3) + D (fa, fro).

LY ~ f:0) WK W) Ke) 1. Fisher information:
B v)=¢ )
Chapter 3 4 i O_y Do /2 i™ =nV(0), i™ (u) =n/V();
2. Mean-value parametrization: Cuatre - § Y=V o
Exponential , \ | 2. Central limit theorem:
. = p(0) = K'(0); i | - d
family . , " i : Vn(0 —0) = N(0,1/V (9)).
3. Variance V(0) = p'(0) = K" (0). | o o o ) )
' 3. LRT is uniformly most powerful.
D0LO) & o3 kio) ~ (6:-60
1. Fisher information:
R ) XWX /o® 0
) 1. MLE: 8 = argming D+ (Y, u(3)). I(B,0°) = ,
LY | X~ elvi0i—K(0:)}/ o] fo(ys; 02); . 0 *
T ¢ 7t /r 2. Score equation: ) , o
Chapter 4 2. Linkage g(u:) = ni = X7 3; no (Yiop)Xi . where W = diag(w:V (pi){g'(1:)}7) "
Generalized : ke s — .- =1 Var(Yi)g'(ui) = ™ 2. Asymptotic distribution:
. 3. Canonical link: n; = 6;; (Canonical form: X7{Y — u(8)} = 0.) ympt . S B
linear model | 4, g2 — 4, o, . " = B~ NB, A (XTWX));
N ~~ 3. Deviance additivity (for canonical link):

3.6% =3, (Yi — p)* H{(n — p)V (i) };
4. Nested models: Analysis of deviance/LRT
. L\ d
Di(Y, 1) = DY, f10) = Xp—po-

Table 5.1: A concise summary of this course.




e Replace residual with one of the following (and standardize by dividing /1 — Hj;
as before):
— Pearson’s residual: A
Yiji;

iV (o)

— Deviance residual:

sign(Y; — i)/ D(Yi, fu;).
Model selection

Why model selection?

e Select a simpler and more interpretable model.

e Better bias-variance tradeoff.

See Table 5.2 for a summary of model selection criteria.

‘ Linear model Generalized linear model

L. Cp, =Y —plf> +2-df - 0% is an Unavailable
unbiased estimator of mean squared pre-
diction error.

2. Cross-validation: CV = )", (Y; — | Replace squared error with deviance.
~ Yi—fii)>
N*i)Q = Z?:l 5171532'

3. AIC = —21(8,62) + 2df. Same.

4. BIC = ~21(8,62) + dflogn. | Same.

Table 5.2: Criteria for model selection.

Algorithmically, model selection or regularization can be achieved by the best subset
method, greedy (forward or backward) stepwise selection method, or adding penalty terms
to the likelihood function. Ignoring model selection may lead to biased post-selection

inference.

Asymptotic theory for likelihood inference
e The log-likelihood function is given by I(3;Y) = > i, log f(Yi | Xi;84).
e Score function: U(B;Y) = VI(3;Y).
e Fisher information: I(8) = Varg(U(B;Y)) = Eg{—V2I(3;Y)}.
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MLE: 8 = arg maxgl(3;Y).

Under regularity conditions, 8 ~ N(B,I(B)~'). This leads to asymptotic confidence
intervals and hypothesis tests.

LRT: Suppose 3 = <ﬁ0
1

) and interested in testing Hy : 81 = 0 vs. Hy : B1 # 0.

Wilks’ theorem:

d
2{ sup I(B;Y) — supl(,@;Y)} — X?iim(el)’
HoUH{ Hy

Other topics

5.2

Heteroskedasticity-robust standard error for linear models.
Bias-variance tradeoff in linear models.

Simpson’s paradox.

Box-Cox transformation.

Computation for GLMs: Newton-Raphson, Fisher scoring, and iteratively reweighted
least squares.

Binomial regression: common link functions and latent variable interpretations.
Poisson log-linear regression, multinomial model, and the Poisson trick.

Contingency tables: parametrizing Poisson regression for independence testing.

Look forward

Mixed effect models: Assume some elements of (high-dimensional) 3 are random.
(Part 111, Statistical Learning in Practice.)

Generalized additive models and kernel regression: Replace XZT B by some basis
function expansion. (Part III, Modern Statistical Methods.)

Trees, random forests, and boosting: Replace XZT B by a (complicated) step func-
tion. (Part II, Mathematics of Machine Learning; Part 111, Statistical Learning in
Practice.)

Neural networks: Replace XZT,B by a composition of GLMs. (Part II, Mathematics
of Machine Learning; Part II1, Statistical Learning in Practice.)

Regularization. (Part III, Modern Statistical Methods.)
Graphical models. (Part III, Bayesian Statistics, Causal Inference.)

Distinguishing correlation from causation. (Part III, Causal Inference.)
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