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1 Preliminaries

Let (X,)n>0 be a simple random walk in Z¢ with d > 1. Note that the time index will always
be N. For every n € N and z,y € Z? we write P*(z,y) = pp(z,y) = Po(X, = y) for the n-step
transition probability from z to y. Note that if x = 0 we will sometimes omit it from the notation
and we will simply write py,(y) for p,(0,y). Note that by translation invariance of the walk we have
pn(z,y) = pn(0,z — y). We say that n and x are of the same parity if p,(x) > 0. For every n and

T we write a2
o d d|||*
D) =2- <%> " exXp <— on )

In dimension one, a direct calculation using Stirling’s formula immediately yields the following:

Exercise 1.1. Let X be a simple symmetric random walk on 7Z starting from 0. Show that for
all n € N and m € Z with m < y/n we have

Po(Xa2n = 2m) = Dy,,(2m)(1 4+ o(1)) as n — oo.

Hint: Recall Stirling’s formula n! ~ n""v/27n - e™™ as n — oo.

In higher dimensions, one can also obtain an analogous result, but it is more tedious. We state
without proof the local CLT that we will use very often in this course.

Theorem 1.2. (Local CLT [10, Proposition 1.2.5]) Let d > 1 and let X be a simple random walk
in 74 started from 0. Suppose that n and x are of the same parity. Let o < 2/3. If |x|| < n®, then

Pa(@) = Py(@) - (L+O0(n**72)) .

Exercise 1.3. Let X be a simple random walk on Z? started from 0. Show using Azuma’s inequality
or otherwise that there exist positive constants ¢; and c¢o so that for all z € 7.

Po(Xn, = 2) < c1 exp(—ca|z||*/n).

Notation: For functions f,g: N — R, we write f < g if there exists a positive constant C' so that
for all n € N we have f(n) < Cg(n). We write f 2 ¢ if ¢ < f. Finally we write f < gif f S g
and g < f.

By the local CLT we see that

1

and hence we recover Polya’s theorem: when d < 2, the SRW is recurrent, while when d > 3 it is
transient.

Exercise 1.4. Prove (1.1) using Stirling’s formula and the concentration of a Binomial random
variable of parameters n and 1/d around its mean.



In the transient regime, we now define the Green’s function as follows: for z,y € Z? with d > 3

> 0
g(z,y) = B, [Z 1(X, = y)] => pu(z.y).
n=0 n=0
When x = 0 we simply write g(y) for g(0,y). By conditioning on the first step of the random walk
it is immediate to deduce the following:
Lemma 1.5. The Green’s function g : Z¢ — R is harmonic on Z¢\ {0}.

Exercise 1.6. Using reversibility and the Cauchy-Schwartz inequality prove that for all 2 € Z¢

pon(0,2) < \/pgn(0,0)an(x,a:) = pa2,(0,0). (1.2)

Combining (1.1) together with (1.2) we see that the Green’s function is well defined when d > 3,
as we get a converging series.

The following asymptotic expression for the Green’s function will be used throughout these notes.
Theorem 1.7 (Spitzer). For alld > 3 and o < d as ||z|| = oo we have

g(z) = “;h—ill)_Q +o(|lz||”%), where c(d) = gf‘(d/2 — 1)7r—d/2.

Exercise 1.8. Prove Spitzer’s result using the local CLT and by approximating the Riemann sum
by an integral (see [11, Lemma 12.1.1]).

In the following exercise we obtain an upper bound on g(x) of the correct order but without the
sharp constant provided to us by Spitzer’s result, which in turn follows by the local CLT.

Exercise 1.9. Let X be a SRW in Z% with d > 1. Without appealing to the local CLT establish
the following:

1. For all z of the same parity as 0 and satisfying ||z| < /n prove that

1
pn(O, .’17) = W

2. Using reversibility prove that

Po(Xpn =) < 2-Po(Xn = 2, [ X|njayll > [l2[|/2) -

3. Using the above and Azuma’s inequality, show that there exist positive constants ¢; and co
such that for all o
Po(Xn =) < =75 exp(—cal|z[|* /n).
n

4. Combining all of the above show that

o —d
g(x) =< ||z|*~.



For a set A C Z% we write

Hjy=inf{n >0:X, € A} and Hy=inf{n >1:X, € A}
for the first hitting and first return time to A respectively.
For a finite set A with x € A, we write

H qe
ga(z,y) =E; | > 1(X; =y)
=0

We write B(0,n) = {z € Z% : ||z|| < n} for the Euclidean lattice ball of radius n.

Lemma 1.10. Let x € B(0,n/4) and T = inf{j > 0: X; € 0B(0,n)}. Then for ally € 0B(0,n)

we have
1

P (Xr =y) = a1

where the constants appearing in < are universal over all n.

Sketch of proof. Let ¢ =inf{j > 1: X; € {0} U0B(0,n)}. Then check that
P, (X1 = y) = gB(0,0)(0,0)Py(X¢ = 0).

Then it suffices to show that Py (X, =0) = n'=4 as 9B(0,n)(0,0) < 1. To prove this, we define an
intermediate scale, i.e. we first wait for the walk to either hit B(0,n — 3) or exit B(0,n). We then
require the walk to be at B(0,n — 3) at this time and estimate the probability that starting from
there the walk hits 0 before hitting 0B(0,n). Finally to achieve this, we use the harmonicity of the
Green’s function g. O

Theorem 1.11 (Harnack inequality). Let f : B(0,n) — R4 be a harmonic function in B(0,n—1).
Then for all 0 < r < 1, there exists a positive constant C = C, so that

sup f(z) <C inf )f(a:)

z€B(0,rn) z€B(0,rn

2 Intersections of random walks

In this section we will study the question of intersections of independent simple random walks on Z¢
for all d. We start with the question of collisions to see the analogy.

So let X and Y be two independent simple random walks on Z% for d > 1 starting from 0. Let
n
Cn =) 1(X;=Y)).
i=0

Then taking expectations of both sides we get

E[Cn]ZZPO(X%:O)XZWX logn if d = 2
=0 i=1 1if d > 3.



We thus see from here that dimension 2 is critical for the question of collisions which is of course
the well-known theorem of Polya.

Next we move on to intersections. Let I, be the total number of intersections of X and Y up to
time n, i.e.

Taking expectations above we get

2n
E[I,] =Y > Po(Xiy; =0) <> i pi(0,0).
i=0

i=0 j=0
Using the LCLT, we now get that
Vnifd=3

1
E[L] =) —— ={lognifd=4
=1 % Lifd > 5.

2

We see thus that dimension 4 is the critical dimension when considering intersections analogously
to dimension 2 being the critical dimension when considering collisions.

In the next section we are going to calculate the probability that one random walk avoids a two
sided random walk in four dimensions. Then we will move to higher dimensions and study large
deviations events for the number of intersections, i.e. we will bound the probability that the number
of intersections is very large. From the above we see that in high dimensions, the expected number
of intersections is of constant order.

2.1 Intersections in four dimensions

As we already discussed, dimension 4 is the critical dimension for the problem of intersections. What
is usually expected at the critical dimension is logarithmic corrections to mean field behaviour. The
main result of this section is to prove Lawler’s result on the non-intersection between a random
walk and an independent two-sided random walk in Z*.

Theorem 2.1 (Lawler (1985)). Let X', X? and X3 be three independent simple random walks
in Z* starting from 0. Then as n — 0o

2 1

E(Xluﬂm)m(xﬁmﬂﬂLuX%mnp::@o¢;xﬁLnDﬁdg_.bgn

The proof that we will present follows Lawler’s original argument with some simplifications due to
Bai and Wan [3] and Bruno Schapira [19], who generalised it to branching random walks that we
will discuss in the final section.

The whole proof is based on the magic equality of Lemma 2.2 which is a consequence of the last
exit decomposition formula that we will state shortly. First we need to set up some notation.

Let X be a two-sided simple random walk in Z*, i.e. (X,,)n>0 and (X _p)n>0 are two independent
random walks started from 0. Let X be an independent simple random walk in Z* also started
from 0. For every integers a < b we write R[a,b] = {X,,..., X} and for a,b € N we set R,, =



{X,,...,X,} for the ranges of the two walks during the time interval [a,b]. Let & and € be two
independent geometric random variables of parameter 1/n each (P(¢) = j) = 1/n- (1 —1/n)? for
all 7), also independent of the walks. Finally we define

A, = {73'[1’ OO) N R[—ff;, 5:7,] = (D}
€n = 1(0 ¢ R[L&;])
Gn = Z g(Xk)

—&h<k<¢n
Lemma 2.2. With the above definitions we have

E[L(A,) - e Gn] = 1.

In Lemma 2.4 below we will show that G, is concentrated around its mean (which is of order logn).
Hence, if we could just pull it out of the expectation above, we would get exactly the statement
of the theorem. The proof will then proceed by showing that this is actually correct up to smaller
order terms.

Before giving the proof of the magic formula (Lemma 2.2) we state and prove the last exit decom-
position formula which is an easy consequence of the Markov property. This result will be used
repeatedly throughout these notes.

Lemma 2.3 (Last exit decomposition formula). Let d > 3 and let A C Z% be a finite set. Then
for all x € Z* we have

P,(Hg < 00) = Zga:y (ﬁA=m>.
yeA

Proof. Let Ly = sup{t > 0 : X; € A} be the last time X visits A with the convention that
L4 = —oo if the set is empty. Then by transience of the walk we get {H4 < 0o} = {0 < Ly < oo},
and hence

Po(Ha<o00) =P, (0<Ly<oo) =3 > Pu(la=nX,=y)= ZZIP’ Xo = )Py (Ha = )

n=0yecA n=0yecA
= g(z,y)P, <HA = OO)
yeA
where for the penultimate equality we used the Markov property. O
Proof of Lemma 2.2. For every nearest neighbour path (z1,...,x,,) we define

B(m,CCl,...,.’Em) = {£7€1+§7Z:m? X—Efﬁ-k—X—ffL =z, V1< ]{,‘Sm},
and for all 0 < j < m we define
B(m7j7xl7---7xm) = {§£:J7 §£:m_]7 X—§£+k_X—§£L = Tk, V1 < k Sm}

Using the independence of the increments of the walk and the geometric random variables we then
obtain

P(B(m,j,z1,...,Tm) | Bm,z1,...,2y)) = —.



Setting g = 0, we then have

E[1(A,) - e, - Gy

m

DS P(B(m;;cz,r.l..,a:m)) SUN 1w ¢ {zj41 2w}

m=0 (z1,...,zm) k=0 j=0

X ]P’((xj +R[1,00)) N {z0,Z1,...,Tm} = (Z)) g(xj — ).

Using the last exit decomposition formula to the set {xo, ..., x;,} and the starting point x; we get

1= Zl(:nj ¢ {zjt1,...,Tm}) ¥ P((xj + R[1,00)) N {zo,21,...,Tm} = @) g(z; — ).
=0

Substituting this above we obtain

E[L(An) en-Gnl=>_ >  PBm,z1,...,2m)) =1,

m=0 (z1,...,xm)
and this concludes the proof. O

Lemma 2.4. There exists a positive constant C so that the following holds. Let X be a simple
random walk on Z* started from 0 and let & be an independent geometric random variable of mean n.

Then
3 13

Zg(Xi)] = % -logn+ O(1) and Var <Z g(Xi)> < Clogn.

i=0 i=0

E

We defer the proof of this lemma to the end of the section and we now give the

Proof of Theorem 2.1. Lemma 2.2 states that
E[1(A,) -en-Gy] =1.

We now get

: E[l(An) *€n - (E[Gn] - Gn)] . (2'1)

Let € > 0 and set
B ={|G,, — E[G)]| > elogn}.
Then we have
E[1(A,) - en - |[E[Gn] — G|l <elogn-E[1(A,) - e,] + E[1(A,) - |[E[G,] — G,| - 1L(B)]. (2.2)

Using Cauchy-Schwartz for the second term together with Lemma 2.4, we obtain

E[L(Ay) - [E[G,] — Gul - 1(B)] < v/B(B) Var(Gn) S 1.

Substituting this bound into (2.2) and then into (2.1), taking e sufficiently small, using Lemma 2.4
and rearranging we deduce

E[L(A,) - en] S —

. 2.3
~ logn (2:3)



Claim 2.5. We have

1 ~ 1
< "N=0)<
P(A,) < Togn and IP’(R[l,oo) NR(0,&] @) S Togn (2.4)
We now explain that it suffices to prove that
1
E[1(A,) - |E[G,] — Gn| - 1L(B)] S ———. 2.5
[L(An) - [EIG:] = Gul - 1(B)] £ (o (25)

Indeed, once this is established, then we get

E[L(Ay) - en] — E[G.] <e-E[1(Ap) - e +0O (W) ;

and, since this holds for any ¢ > 0 and E[G),] ~ 8/72?logn by Lemma 2.4, this concludes the proof
in the case where we run the two-sided walk up to two geometric times. To pass to the fixed n
case, one needs to use that P(n/(logn)? < & < n(logn)?) =1 — (logn)~2 and similarly for £. So
we now turn to prove (2.5). By the Cauchy-Schwartz inequality we obtain

E[1(A,) - |E[Gy] — G| - 1(B)] < /P(A, N B) - E[(E[G,] — Gn)?] < VP(A, N B) -logn,
where for the last inequality we used Lemma 2.4. It remains to bound the last probability appearing
above. To do this we define

0 &n
Gr= > 9(Xx) and G =) g(Xz),
k=0

k=—¢4
and also two events for ¢ = 1,2
—{IG}, ~E[G1] | = logn/2}.
Then it is clear that B C B; U By, and hence we deduce
P(A, N B) < P(ﬁm NR[-€,0] =0, BQ) P(Roo NR[0,£7] = 0, Bl)

1
V log n logn’
Note that for the equality we used the independence between the two sides of the walk X and for

the last step we used the concentration result, Lemma 2.4, together with (2.4). Altogether this
gives

_ zp(ﬁw AR[-L,0] = @) P(By) S

1

B[L(Ax) - [B{GH] = Gl - 1(B)) S oy

and this concludes the proof . O

Proof of Claim 2.5. This proof follows closely [19]. Assuming E[1(A,,) - e,] < 1/logn, we want
to show that

1
P(A,) S :
(An) S 150




Let o be the last time that (X,,)n>0 is at 0. Then we have
P(Ay) < P(R[L,00) N (R[-€15, 0| UR[, 0+ €05)) = 0) +P(0 + &5 > &),

where we took £’ to be an independent geometric random variable of parameter 1 /v/n. The
second probability appearing on the right-hand side above can be bounded as

P(o+&26) <P(& — &< vn) +P(o = vn).

Now it is easy to see that both these terms are much smaller than 1/logn.

To control the first probability on the right-hand side above we observe that the walk X after time
o has the same law as a walk started from 0 and conditioned on never returning to 0. Hence we
get

1

P(ﬁ[l, 00) N (R[—ff/ﬁ,O] URo, 0 +&5]) = @> < mEP(Aﬁ) -en} < 10;“7

where we used the transience of the walk. This now finishes the proof of the first claim.

We now turn to proving
1

logn’

P(ﬁ[l, 00) N R[O,g,’;]) <

]

By conditioning on R we get
P(RIL,00) N (RI=¢4,0] UR[0,€])) = E[P(R[1L,00) N (R[=&£, 0] URI0, 1)) | RIL,0) ) |
= E[P(R[-€.,0] NR[1,00) = 0| R[1,00)) P(R0, ] N R[1,00) =0 \ Rl1,00))]

~ ~ 2 ~ 2
- E[(ﬂ»(n[—gﬁ, 0] NR[L, 00) = 0 ( R[1,0))) ] > (P(R[-¢, 01N R[1,00) =0)) .
For the second equality we used the independence of the positive and negative parts of the walk

and for the last inequality we used Jensen’s inequality. Combining this with the first statement
completes the proof. O

Proof of Lemma 2.4. Using the local CLT, it is a direct calculation to check that as n — oo

E [Z 9(Xi)
=0

It is straightforward to see that replacing n by a geometric random variable of parameter 1/n gives
exactly the same asymptotics. It remains to estimate the variance. Note that if instead of the walk
we were considering a Brownian motion, then we could divide this sum between the first hitting
times of balls of radii 2¢ for i = 0,...,logn/2 and we would get a sum of independent terms. With
the walk one can carry through such an argument too, but there are the lattice effects that have
to be taken care of. So as in Lawler’s proof we simply estimate the variance using the local CLT.
For this we have

4

Var (Zg(xa) =3 Var(g(X:)) + 3 Cov(g(Xi). 9(X;)).
=0 =0

i)
It remains to estimate E[g(X;)g(X;)]. This can be done employing the local CLT and for the details
we refer the reader to [10]. O



2.2 Capacity

Let d > 3. Let A be a finite subset of Z¢. The capacity of A is defined as the sum of escape

probabilities from A, i.e.

Cap(A) = ZP:E(I;TA = oo) .

€A

We define the equilibrium measure of A to be given by

ealz) =Py (ffA - oo) 1z € A).

Exercise 2.6. Let d > 3 and let A C Z? be a finite set. For all n we let R,, = {Xo, ...

the range of a simple random walk X in Z?. Explain why the following limit exists

[Rn + Al
lim ————

n—00 n

and identify its value. (Note that R,, + A denotes the Minkowski sum of R,, and A.)

Corollary 2.7. Let A C Z% be a finite subset of Z%. Then

Cap(A) = lim - 4>
p(4) ]| —o0 g(z)

Proof. Recall the last exit decomposition formula

P,(Hg < 00) = Zg(z,y)Py(ﬁA = oo) .
yeA

Dividing both sides of this equality by g(z) we get
P.(H ~
A < o0) Z 9 z 3/ ( _ oo) ‘

Since A is a finite set, using Theorem 1.7 we get

g(,y)
g(z)

— 1 as ||z|| = oo.

Therefore, we conclude

m Z]p( ) Cap(A)

111
T||—o0
Jal =

and this finishes the proof.
Exercise 2.8. Let A, B C Z% be finite sets. Show that

Cap(AU B) < Cap(A) + Cap(B) — Cap(AN B).
Exercise 2.9. Let » > 0. Show that

Cap(B(0,7)) =< r* 2,

10

, Xn} be



Exercise 2.10. Let z,y € Z%. Show that

1 2
9(0) 9(0) +g(x —y)

Remark 2.11. From the definition of capacity we see that it is intimately related to the question
of intersection of a random walk with a set. If we replace the deterministic set A by a random
set, then the question of capacity reduces to the question of whether a random walk intersects that
independent random set.

Cap({0}) = and Cap({z,y}) =

Exercise 2.12. Let X be a simple random walk in Z* and let R,, = { X, ..., X,} be its range up
to time n. Using Theorem 2.1 show that

7T2 n

E[Cap(R,)] ~ 5 ogn’

Theorem 2.13. Let d > 3 and let A C Z% be a finite subset of 72, Then

Capl(A) = inf Z gz, y)u(z)u(y) : p probability measure on A

z,yeA

Proof. First of all using the last exit decomposition formula gives that with

_ea(n)
p(r) = m,

we get >, ea 9(@, y)u(z)u(y) = Cap(A4). So it suffices to show that for any other probability
measure p supported on A we have

> gl y)p)uly) > Capl( 3 (2.6)

z,yc€A

To prove this we define an inner product between any two probability measures p and v supported
on A as follows

(wv) = > w@)g(z, y)v(y).

r,yeA

Then taking v = e4/Cap(A), the normalised equilibrium measure, and for any p we get using again

the last exit decomposition formula
1

<‘LL, V) = Cap(A)
Now by the Cauchy-Schwartz inequality we obtain

1 1
Cap(A) — () <V (s ) (viv) = /s ) - \/T(A).

Rearranging proves (2.6). O

Exercise 2.14. The goal of this exercise is to show that there exists a universal constant ¢ > 0 so
that for any finite subset A of Z? we have

Cap(A) > c¢- |A|'7%/14, (2.7)

11



1. Show that there exists a positive constant C' so that for every x € A

> gla,y) < ClAPY.
yeA

2. Taking p = 1/|A] in the variational characterisation of capacity and using the above bound
prove (2.7).

The following lemma gives yet another equivalent definition of capacity. Its usefulness will be
apparent in Lemma 2.16, where the walk is required to spend a certain amount of time at each site
of a set A.

Lemma 2.15. Let d > 3 and let A be a finite subset of Z%. Then the capacity of A satisfies

Cap(A) =supS Y o) :p: A=Ry and Y g(x,y)ey) <1, Va
€A yeA

Proof. First of all we see that taking p(z) = eq(z) for z € A satisfies

> gla,y)e(y) =Pye(Ha < 00) <1
yeA

by the last-exit decomposition formula. Moreover,

> ¢(x) = Cap(A).

z€EA

Hence, it remains to show that for any function ¢ : A — R, with ZyEA g(z,y)p(y) <1 for all z,

we have that
Z (p ) < Cap A).
z€A

Now observe that using the assumption that > -, g(z,y)¢(y) <1 for all z we have
D ea(x) > glay)ey) <> ealw).
€A yeA z€A

By the last exit decomposition formula we also obtain

doeal@) - gz y)ey) =D wy) Y g@yeal®) =Y py)Py(Ha <00) =Y o(y)

z€A yeA yeA z€A yeA yeA

Combining this with the above shows that

> ¢(y) < Cap(A)

yeA

and this completes the proof. O

For a simple random walk X in Z? with d > 3 we write £(z) = > 0%, 1(X; = z), for x € Z4, to
denote the local time at x.

12



Lemma 2.16. Let A be a finite subset of Z¢ and let t > 0. Then
P(l(x) >t, Vo e A) <2exp(—t-Cap(A)/2).

Remark 2.17. We write f * ¢g to denote the convolution of f and g, i.e.

Frgl@)=> fl@—yg).
y
Lemma 2.18. Let ¢ be a function satisfying ||g * ¢|lec < 1. Then for all o € Z¢ and all 6 € (0,1)

we have
Ez, [exp <0 . Zgo(x)é(x))] < ﬁ

Proof. First of all we notice that we can write this quantity as

Doe@@) =) e@) ) L(Xp=1x) =Y o(Xz).

T k=0 k=0

We now upper bounding the n-th moment of )" ¢(x)¢(x). For this we have

ExOKZ‘P(Xk)) ]:Exo > (X)) o(Xn) | <0l > Bagle(Xey) - o(Xg,)]
k=0

K1, kin ki<...<kn
n
=n! Z Z Pyo (X, :asl,...,an:xn)Hgo(xi)
k1<..<kp 1,..,Tn =1
n
<nl > > PRag,m) - PRTR (2 ag) - PP R @y ) ] o)
k1<..<kp 1,.-,Tn =1
n
—nl Y gleom) - glenz) [ [ o) < n
L] yeeeyn i=1

where in the last step we used the assumption on the function ¢. So we now deduce

E, [exp (0 S o) M)] Bl ) 1

n=0

and this concludes the proof. O

Proof of Lemma 2.16. Let ¢ : A — R, be a function satisfying ||g * ¢||cc < 1. It follows that

{t(x)>t, Vo eA}C {Zf(:ﬂ)gp(:ﬂ) >t Zgo(x)}.

€A €A

By the exponential Chebyshev inequality we now deduce for any 6 € (0,1)

P(l(z)>t, Vo e A) < ]P’(Z p(@)l(z) >t <p(a:))

T€EA z€EA
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< exp (—0 -t Z cp(m)) -E [exp (0 : Z w(x)ﬂ(x))

z€A

< 116-exp<—0-t-2<p(as)).

z€EA

Taking now 6 = 1/2, optimising over all functions ¢ : A — Ry with ||g * ¢[lcc < 1 and using
Lemma 2.15 shows that

P(l(z) >t, Ve e A) <2-exp(—t-Cap(A)/2)

and this finishes the proof. O

For a set A C Z% we write £(A) for the total time spent in A by a simple random walk X, i.e.
0A) =)L),
€A

We also write for x € Z¢

g(xrA):::ZE:g(x7y)

yeEA

Lemma 2.19. Let d > 3 and X a simple random walk on Z®. There exist positive constants c
and C' so that if A is a finite subset of Z%, then we have

P(4(A) > t) < Cexp (—ct/ sup g(x,A)) .

zeZ4

Proof. Let ¢(z) = 1/sup,cza g(x, A) for all x € A. Then we have
gxp@)=> glx,y)ely) <1.

yeA

Thus we can apply Lemma 2.18 to obtain for 6 € (0,1) that

exp (e ‘ ;ww(m))] <

E

It is immediate to see that
{£(A) =t} C {Z p(x)l(x) >t/ sup g(x, A)} -
€A zeZd
Applying exponential Chernoff again we deduce
P> o(@)(x) >t/ sup g(x, A) | Sexp | —ct/ sup g(x, A)
vy zezd zezd
and this completes the proof. O

Remark 2.20. Recall from Exercise 2.14 that there exists a universal constant C' so that for all
sets A
sup g(z, A) < C|AY<.

z€Z4

Plugging this bound into the bound in Lemma 2.19 shows that
P(((A) = 1) S exp(—ct/|A]*/?).
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2.3 Intersections in higher dimensions

The question on large deviations on intersections of two independent random walks in dimensions
d > 5 was first studied in 1994 by Khanin, Mazel, Shloshman and Sinai [9]. They proved that for
all € > 0 and all ¢ sufficiently large

exp(—t!2/d+e) < P<|Roo N Reoo| > t) < exp(—t!2/d=e), (2.8)

In 2004, van den Berg, Bolthausen and den Hollander [23] showed that there exists a non-negative
rate function Z such that for all b > 0

1
lim ————

t—oo $1-2/d lOgPORthJ N ﬁtbtﬂ > t) = —Z(b).

(In fact, they established it for Wiener sausages, and it was later adapted to the discrete setup by
Phetdrapat [16] in his PhD thesis.)

In 2020, Asselah and Schapira [2] finally managed to settle this open question by proving a large
deviations principle for the infinite time horizon.

Theorem 2.21 (Asselah and Schapira [2]). For d > 5, the following limit exists and is positive

1
Zoo = lim Z(b) = lim ———~

b—o0 oo tl—2/d 1OgIP)<|Rc>o NReo| > t) .

In these notes we are going to establish the following result of Asselah and Schapira, which removes
the power ¢ from (2.8).

Theorem 2.22 (Assclah and Schapira [2]). Let d > 5 and let R and R be two independent ranges.
There exist positive constants ¢y and cs so that for allt > 0

p—cat! /4 —eqtl—2/d

gIP’(Rooﬁﬁoo| >t) <e

Moreover, Asselah and Schapira are able to identify the strategy for the two walks in order to
achieve a large intersection. In particular, they show that given that the size of the intersection is
larger than ¢, a fraction close to ¢ of them happen in a ball of radius ¢'/¢.

They first prove a weaker result, namely that there exists a finite number of balls of radius /¢,
where most of the intersections happen. To reduce to a single box, they needed to appeal to the
large deviations result for the finite time horizon problem.

2.3.1 Lower bound

We start by proving the lower bound of Theorem 2.22. This is the easier direction of this problem
as it entails finding a specific strategy for both walks to follow in order to achieve the required
event.

The main ingredient of the proof is the following result which gives a lower bound on the probability
that a walk visits a fraction of a set.

Proposition 2.23. Let X be a simple random walk in Z¢ with d > 3 and let R, = X [0, 00) denote
its range. There exist positive constants p,k and C so that for all v > 0 if A C B(0,7r) satisfies
|A| > C, then

P(/Roc NA] = plA]) = exp (= 7972).
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We start by giving the proof the lower bound and then we proceed with the proof.

Proof of lower bound of Theorem 2.22. Let p < 1 and 7 > 0 be such that p?|B(0,7)| =t. We
then have

{IRoe N Ras| = t} 2 {|Roo N B(0,7)| 2 p| B(0,7)} N {|Rox N (R N B(0,7))] = p - [Re N B(0,7)]}.
Using the independence between the two walks and applying Proposition 2.23 we obtain

IP’(|ROO NRoo| > t) > exp(—r - 1972) = exp(—r - t172/7),
where k and x/ are positive constants. This completes the proof. O

Let us first give a high level overview of the proof of Proposition 2.23. We consider the balls B(0, 5r)
and B(0,10r). We are going to count the number of excursions the walk makes across the annulus
B(0,10r) \ B(0,5r). During each excursion, the walk has a probability 1/79=2 of hitting a given
vertex of the ball B(0,7). The excursions are approximately independent, as there is enough time
for the walk to mix before starting the next one. So during K, = K - p- 792 excursions, a fraction p
of the vertices of A will be covered. The probability that starting from 0B(0,10r) the random
walk hits 0B(0,5r) is a positive constant bounded away from 1 and 0, and hence the probability
of having at least K, excursions is of order exp(—cK,) which is of the correct order. We now need
to make this argument rigorous.

Proof of Proposition 2.23. To this end we first define the successive hitting times of dB(0, 5r)
and 0B(0,10r). Set 0p = 0 and define recursively for ¢ > 0

7; = inf{t > 0, : X; ¢ B(0,10r)} and
Oir1 = inf{t >71: X € 8B(0, 57‘)}

We let N be the total number of excursions the walk performs, i.e.
N =sup{k > 0: 0} < c0}.
Using the Green’s function asymptotics we get that there exists a positive constant ¢ such that
PN > k) > exp(—c- k). (2.9)

Set K, = K - p-r972. Let G be the o-algebra generated by the total number of excursions A and
the entrance and exit time of these excursions, i.e.

G = U(NaXUiaXTiai SN)
We now define A; = A and inductively for ¢ > 1
RO ={X,,,..., X} and Ajpq = A\ (Uj<iRY).

Finally set .
Vi = |[RY N Ai|1(0; < ).

By conditioning on G we deduce

Ky
]P(ZYZ- > plAl, N > K) —E

i=1

KT
1N > K,)- ]P’(ZYi > p|A
=1

g)] . (2.10)
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Let ‘H; = 0(X]0,0;]) for every i. We now define

NAK,

M = Z (Y; = E[Y; | H:,G]).

i=1
Note that by the orthogonality of increments we get

NAK,
E[M|G]=0 and E[M?|G] <2 ) E[¥7]|7].

i=1
Exercise 2.24. Using Harnack’s inequality show that for all i < AN we have for all € B(0,r)

IP’(a: e R Xgi) .

Xois Xn) 2 IP’(;L' e R

We also have using the asymptotics of the Green’s function

IP’(ac e RO | X,, = ) =P, (H, <o0)— sup P.(H, < o)
z€0B(0,107)
_wy) o, 92
9(0)  eam(o0r) 9(0)
Cd Cd 1-d 1
=i =5~ Sup s +O00 )X —=.
|z —yll"2  .coB@10m 7 —2[972 rd=2

Therefore, putting everything together we deduce that for a positive constant c

C

E[Y; |G 1] > —

and hence on the event {N > K, } and taking K = 4/c in the definition of K, this gives

NAK, ‘
> EY |G H) > K, Ak = 4plAk |

=1

Since |Ag, | = |A] — Zf{;l_l Y; we get on the event {N > K.} for p < 1/2

K, K,
P(ZYi < plA| g> = P(ZYi < plA[,[Ak, | > [A[/2

=1 =1

g) <B(M| = plAl| G)

B[M2 | g] , K 2 (2.11)

<—mp < g B9
i=1

Now it remains to bound this last sum of conditional expectations. For this we obtain
EY? | HiGl= Y IP’(z eRD e RD
(Z,Z/)GAZ'XAZ'

<2 ¥ IP’(z eRD 2 eRD H, < H,
(Z,Z/)EAi XAi

Xo,, Xr,)

X, X7i> .

Applying the Harnack inequality again we get that up to a positive constant this last sum is equal
to

1 1 1 142/d
Z Px,, (H: < Hy < 00) < Z d—2 [z — 272 +1 S a2’ Al :
(Z,Z/)GAiXAi (Z,Z/)GAXA
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Plugging this bound into (2.11) we see that on the event {N > K} we have

K,
P (Z Y; < plA
=1

by taking |A| > C with C a large constant so that ¢ - p - C'~2/4 > 4. Plugging this bound back
into (2.10) and using also (2.9) with £ = K, completes the proof. O

2 1 2
< —— K, - TN A ——
g) - p2|A|2 Topd—2 | | - cp|A|1_2/d

1
<_a
-2

2.3.2 Upper bound

We devote this section to the proof of the upper bound of Theorem 2.22. Here we are working in
dimensions d > 5.

We first start by reducing the problem to a finite time horizon, as we show that it is very unlikely
for intersections to occur at high enough times. More precisely, for every n > 0 we define

Ay = iil(Xi = X))

i=n j=0
Using the local CLT we then obtain
o0 (o.9] . o
E[4,) =" ZP(}Q - Xj) = 3" (k + 1)p(0,0) = n=D/2,
i=n 7=0 k=n

By Markov’s inequality we get
P(ﬁoo NR[n,o0) # (Z)) < E[A4,] < nti=9/2,
and hence taking n = exp(t'=2/4) gives the desired upper bound. So we can focus now on intersec-

tions between R, and R|[0,n] for this specific value of n.

The following proposition is the main ingredient in the proof of the upper bound.

Proposition 2.25. There exist positive constants ¢ and C' so that if n = exp(tl_Q/d), then

P(Sup 9(z, Rn) > Ct”d) < Cexp(—ct' 24

x€Z4

Proof of upper bound of Theorem 2.22. As we explained above it suffices to study the num-
ber of intersections between R, and R,,. By Proposition 2.25 we obtain

IP’(|7€OO NRy| > t) < ]P’(|7€oo NRy| >t, sup g(z, R,) < C’t2/d> + Cexp(—ct!=2/%).

x€Z4

Applying Lemma 2.19 to the first probability appearing on the right-hand side above we get

z€Z4

P(\ﬁoo NRy| >t, sup g(z,Ry) < Ctz/d>

<E

exp(—ct/ sup g(z, Ra))L(sup g(z, Rn) < CF%)| < exp(—ct!=2/4)

zeZd z€Z4

and this concludes the proof. O
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The main idea behind the proof of the upper bound of Theorem 2.22, and more precisely the proof
of Proposition 2.25, is that intersections will happen in the high density regions of the range of
each walk, i.e. the regions that are visited a lot by the walk. We are going to perform a multiscale
analysis of the high density region and then we will bound the Green’s function separately for the
high and the low density regions. In particular, we will show that the Green’s function for the low
density regions can be bounded deterministically, while for the high density we will first prove that
with high probability the sizes of these regions are not too large, and then on that we will be able
to bound the Green’s function, thus proving Proposition 2.25.

For > 0 and p € (0,1) we now let
Ru(p,r) ={z € Ry : |[Rn N B(x,7)| > p| B(x, 7)[},

i.e. the set R,,(p,r) contains the points on the range for which a fraction p of the ball around them
is covered by the range.

The following proposition controls the size of the set of high density regions.

Proposition 2.26. There exist positive constants C,Cy and k such that the following holds. For
any r > 1, n € N and any p > 0 satisfying

p17 2 Co-logn, (2.12)
then for any L > 1 we have
P(|Rn(p,r)| > L) < Cexp (—,‘g . p2/d . L1*2/d) .

Claim 2.27. There exists a positive constant C' so that the following holds. Let A be any finite set
and r > 1 such that
|ANB(z,r)| < p|B(z,r)], Ve A

Then for all R > r we have for all x € Z¢

ANB(2,R)| < C-p-|B(x,R)|

Proof. To see this, we start by choosing 1 € AN B(x, R) and then inductively for any k£ > 0
choose zp11 € ANB(x, R)\ (Uj<xB(x;,r)) until this set becomes empty. Let n be the total number
of x;’s picked this way. Then the balls B(x;,7/2) for ¢ < n are disjoint, and hence

RY = |B(x, R)| > 2"2 |B(x;,7/2)| = n|B(0,r/2)| <n- rd,
i=1
and hence this gives that n < R%/r?. Therefore, we obtain
AN B(z, R)| < Zn: AN B(zi,r)| <n-p-|B(0,r) <C-p-|B(0,R),
i=1
thus establishing the claim. O

Lemma 2.28. There exists a positive constant C so that the following holds. Let A be any finite
set and r > 1 such that
|[AN B(x,r)| < p|B(z,r)|, Vx e A.

Then for any x € Z% we have

g(l’,A n B(xar)c) <C- p1—2/d ’ |A|2/d
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Proof. Let Sy = B(z,r(k+ 1))\ B(x,rk) for k > 1. Then we have using integration by parts and
Claim 2.27

A ANB ))|-|ANB
g(z, AN B(z,7)%) =Y g(x,Sp N A) <Z| ﬂS’f| Z| N B(z,r(k+ 1) —[AN B(z,rk)|

d—2
k>1 k>1 k>1 (kr)
_ |AﬂB x, Tk min(p |A|) A-2/d 2/d
’\d2z —THZ - 1ap
k>1 k>1
and this completes the proof. O

We now give the proof of Proposition 2.25 and then proceed with the proof of Proposition 2.26.

Proof of Proposition 2.25. We define a sequence of densities p; = 27% and radii r; for every i > 0
by setting

pi - rf*Q = Cplogn, (2.13)

where Cj is the constant of Proposition 2.26. We now define the sets A; as the regions where the
density in the balls of radius r; is at least p; for the first time at level i. First recall for all ¢ > 0

Ru(pisri) ={x € Ry : |[Rp N B(x,r;)| > pi - |B(x,ri)|}
and note that R,,(po,r0) = ). We now set
Ai = Ru(pi,7i) \ (Uj<iciRalpj;m5)) and A7 = Ry \ (Uogj<i-1Rn(pj, 75))-

Let Sk, = B(z, 1) \ B(z,r5—1) for every k > 1. We decompose g(z, Ry,) as follows

9(x,Ry) = g(z, B(z,m0) N Ry) + Zg(af, Rn N Sk).
k=1

For the first term on the right-hand side above we have
9. B(a,10) N Ra) < g(a, Blx,ro)) S 73 S (logn)?/@-2) < 2/,

Now for every k > 1 we have
k
9@, Ra N SK) =D g(x, Sk N A) + g(a, S N Afyy).
i=1

We control the Green’s function of the low density region as follows

- d

ISk N AL | < PRy logn

d—2 N A2 N d-a
Te—1 Te—1 Tk

(.T Sk; N Ak+1)

where for the second inequality we used Claim 2.27 and for the final one we used (2.13). Thus
taking the sum over all £ > 1 we get

logn logn
E g(z, S,NAL) S d4,\ T = (logn)
o1 (logn)( )/( )

2/(d~2) < y2/d,

20



Therefore, it remains to treat the high density region. First of all we see that since R,, < n+ 1 we
get that A; = ) for all i such that p;r¢ > n + 1, which using (2.13) gives that i > logn.

We have
© k e o9
Z Z g(z, Sk NA;) = Z Z g(z, Sk NA;) = Z g(z, A; N B(x,r;—1)°).
k=1 i=1 i=1 k>i i=1
We define the good event to be
E={A| < p; YD ot i1}
Applying Proposition 2.26 together with the fact that for i = logn we have |A;| = 0, it follows that

Clogn
P(E&°) < Z exp( K - pzz/d (Pi_z/(d_Q)t)ld/d) < exp (—FL . t1*2/d> . (2.14)

i=1

By definition, the set A; contains all the points of the range that are not of density p; for all j < i.
Therefore, we see that on the event £ using also Lemma 2.28 we have for all 7 > 1

9(w, A N B(w,mi1)) S pi ! (N2 < Cpp T p AR gl = L) g2/,

7

Taking the sum over all ¢ completes the proof. O

For a set A we write B(A,r) = UgeaB(z, 7).

Lemma 2.29. There exists a positive constant ¢ so that the following holds. Let C be a set of points
in Z¢ at distance at least 2r from each other. Then for all t > 0 we have

P((B(z,r)) >t, Yz €C) <exp (—C - Cap(UxecB(%T))/Td) -

Proof. Let ¢ be the equilibrium measure of UyecB(x,r). Define ¢ as follows

B == Y. ¢(), Vye B,

z€B(z,r)

where ¢; is a positive constant to be determined in order to make g * & < 1. Let zo € Z%. We set
A(zg) ={xz € C: ||z — z¢|| > 2r}. We then have

> X glwonw) =3 X 3 glwey) X e)

z€C yeB(z,r) z€C yeB(x,r) ZEB(z,r)

We split the sum over z € A(zg) and the complement. For x ¢ A(zg), we then get that g(zg,y) <
g(xo, z) for any other z € 0B(z,r). So we obtain

2. 2 gy X e D D 9@ ez S0

x€A(zo) yeB(z,r) z€B(z,r) z€A(xo) z€B(z,r)

by the last exit decomposition formula (recall g * ¢ < 1). For the sum over A(z()¢ we get

Z Z .’170, Z SO(Z) < Cap(B(O,T‘)) : Z g(wo,z) SJ rd=2 .02 — pd,

z€A(xo)¢ yeB(x,r) z€B(z,r) z€B(z0,3r)
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So there exists ¢; > 0 so that g« ¢ < 1. Notice that
~ C1 C1 C1
D.o@) =3 >, Gew=—3 D, e(x)= 75 Cap(UsecB(x,7)).
zeC x€C yeB(zx,r) z€UgecB(z,r)

Applying Lemma 2.18 and exponential Chernoff we finally deduce

P(U(B(z,r)) > t, V3 €C) < P(Z F@)(Bx,r) 2> sz(:c)) S exp(—c -t - Cap(UsecBla, 1) /1)

zeC zeC

and this concludes the proof. O

A final step towards proving Proposition 2.26 is the following bound on the sizes of regions with
controlled density from above and below.

For > 0 and p € (0,1) we define
Ru(p,r) ={x € Ry : p|B(z,7)| <R N B(x,r)| < 2p| B(x, 7)]}-

These are the points of the range that the balls of radius r around them are visited a lot by the
walk. The important step in the proof of the theorem is the following lemma on large deviations
of the size of this set.

Lemma 2.30. There exist positive constants C,Cy and k so that for all > 1, n € N and p > 0
satisfying
p 12> - logn,
we have for all L > 1
P(|R: (p,7)| > L) < Cexp (_sz/d . LH/d) .

Proof. Let N be the number of points in R} (p,r) that are at distance at least 2r from each other.
We start by showing that on the event {|R} (p,7)| > L}, we must have N > | L/(2Cp|B(0,2r)|)] =:
ng, where C'is a positive constant to be determined. Indeed, first pick x; € R} (p, 7). Once we have
picked x1,...,z, we pick z,41 from the set R} (p,7) \ (Uj<nB(z;,2r)). Then using Claim 2.27 we
get

N
IR: (p, ) N (UX, B(xs,2r)) Z IR N B(x,2r)| < C-2p-|B(0,2r)] - N,

where C' is a positive constant. So we see that taking N as above this upper bound is smaller
than L/2. This shows that

{IR;(p,7)| > L} C {3 C 2r-separated with |C| > ng and |R,N B(z,r)| > p|B(z,r)|,¥Y = € C}

The total number of possible sets C with |C| = ¢ is upper bounded by (2n)%*. Using this, Lemma 2.29
and (2.7) we get

P(Ry(p.7) > L) < S @n)* - exp(—r - p- (r90)'"2/4) = 3~ exp(d - £-log(2n) — rp - (r0)'=2/).

>ng >ng

We see that the entropic term that comes from counting all possible subsets dominates in the
exponential above. So we would like to reduce the total number of sets C that we are considering
in order to match the two terms appearing in the exponential above. To do this, we will use the
following result that shows that every set has a subset of the same capacity up to constants and
which is of the same order as its volume.
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Theorem 2.31. ([1, Theorem 1.1]) Suppose d > 3. There ezists a positive constant ¢ so that the
following holds. Let A be a finite subset of Z¢ which is 2r separated for r > 1, i.e. any two distinct
points of A are at distance at least 2r apart. Then there exists a subset U of A with the property
that

Cap(Uger B(z,7)) > ¢- 1472 |U| > ¢ - Cap(UpeaB(z, 7).

We defer the proof of this to end of the proof of the proposition.

Let C = {z1,...,2Zn,}. Applying the above theorem we get that there exists a subset U of C such
that
\U| - %2 < Cap(B(U,r)) < Cap(B(C,7)).

Using that Cap(A) > |A|'=%/% we get
1-2/d
Uz IBE I (F) e
p

For every ¢ > 0 there exist at most (2n)%* possible subsets of [~n,n]? of size £. So by a union
bound we have

P(|Rn(p,7)| > L)
- > P(3U:UI=4|UI"? = Cap(B(U,1)), [Ry N Blw,7)| = plBla, 1)), ¥ a € U)
(=(L/p)1 =2/ 2=
oo
< Z eXp(c-f-logn) 'exp(—li'p-ﬂ-rd_Q),

Z:(L/p)l—Q/d,,erd

where for the final inequality we used Lemma 2.29. By taking the constant Cy sufficiently large so
that p-r?=2 > Cy - logn, we see that there exists a positive constant s such that the sum above is
upper bounded by

o0

Z eXp(—K} . p . g . rdiQ) g exp(_ﬁ; . p2/d . L172/d)
g:(L/p)l—z/d,Ta—d

and this completes the proof. O
We are now ready to give the

Proof of Proposition 2.26. Clearly we have that

r)=JRn@p.7)

i>0

Let a = 3.2°,27%/(@=2) By a union bound we get

P(Ra(p.) > 1) < Y B(IR ) > 0 i)
o I 1-2/d
< ZeXp < 2ip)2/d . (m) ) < exp (_K/ 2 L1—2/d>
i>0
and this completes the proof. O
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Proof of Theorem 2.31. We first give the proof in the case where r = 1. We show that every C
has a subset U satisfying

Cap(U) > ¢ - [U| > ¢*Cap(C).
For every = € A, let (XZ) be a collection of independent simple random walks in Z¢ with X§ = z
for every x € A. For every x € A we write HY for the first return time to A of the walk X*. We

now define

U={xeA:H} =00}

We then immediately get that E[|i/|] = Cap(A) and Var(|i/|) < Cap(A) as || is the sum of
independent Bernoulli random variables. By Chebyshev’s inequality we then obtain

IP<|U| < ]EHQUH) < Cas(A) and P(U| > 2E[U]) < Capl(A).

Assuming that Cap(A) > 16, since otherwise the statement holds true, we get that

P(zcap(A) > U] > %Cap(m) >

Wil N

It remains to show that the capacity of U is of the same order as the size of & with high enough
probability. To do this we are going to use the variational characterisation of capacity. Let u be
the uniform measure on &. We then deduce

2
Cap() > 14

L (2.15)

We next upper bound the expectation of the denominator above. By the last exit decomposition
formula we have

E Z g(z,y)| < ZP(ﬁﬁ = oo) g(0) + Z P(ﬁfl = oo) ]P’(ﬁff1 = oo) g(z,y)

z,yel TEA z,y€A
= g(0)Cap(A4) + Cap(A) = (9(0) + 1)Cap(A).
Using Markov’s inequality we get

B 3 gle,y) < 4(9(0) +1)Cap(4) | >

z,yeU

] o

Therefore, combining all of the above we deduce

P( 2Cap(4) 2 U] = SCap(4), 3 g(e,y) < 4((0) + 1)Cap(4) |
z,yeU

Sl e

By (2.15) we see that on the event appearing in the probability above we get that

2
Cap(U) > i

Z 1500) + 1)Cap(a) = ¢ M1 2 2 - Cap(A),

where c is a positive constant, and hence, this proves that
5

P(Cap(U) = c- |U| > ¢*- Cap(4)) > .
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This concludes the proof in the case when r = 1.

For r > 1 we proceed by defining for every x € A an independent Bernoulli random variable Y,

with parameter
c ~
e R DR & (HB(A,r) = OO) )
yeoB(x,r)

where ¢ is a constant to ensure that the quantity above is smaller than 1 and we write B(A,r) =
UzeaB(x,7). We next define the set U as

U={z:Y, =1}

We have for the expectation and the variance

E(|BWU, 7)) = - =5 . By(Hpgay =o0) =72 Cap(B(A,1)).

xGA yEOB(A,r)
For the variance as above we get
Var(|B(U,7)[) < |B(0,r)|-E[|BU,T)]].

So with Chebyshev as above we get

IP)(\B(Z/{, r)| = r?. Cap(B(A,T))) >

1w

We finally need to control the sum of the Green’s function as before. By taking the uniform measure
on 0B(U,r) we need to control

- IOBOT D INED RN DR (A}

xz,x' €U yedB(z,r) y'€0B(x',r)

For x = 2’ we get

>y S ogly—y) St

xcU yedB(z,r) y' €0B(x,r)

For x # z’ we take expectation of the sum involving the Green’s function and obtain

El > > D gly—y)| <N YT PV = 1)P(Ye = 1) gz — o)

x#x' €U yedB(z,r) y' €0B(x’,r) r#x' €A

where in the last inequality we used the last exit decomposition formula. The proof can be com-
pleted in the same way as before using Chebyshev’s inequality. O

25



3 Random interlacements

3.1 Definition

The goal of this section is to define random interlacements on Z% with d > 3. First we will use them
in order to prove a very strong coupling result with simple random walk. In the next section we
will use them in order to sample uniform spanning forests using the interlacements Aldous Broder
algorithm introduced by Tom Hutchcroft.

We will write everything in the case of Z¢ but one can generalise to any transient graph as well.
For n < m we define W(n,m) to be the set of graph homomorphisms from {n,n+1,...,m} to G
that are transient, i.e. they have the property that every vertex is visited a finite number of times.
We also define

W=U(W(n,m) i —o0<n<m<o0).

For every path w € W(n,m) and a finite set K C Z% we write
Hig(w) =inf{n <i<m:w(i) € K}
for the first time that w hits K and
Li(w) =sup{n <i<m:w(i)e K}
for the last time w is in K. We write wx = W|{g (w),Lx(w)]: We write Wi (n,m) (resp. W) for

the paths in W(n, m) (resp. W) that visit K.
We equip W with the topology generated by open sets of the form

{weW:wg =wg},

for K a finite subset of Z¢ and w' € Wg. We also endow W with the Borel o-algebra B(W)
generated by this topology.

Finally we define the time shift 6 : W — W by assigning to every w € W the path 0 (w)(i) =
w(i + k) for all i and with this we can now also define an equivalence relation ~ by saying that
wy ~ wy if there exists k such that 0 (w;) = we. Lastly, define W* = W/ ~ to be the quotient
space and 7 : W — W* for the projection mapping. We define the quotient o-algebra W* on W*
by including every set A if and only if 771(A4) € B(W).

For every finite set K C Z¢ we define a measure Qx as follows
Qr{w €W : w|(_s € A,w(0) =z and wlj o) € B}) = ]P’m(X €A Hg = oo) P,(X € B),

where A and B are Borel subsets of Up,>n>0W(n,m) and X is a simple random walk. Note that
we defined @k only on a w-system, but since the o-algebra is generated by such sets, this uniquely
determines Q.

From the definition of Qx we see that Qg /Cap(K) is a probability measure on bi-infinite trajec-
tories that hit K at time 0 and (X,,),>0 and (X_,),>0 are independent conditionally on Xy which
is distributed according to the normalised equilibrium measure. Moreover, the backward path has
the distribution of a simple random walk conditioned on avoiding K and the forward path is an
unconditioned simple random walk.
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Theorem 3.1 (Sznitman and Teixeira). There ezists a unique o-finite measure v on W* such that
for every set A C W?* in the quotient o-algebra of W* and every finite K C'V we have

v(ANWi) = Qk (771 (4)).

Sketch of proof. To prove this result, we first show that such a measure is unique if it exists. To
prove existence, we show that the measures Q are consistent, in the sense that if K C K’ C Z¢4
are both finite subsets, then for any A C Wy, C Wy, we have

Qr (17 (A4)) = Qr(m~'(A)).

Once this is established, then we can define v by writing
v(A) =Y Qp, (r (AN Wi, \WE,_))),
n=1

where (E,,) is an increasing sequence of finite subsets of Z¢ with UE,, = Z.

For a full proof we refer the reader to [5, Theorem 6.2]. O

Definition 3.2. The interlacement process Z is a Poisson process on W* x R and intensity mea-
sure v ® Leb. We will take the canonical probability space for this Poisson process to be

0= {w = Z‘S(wn,un% with (wp, u,) € W* x R and w(Wg X [s,t]) < ooV s <t and K ﬁnite} .

For a bi-infinite path w we write R(w) for the range of w, i.e.
R(w) ={w(k) : k € Z}.

For w € Q given by w = > 0(w,, u,)> We Write

Sometimes it will also be convenient to think of Z% as

W)= Y du,

n:0<un, <u
In words, Z% is defined to be the set of trajectories that arrived between times 0 and u.

Lemma 3.3. For every u > 0 and finite set K C Z% we have
P(Z% N K = () = e~ uCapo),
Proof. By definition of the interlacement process we see that
{Z"NK =0} = {Z(Wk x [0,u]) = 0}.
Since 7 is a Poisson process with intensity measure v ® Leb, it follows that

P(Z(Wjx % [0,u]) = 0) = exp(—v ® Leb(W} x [0,u])).
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By definition of v we obtain
v @ LebWy x [0,u]) = u-vWyg) = u - Qr (Wk).

From the definition of Qx we write

Qx(Wk) = Z Px(ﬁK = oo) = Cap(K)

zeK

and this together with the above concludes the proof. O

We now describe an equivalent way to characterise the range of interlacements inside a finite set
K C 74

For every w € W, we write w; for the forward part of w, i.e. wy = (w(n))n>o0.

For v > 0 and K a finite subset of Z¢, let N* ~ Poisson(uCap(K)). We start N* independent
random walks on 0K and we sample their starting points independently according to the normalised
equilibrium measure of K, i.e. the measure e (-)/Cap(K). Let (X*);<x be this collection of random
walks. Then
T'nK £ |J (X0,00) N K).
i<NU

Indeed, this follows from the definition of the measure Qx and standard properties of Poisson
processes. More precisely, we define a mapping ¢ that takes every path in Wj- to the path that
hits K for the first time at time 0 and then only keeps the positive part of the path after hitting K.
When we map every point of a Poisson process, we get a new Poisson process and the intensity is
the push forward of the intensity measure by this mapping.

3.2 Coupling with random walk

Sznitman introduced the model of random interlacements in order to describe the range of the
simple random walk on the discrete torus Z¢ and disconnection problems. In this section we state
and present a coupling result between random interlacements and random walk on the discrete
torus Z%. The Poissonian structure of random interlacements as well as the exact expression for
the probability of avoiding a set up to a given time make them very handy for calculations. Using
the coupling, one can then transfer these estimates to random walks.

Let X be a simple random walk on Z%. For every t > 0 and = € Z¢ we write £,(t) for the local
time at x up to time ¢, i.e.

t
L(t) = 1(X; = x).
i=0
We write L, (t) for the local time of random interlacements at x up to time ¢, i.e.
L(t) =Y Y 1(w(n) =a).
weZLt nel

We write Q,.(0) = [~ |(r —1)/2], | (r — 1)/2]] for the box of side length r around 0.

Theorem 3.4 (Cerny-Teixeira). Let X be a simple random walk on Z& with d > 3 started according
to the uniform distribution. For all § > 0, there exist positive constants ¢, C such that the following
holds. For everyt >0, ¢ € (0,1) and n € N there exists a coupling between ({y(t))z and (L, (t(1 £
€)))z so that

P(Lo(t(1 — ) < €u(t) < Lo(t(1+2)) ¥ @ € Qui1_5)(0)) > 1 — Cn®[tn?~?] exp (—ca\/tnd_Q) .
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I will present a different proof obtained in collaboration with Prévost and Rodriguez.

There are many applications of this coupling. One can transfer results about interlacements to
results about the walk up to this extra e sprinkling. Here we state an application to the study of
the giant component of the vacant set of random walk on the torus ZZ.

Consider running the random walk on Z¢ up to time u - n? for v > 0. Consider the set of points
that the walk has not visited up to this point and denote it by
U(und) = {z € 22 - H, > un?}.

When u = 0, it is equal to Zfl and as u increases the size decreases and tends to 0. The question is
whether there exists a phase transition in u for the size of |1/ (un?)| analogous to the phase transition
in the Erd6s-Rényi random graph?

We will show that this is indeed the case when instead of the size of U we study its diameter. To
this end, we write

Nn(u) = P(diam(u(und)) > n/4) )
It turns out that there exists a phase transition of this quantity and the turning point is the critical
density u,(d) for random interlacements in Z?¢ that we define now.

We denote by V* the vacant set of random interlacements at level u, i.e.
VU =74\ 1%

It was proved by Sznitman [21] and Sidoravicius and Sznitman [20], but we will not do it here, that
for all d > 3 there exists a threshold wu,.(d) € (0,00) so that for all v < wu.(d) the vacant set V*
almost surely contains a unique infinite connected component, while for u > u4(d), all connected
components are finite almost surely.

Theorem 3.5 (Cerny-Teixeira [24]). For all d > 3, there exists a threshold uy(d) such that for all
u > uy(d)
lim 7,(u) =0

n—oo
and for u < u.(d)
lim_ 7, (u) = n(w),

n—oo

where n(u) is the probability that 0 € Z% is in the infinite component of V*.
Proof. Using the coupling of RW with RI we have for u > u4(d) and € > 0 so that u(1—¢) > u.(d)
(1) < ]P’(Z/{(und) N Qn(1—6)(0) ¢ V1= N Q, (1 — 5)(0)) + ]P’(diam(vu(l’e)) > n/4) =0

as n — oo using Theorem 3.4 and the definition of u,(d). Now let u < uy(d). Using the continuity
of n proved by Teixeira in [22], the fact that as n — oo we have

P(diam(V") > n/4) — n(u)

and the coupling again completes the proof. O

Structure of the proof of coupling There are three steps for the proof.
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e First using the soft local time technique we couple together the excursions of random walk
and random interlacements across the annulus B(0,3n/4) \ B(0,n/2).

e We prove a concentration result for the number of excursions of both random walk and random
interlacements.

e Once we have the above two, we can couple the two ranges if we only consider numbers of
excursions.

3.3 Soft local times

In this section we present the soft local times technique due to Popov and Teixeira from [17].

Let (X, u) be a locally compact Polish metric space endowed with its Borel o-algebra. In our
applications later, the set X will be the set of nearest neighbour paths starting at the boundary of
a smaller ball and run until they exit a bigger concentric ball.

Let (Xp)n be a Markov chain with values in the space . The goal of soft local times is to give
conditions in order to be able to find a coupling between X and another Markov process X so that
under the coupling for every € > 0

]P’({f(s:sgn(l—s)}g{Xs:sgn}g{f(s:sgn(l—ke)})—>138n—>oo.

In other words, the ranges of X and X are close up to this sprinkling parameter €.

This method was introduced by Popov and Teixeira as a way to decouple the random interlacements
range in disjoint separated sets.

The idea of the soft local time technique is to sample the two Markov chains using a Poisson point
process and then compare certain quantities (so-called soft local times) of the Markov chains in
order to get a comparison between their ranges.

We are going to sample the Markov chain X using a Poisson point process on ¥ x R, with intensity
measure u® Leb. First we state and prove a proposition about Poisson processes that follows using
standard properties of Poisson processes. Then we will use it to construct our coupling.

Proposition 3.6 (Popov-Teixeira [17]). Letn = Y\ (2, 0,) be a Poisson process on ¥ xR with
intensity measure u® Leb, where A is a countable set and p is a Radon measure, i.e. every compact
set has finite p-measure. Let g : ¥ — [0,00) be a density with respect to p, i.e. [ g(z)u(dz) = 1.
Let £ = infyep %. Then there exists a unique X € A such that

° £ = g(vi) and & has the exponential distribution of parameter 1,
A

® 25 has distribution g - p and is independent of § and

o7 = ZA;&X 5(,2%“,@(%)) has the same law as 1 and is independent of & and Z5-

Proof. Consider the point process

= 0 o .

hea TV
Then by standard properties of Poisson processes we see that 7 is a Poisson process with intensity
measure with no atoms. Hence, there exists a unique X such that £ = gUT{).
A
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Let A be a Borel subset of ¥. Then we have
P(z € A) = P(ir/{f{v)\/g(z,\) tzy €AY < ir)l\f{w\/g(z)\) 12y € AC}) .

Now notice, that by standard properties of Poisson processes, the set of points {(zy,vy) : 2\ € A}
is independent of the set of point {(zy,vy) : 2 € A°}, since they are two disjoint sets. We now first
find the distribution of each of the two infima appearing above. For this we have for any ¢ > 0

]P’(il;f{w\/g(@\) tz)y € A} > t) =P(n({(z,v): z€ Aand v < tg(z)}) = 0)

— exp (— /A /R ML < 19(2) dv) ~exp (—t /A g(z),u(dz)) .

This shows that inf){vx/g(zx) : zx € A} has the exponential distribution with parameter [, g(z)u(dz).
Taking A = ¥, we get that £ has the exponential distribution of parameter 1. So we can now obtain

o [y a(2)n(dz) o
P € A) = T mude) + [y @) J otenta),

as g is a density with respect to p.

Moreover, we have

IP‘(ZX cAE>t) = P(t < iI)\lf{’U/\/g(Z)\) tz)y € A < ir;f{w\/g(z/\) D2y € AC}> =et. /Ag(z) wu(dz),

which shows the required independence between £ and z73.

For the last claim, we first define a new point process

' = Z 5(2,\,UA)'

AEN

Given £ and z3, we see that 1" contains all points of 1 with the property that vy > &£g(z»).
Therefore, conditional on £ we get that ” is a thinned version of 7 and thus given £ it has intensity
measure 1(v > £g(z))n @ Leb. Finally we see that 7' is a transformation of n”, and hence we
can conclude that given § and zg, the process n' is a Poisson process of intensity p ® Leb. Since
the distribution of 7’ conditionally on & and 27y does not depend on them, it follows that 7’ is

A
independent of § and z; and this completes the proof. O

How do we sample a Markov chain using the Poisson process 1? Suppose that X is a (possibly
time-inhomogeneous) Markov chain with values in ¥, Xy = xg and for every n > 0

P(Xn41 € dz | Xpn) = gni1(Xn, 2)p(d2) as.,
where g;(z,-) for any ¢ > 0 is a density with respect to p for every x € ¥, ie. [g;(z,2)du(z) =1
for all z € 3.
Proposition 3.7. Let Go(z) =0, z\, = x¢ and for all n > 0 we define
vy — Gr(z))

i and Gpi1(2) = Gp(2) + &nt19n+1(2n,,2) V 2 € 2.
Y e oy +1(2) (2) + Ent19n+1(20,5 2)

én—l—l =

Suppose the infimum above is reached at (zy,,,,Vx,.,). Then the &’s are i.i.d. Exponential random
variables of parameter 1 and (X;)ien has the same law as (zy,)ien. Moreover, we have

A € {)‘la . ,An} < U\ S Gn(zx\) = nggk(z)\k_laz)\)'
k=1
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Proof. Using Proposition 3.6 we see that for all n

Mn = Z O(zr,v2—Gin(22))
AEA\{ ALy A}

is a Poisson process independent of {zy,...,2),} and zy,,, has density g,41(2y,,-) with respect
to p conditionally on {z),,...,2y,}. This proves that (z),) has the same law as X.

For the second part of the proposition, first note that if A = A1, then the claim trivially holds. We
proceed by induction. If X € {Aq,..., A\4+1}, then either A € {\1,...,\,} or

U = &nt19n+1(2n,, 20) + Grl2n).

In the first case, we get by the induction hypothesis that vy < G, (z)) and in the second case we
get vy = Gpt1(2)). So in both cases we get vy < Gp41(2y). And, all these implications work in
the opposite direction too, so the proof is complete. O

Definition 3.8. The process
n
Gn(z) = Z{kgk(zAk_l,z), Vn>0 and z€ X
k=1

is called the soft local times process associated to the Markov chain X. Note that by the above
construction we get that the &’s are i.i.d. exponential random variables of parameter 1.

Now we can explain the usefulness of soft local times. We already saw how we can sample a Markov
chain using a Poisson process . Now we show how we can couple two Markov chains and compare
their ranges by instead comparing their soft local times.

For every ¢ > 0 let us fix some other densities h; : ¥ x ¥ — [0,00) with respect to p, i.e.
J hi(z,z)p(dz) = 1 for every xz € . Using the previous procedure we can now sample from 7
the following

o (z;)i = (zy,); with the same law as (X;) and

e (¥;); with the same law as a Markov chain with transition densities h;.

Let G and G be the corresponding soft local times. Then by Proposition 3.7 we deduce the following;:
If Goi_o)(2) < Gn(2) < Guye)(2) ¥ 2 € X, then
{Z1,. T} Sz, 0} SHTL, - Do) )
Indeed, by Proposition 3.7 we get
{z1,...,zp} ={2€X: I (z,v) €n st. v<Gp(z)} and
(Z1,.... B ={2€%: T (z,v) €n st. v < Gul2)},
and hence the above claim follows immediately.

Corollary 3.9. Let ¢ > 0 and suppose that for all y, z we have

h(y, 2)
f(2)

e _ gy, 2) £
1-S< <14< and 1—
15 St

Then with exponentially large probability

< <1+

=] M
=] M

{53\1,. .. ,L/C\n(l_a)} g {1‘1,. .. ,xn} Q {551, ce 753\’”(1-‘1-6)}‘
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Proof. Now, using concentration of the sum of exponential random variables, we get that with
exponentially large probability

n(l—e)

G (2 i&STL(l——)f()and
n(l+e)

én(1+€) Z&Zn<1+ )f()

So if one could compare the density g to the density h, in the sense that g(y, z) is close to h(z) for
all y and z, then we would be done using the concentration of the sum of the exponential random
variables (;).

O

3.3.1 RW/RI excursions

In this section we show how we can couple the excursions of the SRW with those of RI across an
annulus. We start by giving some definitions and fixing some notation.

Let By = B(0,n/4), By = B(0,n/2) and Bs = B(0,3n/4). We are going to be interested in the
range of the walk inside of By. We will suppose that the walk starts outside of Bs.

We first define everything for a simple random walk on the torus and then we will explain the
interlacements case. For a set A and a time t we write

La(t) =sup{s <t: X, e A}
for the last time before time ¢t that the walk is in the set A.
We set pg = 0 and for k > 0 we define inductively
pr. = inf{t > pi : X; € 0B2} and
pr+1 = inf{t > py : X; € OBs}.

For every k > 0 we let
Pk = inf{t € [ﬁkapk-i-l] Xy € 831}7

i.e. this is the first time during the time interval [pg, pr+1] that the random walk visits B;. As usual
the infimum of the empty set is taken to be +oo.

We define the clothesline process to be the sequence ((;)i>1 given by
G = (X5,_,,X,,), fori>1.
We see that for every i > 1 we have (; € 0B x 0Bs.
We now define Ny (t) to be the total number of excursions the walk performs before time ¢, i.e.
Nrw (t) = sup{k > 0: p < t}.

For each excursion we are now going to consider the part of the excursion that intersects the set Bj.
To this end for every i > 1 we define

7. — X[pi—hLBQ(pi)] if Pi—1 < 00
’ ) otherwise
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where O is a cemetery state for the case where X does not hit By during [p;—1, p;].

In the case of random interlacements at level u as we have already seen we can express the random
interlacements inside of Bj as the union of the ranges of a Poisson number of parameter uCap(B3)
of independent random walk trajectories started independently according to the normalised equi-
librium measure of B3. We let N* be the Poisson random variable of trajectories started in Bs
according to the normalised equilibrium measure.

Let (X7) j<Nu be these independent random walks in Z%. For each walk we define the sequence of
times () and (pg)r as above. Since the walks now are in Z? and not on the torus Z¢ anymore,
each walk is going to perform a finite number of excursions. We thus set for each j

T7 = sup{k > 0 : pp(X7) < o0}

to be the total number of excursions that the walk X7 performs. We also define the clothesline
process for the interlacements by taking first the clothesline process of the walk X', then that of
X? and so on. We also define the parts of each excursion intersecting B as before separately for
each walk. We write

N'LL
Nri(u) = Z T’
j=1
for the total number of excursions of the walks of interlacements of level u intersecting Bs.
We now let IC be the set of paths in B3 that start from B and end in 0Bs. More precisely,
K={o=(00,...,00) 100 € B1,0; € B3V j </, o0 € 0Bs}.

Recall that © is the cemetery state corresponding to excursions that do not hit B;. We set
Y. =K U{0O} and for every S C ¥ we define

wS)= Y Pu(X[0.Lp,(Hop)] € S | Xp, (11,5, =) + L(O € 5).
r€B1,y€0B>2

For (u,w) € B2 x B3 and z = (20, ...,2¢) € K we set

g(u,w)(z) = PU(XHBI/\HBB3 = ZO’XLBQ(HBBS) =2z ‘ XHBB3 = w> and

9(u,w) (@) =P, (HaBs < H31 XHBB3 = w) .

With these definitions we have for all z €
P, (X[H& N Hpps, Lg,(Hop,)| = 2 ’ XHop, = w) = Guw) (2)({2})-

Conditionally on the clothesline process ((;)i>0 the sequence (Z;)i>o is a time inhomogeneous
Markov chain with transition densities g¢, with respect to pu. Also conditionally on ((;), the variables
(Z;) are independent. The transition density at the i-th step is of the form

(2, 2) = g¢,(2),

which shows that it is a function only of the second variable.
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3.3.2 Clothesline process

Let (¢;)i>1 and (Zi)izl be the clothesline processes for the random walk and the random interlace-
ments respectively.

Let A and B be two subsets of Z¢ or ZZ. We write

eap(z) =Py (FIA > HB) 1(z € A).

Let B; C Bs be two concentric balls and consider the clothesline processes corresponding to these
two balls. For the random walk, this corresponds to the successive entrance and exit times, while
for interlacements it corresponds to successive entrance and exit times for each walk up until it
escapes to infinity. Then we start another walk according to the normalised equilibrium measure
on 0By and so on.

Lemma 3.10. Let By C By be two concentric balls in Z¢ (or Z¢). Then both clothesline processes
are Markov chains with invariant measure given by

v(xz1,z2) = ep, B, (21)Ps, (XH332 = xg) for (x1,z9) € OBy X 0Bs.
Lemma 3.11. Let A, B be two disjoint sets. Then for all y € B

PGA,B(XHB :y) :]P’y<HA <f-jB < oo) .

Proof. The proof is the same for both random walk and random interlacements. All that changes
is that in the finite case all the hitting times are always finite almost surely. For y € B we have

IP)eA,B()(HB = y) = pr(ﬁA > HB) ]PI(XHB = y)

z€EA
w ~
-3y %R, (HA > HB> Po(Xu, =y, La(Hp) =n, Xn = 2)
z€An=02z€cA
° ~ ~
= > Y Pu(Ha> Hp)Po(Xny, =y, Ha > Hp) Po(Xy = 2, Hp > n)
z,z€An=0

= im (fa > Hy) Py (Xn, = 2, Hp > Ha) Po(X, =2, Hp > n)

z,2€ An=0

o0
= 3 Y Pu(Xn =2, La(Hp) = n, Hp < o) IF’y(XHA — 2, Hp > HA>

z,z€EAn=0

= Y Pu(Hp < 00) Py (Xpg, = 2 Hp > Ha) =Py (Ha < Hp < o),
z€A

where we used reversibility in the third equality twice. This completes the proof in both cases of
7% and 7. O

Proof of Lemma 3.10. We first prove the claim for the clothesline of the random walk. For this
we need to show that

Pu(G = (y1.92)) = €815 (00)Pys (Xity, = 12) -
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Abusing notation, here we write ep, g, for ep, sB,. We have

Py (G = (y1,92)) = > €B,,B,(21)Pa, (XH332 = 332) Pay (C1 = (y1,92))

(z1,22)EO0B1x0B2

= Y Pey (XH332 = 332) Proy(Gi = (y1,52)) = Y _ Puy (H31 < 1%32) Pay (€1 = (Y1, 92))

Y r2€0B3
— Z ]P’w? (I—IB1 <ﬁ832> PxQ (XHBl :y1) Pyl (XH532 :y2>
22€0B3

= Fenym (XHBI - yl) By, (XHaB2 - y2) =Py (HB2 < fIBl) Py, (XH332 = 3/2)
= €B1,B; (yl)Pyl (XH832 = y2) = V(yl, y2)-

This completes the proof in the case of a random walk.

The distribution of the clothesline for the RI case is given by for (z1,x2) € 0B x 0By and y € 0B,

]P)(fvl,xz)(cll = y) = Pz, (Xﬁo = y) + Pzx(po = <) e, (y),

i.e. if the trajectory escapes after hitting 0Bs, then we sample the next clothesline point according
to the normalised equilibrium measure. If the previous trajectory does not escape, then the next
point is the hitting point of By. Note that we write ¢! for the first coordinate of ¢.

In order to show that v is an invariant measure, it suffices to show that for all y € 0B,
1
P, (Cl = y) = ep,,B,(Y)-
We have

IP)V(‘Xﬁo = y) = Z HDEBl,Bz (XH832 = m) Py <XHB1 = y)
r€EODB2

-3 P <HBl < Hypp, < oo> P, (XHB1 = y) = > e p(@)P, (XHB1 = y)

r€0B2 r€0B2

= Pey, s, (Xrts, =9) =Py (Hop, < Hp, <),
since Hp, < .FNIa B, implies that ﬁaBQ < oo as well. We also have

P,(po = o0) = Z IP)6131,132 (XHBBQ = x) Py (Hp, = o0)

r€dB2
= Z Px(HBI<HaBQ<OO>HD(HBI—OO Z 63231 (HBI—OO)
r€0B2 r€0B2

Ym0 XY ennle <XHBBI )

r€DB2y r€0B2 yeOB1

We now explain that
Z 632731 Z €B17B2
r€OBsy r€EBy

Using that Hp, < H B, implies that H B, < 00, we have

Z 632731(1‘): Z PI<ITIBQ>H31> = Z Pm<HB1 <ﬁ32 <OO)

r€EOB2 r€OB2 r€0B2
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= Z Pey, 5, (XH352 = 93) = Z Z 6131,32(.’9)11”31(XHBB2 = 33) = Z eBy,B,(Y)

r€0B2 r€0B2 yEB, yeB,

where the final equality follows from the fact that starting from Bj, the walk will exit By in finite
time almost surely. Plugging this above we deduce

Pl =) = 3 emani(@) = 2 Pen, (X, =)
r€0B2 y€OB,
= Z 632731 Z P (HBBQ < I‘IB1 < OO)
2€HB3 y€dBy
= Z eBy,B,(Y) — Z ]P’y(HaBQ < Hp, < 00) = Z Py(ﬁBl = 00) = Cap(By).
y€IB, y€OB, y€OB,

Combining all of the above we obtain for y € B;
P, (¢l =) =Py (Hop, < Hp, < ) +p,(y) - Can(By)
=Py (Hop, < Hp, < 00) +P,(Hp, = 00) =P, (Hon, < Hp, ) = e5,,5,(y)
and this concludes the proof. O

Exercise 3.12. The goal of this exercise is to prove that the mixing time of the clothesline process
is of constant order.

For x € B3 we write v, for the law of the first hitting point in B3. Then by Harnack we get that
there exists a positive constant ¢ so that for all x, z € 0Bg3

CVy KUy < — Vs
c

Using this describe a coupling when the two chains start from different points. Show that the
probability that they don’t couple by time k is of order e~“'¥ for some positive constant c;.

Exercise 3.13. Let K C K’ C Z¢ be finite subsets. Prove the sweeping identity, i.e.
eK(y) = PGK/(HK < OO,XHK - y) v ) € K.

Deduce that
Cap(K)

P, (Hix < o00) = Cap(K')"

3.3.3 Concentration of soft local times

Let (§i)i>1 and (§l)z>1 be i.i.d. families of exponential random variables of parameter 1. Let ({;)
and (Q)l be the clothesline processes of SRW on ZZ and random interlacements on Z? respectively.

We write for n > 1
n
9= Y acle) and Gule) =3 e )
i=1

where N" is a Poisson random variable of parameter uCap(Bs).

Let ¢ ~ ep, B,. For every z € ¥ we write
9(z) = E[g¢(2)].-
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Exercise 3.14. Using Harnack’s inequality show that g, . (%) is independent of w and w up to
constants, i.e. that there exist ¢; and c¢o positive constants so that for all (u,w), (u/,w") € 9By x B3
and all z € ¥ we have

19(uw) (2) < G w) (2) < C29(uw)(2)-

Lemma 3.15. For every € > 0 and n € N we have for all z € 22

P(|Gn(z) — n - §(2)| > eng(z)) < Cnexp(—cVen) and
P<|én(z) —n-g(z)| > 6n§(z)> < Cexp(—cVzn).

Proof. We present a sketch of the proof for the random walk case.

Let N to be determined later. Then (; is completely mixed by this time and so is Z . We then have

N
P(Gn(2) 2 (1 +¢e)n-g(2)) <P <Z §ig¢;(2) 2 neg(2)/ 2>
=1

n/N—1
EN Pl D g () 2 (14 e/ 2ngl) /N

For every j, we can couple ((in+4j)i<n/N—1 With ii.d. points distributed according to ep, p;. The
probability that the coupling fails can be bounded by ne™™. We now want to apply Chernoff.
For every A\ < ¢ for some positive constant ¢ coming from Harnack’s inequality using the moment
generating function of the exponential distribution we get

E e E[ ] <1+ Ag(2) + 222E[(g¢())?] -

1—Age(z)
By Chernoff we get

n/N—1

Pl Y &intiGaws, (2) = (L+2)ng(2)/N | < exp (6g(2) + 20°E[(g¢(2))?]) exp(— (1 + £)0ng(z)/N).
=1

Optimising over 6 we get

n/N—1
Pl Y &invis oy, (2) = (1 +eng(2)/N | <exp(—c-’n/N) +e N

=1

Taking N so that e2n = N2, we get the upper bound of order exp(—cve?n) and concludes the
proof.

The lower bound follows in the same way this time using for any A > 0

E[e%m(z)] = E[ ] <1-2g(2) +2XE[(g9¢(2))?] -

1+ )\gg(z)

We leave the details to the reader. O

38



3.3.4 Excursions of RW and RI

We define the capacity of A with respect to B and write Capg(A) as

Capp(A) = ZPm(ﬁA > HB) .
€A

Lemma 3.16. The expected length of each excursion across Bz \ By in Z& in stationarity (for the
clothesline) is given by
nd
E T\=——+—.
€B2,B3[ ] Cap333(B2)
Proof. We follow the proof of Cerny and Teixeira [24]. Let (X;);cz be a stationary two-sided
random walk on Z4, i.e. Xp is uniformly distributed and (X,,)n>0 and (X_p)n>0 are conditionally

independent simple random walks on Z¢ given Xy. We now define
R={neZ:X,€By, and Im<n: Xy, € 9B3,{Xm+1,---,Xn} C B3\ Bz},

i.e. R is the set of return times to dBs for the two sided random walk. By reversibility and
stationarity we then get for n € N and z € 0Bs

PneR,X,=2)=P(X, =z,3m<n, X, €0B3,{Xm+1,....,Xn} € B3\ Ba2})
1 -
= — - Py(Hp, > Hos, ) -

Taking the sum over all z € By we get

Capyp, (Ba2)

nd

PneR)=

We now see that by taking the sum over all n € [0,¢] NN we get that the total number of excursions

satisfies as t — o0
ENrw(®)] Capyp, (B2)
t nd
Note that this limit is independent of the starting distribution of the walk and notice that the
actual number of excursions up to time ¢ can differ from the number above by at most 1 for every
t, when considering only the one-sided walk.

Using now the ergodic theorem and the fact that the stationary distribution of the clothesline
process is given by ep, B, concludes the proof. O

Lemma 3.17. Let V be the total length of an excursion across Bs \ By. There for all k > 1 we

have
E[V’f} < k! sup E,[V].
r€Z4
Proof. Following [18] we write
]E[vk} :E[/ / LV > t) - L(V > ty) dty ... dty, (3.1)
0 0
<k!- / P(V >tV > tkfl) dty . ..dt. (3.2)
t1<...<tg
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Using the strong Markov property, we now bound

/ ]P(V >tV > tk~l) dtp < sup ]E;L«[V] -P(V > tkfl) .
tp>tk—1

z€Z4
Iterating this and substituting in (3.1) establishes the desired bound. O

Lemma 3.18. There exist positive constants ¢ and C' so that the following holds. For all u > 0 we
have

P(\NRw(und) —uCapp, (B2)| > EuCapB3(B2)> < C-exp (—c\/€2 - CapBg(B2)>
P(|Nri(u) — uCapp, (Bs)| > euCapp, (Ba)) < C - exp (—c- & - u- Capp,(Bs))

4 Uniform spanning trees

4.1 Electrical networks

In this section we are going to give a short introduction to electrical network theory and how we
can apply it to the study of random walks and uniform spanning trees.

Let G = (V,E) be a finite connected graph with V' the set of vertices and E the set of edges.
We assign nonnegative weights (w(e))ccr to the edge set E. We let a,b be two distinct vertices
of V. We can view G as an electrical network by assigning resistances to the edges of the graph
with r(e) = w(e)~!. Talking from the electrical network point of view, we can imagine attaching a
battery between a and b that applies a voltage difference which then induces a current that flows
from a to b. To make it all mathematically rigorous, we define the voltage W to be a discrete
harmonic function on V' \ {a, b}, i.e. a function which satisfies for all x € V'\ {a, b} that

W(z) = —— > w(z,y)W(y),

Yy~x
where w(z) = 3, w(z,y). The voltage W induces a current that is defined by

T@y) = r(z,y)

Then clearly I is an anti-symmetric function and satisfies for all x € V'\ {a, b}

Zl(x,y) = 0.

y~zx

This is called Kirchoff’s node law. It also satisfies the cycle law, that is if ?1, R € is an oriented

cycle, then
> r(e) 1(€:) =0.
=1

Let Wy be a voltage with Wy(a) = 1 and Wy(b) = 0. By the uniqueness property of harmonic
functions, any other harmonic function can be expressed as an affine function of W(. More precisely,
we can write

W(z) = (W(a) = W(0))Wo(z) + W (b).
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Let Iy and I be the currents associated with Wy and W respectively. We set

lZoll =) Io(a, ) and |I]| =) I(a,x).

r~a r~a

We then see that

1= T(a,2) = 3 WO W@ 5~ L () wib) — (W(a) — W) Wole)

~va T~a T(a’ 1’) z~a T(a’a $)
= S w(a) - Wiy - ST = (0 - W)l

r~a

which shows that the ratio
W(a) — W (b) 1

1] 1ol

is independent of the voltage. We then define the effective resistance between a and b to be

W(a) — W(b)

Reff(a'>b) = “;”

Lemma 4.1. Let X be a simple random walk on G. Then

1
~ deg(a)Regr(a,b)

P, <Hb < ﬁa)

Proof. The statement follows as a consequence of the uniqueness of harmonic functions on finite
graphs with given boundary values. O

Definition 4.2. A flow 0 : ﬁ — R from a to b is an antisymmetric function defined on oriented
edges satisfying for all = ¢ {a, b}

> 0(z,y) =0 and [|0]| = 6(a,z) > 0.

Yy~ zra

We call 6 a unit flow from a to b if ||0]] = 1.

Exercise 4.3. Let 6 be a unit flow from a to b satisfying Kirchoff’s node and cycle laws. Show
that 6 is the unit current flow from a to b.

Theorem 4.4 (Thomson’s principle). The effective resistance satisfies

Reg(a,b) = inf {2:7‘(6)]9(6)\2 : 0 unit flow from a to b} .

ecE

This infimum is attained by the unit current flow from a to b.

Proof. We follow [7].

We write £(0) = >_..p7(e)|0(e)|>. Let i be the unit current flow from a to b associated to the
potential ¢.

We start by showing that
Reff(a’v Z) = 5(1’)
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Using that ¢ is a flow from a to z and Ohm’s law we have

1

EG) = 5 3 iu,0)*r(w,0) = 5 3 i(w, 0) (p(w) — 9(0)) = $(a) — 9(2) = Ren(a, 2).

Let j be another flow from a to z of unit strength. The goal is to show that £(j) > £(i).
We define k = j — i. Then this is a flow of 0 strength. So we now get

E(7) =Y _(i(e))*r(e) = ) _(i(e) + k(e))*r(e)
=D (i(e)*r(e) + ) _(k(e))*r(e) +2 ) k(e)i(e)r(e)

& €

=E(i) +E(k) +2) _k(e)i(e)r(e).

We now show that

> k(e)i(e)r(e) = 0.

Since i is the unit current flow associated with ¢, for e = (z,y) it satisfies

Z(‘T7y) =

Substituting this above we obtain
ST kEile)r(e) = 5 - 30 S 0() — @)k y) = 5 30 plk(wy) + 5 - 3D wlw)h()
e T y~zx T y~zx T y~x

where for the last equality we used the antisymmetric property of k. Since k is a flow of 0 strength,
we get that both these sums are equal to 0. Therefore this proves that

E(j) = £(4)
with equality if and only if £(k) = 0 which is equivalent to k = 0. O

Corollary 4.5 (Rayleigh’s monotonicity principle). The effective resistance is a monotone function
of the component resistances.

4.2 Uniform spanning trees on finite graphs

Let G = (V, E) be a finite connected graph with V being the set of vertices and E the set of edges.

Definition 4.6. A spanning tree of G is a connected subgraph of G which is a tree (i.e. it contains
no cycles) and contains all vertices of G. Since G is finite, the total number of spanning trees of
G is finite. Let this collection be 7. An element T' € T picked uniformly at random is called a
uniform spanning tree (UST).

Let N (s,a,b,t) be the set of spanning trees of G with the property that the unique path from s
to t passes along the edge (a,b) in the direction from a to b. We write N(s,a,b,t) = |N(s,a,b,t)|.

Let NV be the total number of spanning trees of G. We then have the following theorem:
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Theorem 4.7. The function

N(s,a,b,t) — N(s,b,a,t)
N

i(a,b) =
for all (a,b) € E defines a unit flow from s to t satisfying Kirchoff’s laws (node and cycle laws).

Proof. It is obvious from definition that ¢ is an antisymmetric function. We next check that it
satisfies Kirchoff’s node law, i.e. for all a ¢ {s,t} we have

Z i(a,z) = 0.

Tr~a

We now count the contribution of each spanning tree 7' to the sum above. We now consider the
unique path from s to t in this spanning tree. If a is a vertex on this path, then there are two
edges on the path with endpoint a that contribute to the sum. The edge going into a and the one
going out of a. The first one will contribute —1/N and the second one 1/N. Now if a is not on
the path, then there is no contribution to the sum from 7. Hence the overall contribution of T is
—1/N 4+ 1/N = 0 and this proves Kirchoff’s node law.

We now check that it satisfies the cycle law. Let vq, ..., v,, vy41 = v1 constitute a cycle C'. We will
show that

i(vi,viﬂ) =0. (4.1)
1

n
1=

To do this we will work with bushes instead of trees. We define an s/t bush to be a forest consisting
of exactly two trees Ty and T such that s € T; and t € T;. Let e = (a,b) be an edge. We
define B(s,a,b,t) as the set of s/t bushes with a € Tg and b € T;.

We now claim that |B(s,a,b,t)] = N(s,a,b,t). Indeed, for every bush in B(s,a,b,t) by adding the
edge e we obtain a spanning tree of N(s,a,b,t). Also for every spanning tree T € N (s,a,b,t) by
removing the edge e we obtain a bush in B(s,a,b,t).

So instead of counting the contribution of each spanning tree to the sum in (4.1) we look at bushes.
Let B be an s/t bush. Then B makes a contribution to i(a,b) of 1/N if B € B(s,a,b,t), —1/N
if B € B(s,b,a,t) and 0 otherwise.

So in total an s/t bush B contributes (Fy — F_)/N, where F is the number of pairs (v;,v;41) so
that B € B(s,v;,vj+1,t) and similarly for F_.

But since C'is a cycle, if there is a pair (vj,vj41) in Fy, then there must be a pair (v, viy1) in F_.
(If not, this would violate the no cycle property of the tree.) Therefore we get F. = F_ and hence
the total contribution of B is 0.

Finally we need to check that 7 is a unit flow, i.e.
Z i(s,x) = 1.
xr~s

First we note that N(s,x,s,t) = 0 for all x ~ s. Every spanning tree must contain a path from s
to t, and hence this gives that

ZN(S,s,x,t) =N

TS

and concludes the proof. O
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Corollary 4.8. Let e = (s,t) be an edge of G and let T be a UST. Then

Reg(e) =PeeT).

Proof. Combining Theorem 4.7 and Exercise 4.3 we get that ¢ from Theorem 4.7 is a unit current

flow from s to ¢t and
N(s,s,t,t)

N )
where N(s, s,t,t) is the number of spanning trees that use the edge (s,t). Hence

i(s,t) =

N(s,s,t,t)

N =PlecT).

Since the network has unit conductances, we get that

i(s,t) = p(s) — p(t),

where ¢ is the voltage associated to the unit current i. Therefore the effective resistance between s
and t is given by
Reg(s,t) =i(s,t) =PleeT)

and this completes the proof. O

Theorem 4.9. Let G = (V, E) be a finite graph. Let f,g € E with f # g. Let T be a UST. Then

P(feT|geT)<P(feT).

Proof. We consider GG as a network with every edge having conductance 1. From Corollary 4.8 we
get that

Rei(f;G) =P(f€T),

where we write Reg(f; G) to specify that the effective resistance is considered in the graph G. Let
e and g be distinct edges of G. We write G.g for the graph obtained by gluing both endpoints of g
to a single vertex. In this way we obtain a one to one correspondence between spanning trees of G
containing ¢ and spanning trees of G.g. Therefore, P(e € T' | g € T') is the proportion of spanning
trees of GG.g containing e. So from the above

P(feT|geT)= Rea(f;G.9).
Gluing the two endpoints of g decreases the effective resistance by Rayleigh’s principle, and hence
Reir(f;G-9) < Ret(f; G),
which is exactly the statement of the theorem. O

Definition 4.10. Let G be a finite connected graph. We write F for the set of forests of G' (subsets
of G that do not contain cycles). Let F' be a forest picked uniformly at random among all forests
in F. We refer to it as USF.

Conjecture 4.11. For f,g € E with f # g the USF satisfies

P(feF|geF)<P(feF).

There is a computer aided proof (Grimmett and Winkler) which shows that for graphs on 8 or
fewer vertices this conjecture is true.
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4.3 Wilson’s algorithm

In order to understand the geometry of UST’s, it turns out it is useful to study sampling algorithms.
In this section we describe a beautiful algorithm due to David Wilson.

We start by first describing the loop erasure of a finite path. Let G = (V, E) be a finite graph and
let v = (y0,...,7s) be a finite path of vertices in G. The loop erasure of v is the path obtained
when we remove loops from v in the chronological order in which they were created. More precisely,
we define

io =sup{j : v; = 70}
and for k > 1 we define inductively

ik = Sup{j : v = Yig_,+1}-

Let m = inf{j : i; = n}. Then the path The path (v;,)r<m obtained in this way is called the
loop-erasure of ~.

We can now describe Wilson’s algorithm. Fix an ordering of the vertex set V' = {vg,v1,...,v,}
and set r = vg to be the root and set Ty = {r}. Next start a simple random walk from v; and run
it until it hits . Then erase the loops and add the loop erased path to Ty to obtain 77. Inductively,
once T; has been defined, start an independent simple random walk from the next vertex in the
ordering and run it until it hits 7;. Then erase the loops and append the new path to 7; in order
to obtain T;41. We continue like this until we exhaust the vertices of V.

Theorem 4.12 (Wilson’s algorithm). Wilson’s algorithm produces a uniform spanning tree.

In order to prove that Wilson’s algorithm works, we will first describe an equivalent way of running
the algorithm.

Under every vertex of the graph except for the root we place an infinite collection of cards with
i.i.d. instructions on them. Each card points to a neighbour of the vertex chosen uniformly at
random. Different cards contain independent instructions. At time 1 we reveal all the top cards
under every vertex. These give rise to a directed graph. If there is no directed cycle, then we have
obtained a spanning tree. If there is a directed cycle, then we remove the top cards under every
vertex on the cycle and we reveal the second cards. Every time a directed cycle appears we remove
the corresponding cards and reveal the next ones. Discarding the top cards under a cycle is called
cycle popping. We continue in this way until there are no cycles. We will show that this procedure
will stop with probability 1 and the resulting tree will have the distribution of a uniform spanning
tree.

Lemma 4.13. Given any instructions under the vertices of the graph, either any order of popping
cycles will pop an infinite number of cycles or if not, it will always result in the same spanning tree.

Proof. First of all we introduce colours to the directed edges that come from the instructions. The
edges that appear from the top cards get colour 1, while the edges that appear from the i-th cards
get colour 1.

Suppose that C' is a cycle that can be popped in the order C1,Cs,...,C, = C and suppose that
a different coloured cycle C’ # C} is popped first. We want to show that either C' = C or else
C will still be popped after C’ is popped. This will suffice as it will prove that either an infinite
number of cycles will be popped or every cycle will be popped. If C’ has no vertices in common
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with any of Ci,...,C,, then C can still be popped. If on the other hand C’ has vertices in
common with Cy,...,C,, then let k& be the first index so that C' N Cy # 0 and let z € C' N Cy.
Since x ¢ Cq,...,Ck_1, it follows that the edge that comes out of x is of colour 1, as it has not
been discarded yet. Also all the edges of C’ are of colour 1, as it is the first cycle that we are
popping. The edge coming out of z will thus lead to the same point in both C” and Cj. Continuing
in this way, we get that all the colours of the new edges will also be 1, and hence we arrive at
the conclusion that C’ = C%. This shows that if C" # C, then we can still pop C in the order
', Cy,y...,Ck—1,Crit,...,Cp=0C. O

Proof of Wilson’s algorithm. First of all we observe that if we erase loops in the order in which
they are created, this is one way of popping cycles. Since Wilson’s algorithm stops with probability
1, it follows that any other method of popping cycles will also stop with probability 1 and will
produce a spanning tree. We now explain why the distribution of the tree is the uniform one.

We are going to consider pairs of sets of cycles and spanning trees lying underneath them. Let
X ={(0,T) : O set of cycles lying over T' (a spanning tree)}. Then for any finite set of cycles O,
any spanning tree 7' could be lying underneath, since the instructions under the vertices in O could
be anything. Therefore, we see that the space X can be written as X = X; x X3, where X7 is the
set of coloured cycles and X3 is the set of all spanning trees of G. Now the probability of seeing a
spanning tree T" and a set of cycles O on top of it is given by

1 1 1
H deg(e™) - H deg(e™) .eelldeg(e—)'

ecU(OUT) ecUO

This shows that the marginal distribution of the tree component is the uniform distribution on the

space of spanning trees, as
H 1 H 1
s deg(e™) i deg(z)

This completes the proof. O

Theorem 4.14. Let G be an finite connected graph and let T be a UST. Let x,y be two distinct
vertices of G. Then the unique path joining x and y in T has the distribution of a loop-erased
random walk started from x run until it hits y. Moreover, a loop-erased random walk from x to y
has the same distribution as a loop-erased random walk from y to x in the graph G.

Proof. This follows immediately from Wilson’s algorithm, as we can take = to be the root and
start a random walk first from y and run it until it hits z. O

4.4 Uniform spanning forests

In this section we define the uniform spanning forest measure in infinite graphs.

First of all we see that if a graph is recurrent, then we can run Wilson’s algorithm as in the finite
case and this will produce a spanning tree. It turns out that if we restrict this tree to large finite
balls, then the distribution will be close to the UST distribution in the finite graph. What happens
if we have an infinite transient graph though? We will show that one can always define a USF
measure on infinite graphs irrespectively of whether they are recurrent or transient. Then we will
present sampling algorithms for the transient case as well.
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Theorem 4.15. There exists a measure ji supported on spanning forests of Z¢ for all d > 1. We
call p the (wired) USF measure on Z.2.

Sketch of proof. Let (B),), be an exhaustion of 7% by finite graphs, i.e. B,, C By foralln >0
and U, B, = Z% We obtain a sequence of graphs G,, by gluing B¢ into a single point 0, and
keeping all the existing connections in B,, and between 9,, and B,,. Let u, be the UST measure on
Gp. Let eq,...,er be a finite collection of edges such that for all n sufficiently large e; € B,, for all
i1 < k. For T ~ p, we have

pn(er,...,ex €T)=Pler,...,ex €T)=Pler €T |e1,...,ex—1 € T)P(e1,...,ex_1 €T).
From the proof of Theorem 4.9 we get
pn(er,...,ex €T)=Pex €T | e1,...,e5-1 €T) = Regr(er; Gn/{€1,...,ek-1}),

where we write G,,/{e1,...,ex_1} for the graph G,, with all the endpoints of the edges e1,...,ex_1
glued to single points. By Rayleigh’s monotonicity principle, we now see that

Reg(er; Gn/{e1, ... ex—1}) < Reg(er; Gny1/{e1,. .., ex-1}).

Therefore, we see that the sequence py,(e1,... e € T) is an increasing sequence, and hence has
a limit p(ey,...,ex € F), where F denotes a random forest. From this it also follows that the
limiting measure p is supported on acyclic graphs. Using this and the inclusion-exclusion formula,
we can define p on elementary cylinder sets, i.e. sets of the form

{F CZ: F forest ,B; C F and By N F = ()},

where B; and Bs are finite sets of edges. Using next Kolmogorov’s extension theorem we get that
there is a uniquely defined measure p supported on acyclic subgraphs of Z¢ that is the weak-limit
of the sequence (u,). We leave it to the reader to check using Rayleigh’s principle that the limit
measure p is independent of the choice of exhaustion. O

Wilson’s method rooted at infinity [4] Let G be a transient graph. We set Fy = () and assign
an ordering to the vertices of G. We then start a simple random walk from the first vertex of the
ordering and run it forever and erase loops (which is well defined as it is almost surely a transient
trajectory). We then define F; to be this loop-erased path. Inductively, once we have defined F; we
define F;41 by running an independent simple random walk from the next vertex in the ordering
and wait until it hits F;. If it never hits F;, then we run it indefinitely. In both cases we erase loops
from the obtained path and we enlarge F; by appending this path to it to get F;1+1. We continue
until we exhaust the vertex set of G.

Theorem 4.16 ([4]). Wilson’s method rooted at infinity yields a USF in 7.

Sketch of proof. Let B, be an exhaustion of Z? by finite graphs and let G,, be the graph obtained
by gluing Bf, to a single point and keeping all connections. We run Wilson’s algorithm on the
graph G, by taking as the root the vertex 0,. Every time the walks used in Wilson’s algorithm hit
0, we stop them. This way we can couple all the walks on the different graphs. The loop erasure
of each such walk will converge to the infinite loop erasure of a random walk. Using that Wilson’s
algorithm yields a UST in the finite setting together with the above shows that Wilson’s method
rooted at infinity will also produce a USF. O
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4.4.1 Connectivity of USF

Theorem 4.17 (Pemantle 1991). The uniform spanning forest of an infinite graph is a tree if
and only if a simple random walk and an independent loop erased random walk started from any
two distinct vertices intersect with probability 1. Moreover, the probability that x and y are in the
same tree of the USF is equal to the probability that a random walk started from x intersects an

independent loop-erased random walk started from y.

Proof. This is immediate using Wilson’s method rooted at infinity.

O

Theorem 4.18 (Lyons, Peres and Schramm [15]). Fiz k > 0 and let (z;)j—_k,. -1 be a path in Z4.
Let X and Y be two independent simple random walks in Z¢ started from xo and yo respectively.

Let I =%
we have

4,j=0

P(LE(Xj)j2—k N {Yn :n 2 0} = 00) > 2.
Let X and Y be two independent simple random walks. For every N we write

N

Iv=7) 1(X;=Y))

i,j=0
for the total number of intersections up to time N.

Lemma 4.19. For all z,y € Z% we have
(Em,y[IN])2 > 1

lim inf 2V > =
N—oo E(z,y) [IN] 4

L(X; =Y)). IfEy[I] = oo for all x,y, then setting X; = x; for j = —k,...,

-1

Proof. We first prove this lemma for x = y = 0. Writing gy for the Green kernel up to time N

we have

Eqo [I%] = Z ZPOO)X Vi=2X;=Y,=y)
,jkl Ozzy

<O Y BXi=a)Po(Xjmi=y) + D Po(X;j =y)Py(Xi—j = )

i<j<N N>i>j

x| Y Po(Vi=2)Pu(YVick =9)+ Y Po(Ye=y)By(Yeey = 2)
k<t<N N>k>/{

< Z gn(@)gn(x = y) + gn (W)gn (@ — y))?
<2 Z (gn(2)’gn(z — y)* + gn ()’ gn (z — 1)) = 4(E (0 ,0)[IN])?,

where for the last inequality we used that (a + b)? < 2(a? + b?).

For x # y, the same argument as above shows that

E(zy) 1] < 4(Eo,0)[IN])*.

We only need to show that liminf E, ,\[In] /Eo)[In] > 1/4. For this we refer the reader to [14,

Corollary 10.32].
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Proof of Theorem 4.18. For every m we set (L;@);’i’g) = LE(Xo,...,Xm), where J(m) is the

length of the loop erasure. On the event {X,, =Y, }, we define

i(m,n) =min{i > 0: L € {Y,,Yn4t1,...}} and
jim,n) =min{j > 0: L7 € { X, Xini1, ...} }-

Then J(m) belongs to both sets of which we are taking the minimum. When X,, # Y,,, we set
i(m,n) = j(m,n) = 0. We now notice that on the event {X,, =Y, } we have

d
(Xm, Xm—}—l’ . ) == (Yn, Yvn_*_l7 .o )

This then gives that

Next we define

~

N N
v =3 1(Xp = Ya)  L(i(m,n) < j(m,n)) < I.
n=0

m=0

Therefore, we get ]E[ffv] < E[I%]. For the first moment of Iy we have using (4.2)

N N
E[TN} =3 S Pli(mn) < j(myn) | Xo = V) -P(X = Yp) >

1
m=0n=0
By the Payley-Zygmund inequality we then deduce for all € > 0
~ 1\2
B[Ix]) | ElI)? |
To > T, > (1 — 2.<7> )2 2 N S 2
]P’(IN > z-:IE[IND > (1—¢) E[TQ} >(1-2) B[] 16 (1-e)?—¢
N

Since E[Iny] — o0, it also follows that E[f N] — 00 as N — oo as well. Therefore, we deduce
~ 1
P(Iy = o0) > .

We make the observation that if X,, =Y, and i(m,n) < j(m,n), then Litn € LE(X)NY. This
together with the above imply
1
P(ILE(X)NY]| =o0) > 16
and concludes the proof. O

Theorem 4.20. The USF in Z% is a single tree almost surely if and only if d < 4.

Proof. We start with d > 5. Let X and Y be two independent simple random walks started from
x and y respectively. Then the expected number of intersections is upper bounded by

- 1
E@yl] S Z 4d/2—1"
t=[lz—yl|
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We see that for every € > 0, taking ||z — y|| sufficiently large and d > 5 we get that E, ,)[/] < e.
Thus,

P(USF is connected) < P, ,y(I > 0) < E, ) [I] <e.
Since this is true for any € > 0, it follows that for d > 5 we have
P(USF is connected) = 0.
We now focus on d < 4. In this case we know that for all z,y we have
Bz, ] = o0

Let A = {|LE(X)NY| = oo}. To show that the USF is connected almost surely, it suffices to prove
that P, ,y(A) =1 for all ,y. By the martingale convergence theorem we get

PN Xy, X, V1,00, Y,) = L(A) asn — oo as.
By the Markov property of Y we also get
Pay(A| X1, s X, Y1, Y0) = Py (A | X1y, X))

But applying Theorem 4.18 we get that this last probability is lower bounded by 1/16. Therefore,
combining this with the convergence above, we get

1

>
TVEE

and hence this implies that P(, ,y(A) = 1 and concludes the proof. O

4.5 Aldous Broder algorithm

Definition 4.21. A rooted tree is a tree together with a distinguished vertex that we call the
root.

An oriented rooted tree is a rooted tree where every edge has an orientation with the property
that for every vertex except for the root there is exactly one edge emanating from it pointing away
from it.

Remark 4.22. We note that in an oriented rooted tree every edge is directed towards the root.
Also for every rooted tree, there is a unique way of assigning orientations to the edges so that every
edge points towards the root. In particular, for every edge e = (x,y), we orient it from z to y if
d(r,x) > d(r,y), where r is the root of the tree and d is the graph distance on the tree. We orient
it from y to x if d(r,z) < d(r,y).

Aldous-Broder (with ideas from Diaconis) algorithm. Let G = (V, E) be a finite connected
graph and let X be a simple random walk on G started from some vertex xg. We run the walk X
up until the cover time, which is the first time that the walk has visited every vertex of the graph
at least once, i.e. Tcoy = max, H,, where we recall that we write H, = min{t > 0 : X; = z} is
the first hitting time of . To construct an oriented spanning tree, for every vertex x # xg, we
include in the collection the edge that was crossed the first time that the walk visited = but with
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the reversed orientation. More precisely, for a directed edge e we write e for the edge with the
opposite orientation. Then the Aldous Broder procedure applied to X is given by

AB(X) = {(X#,—1,Xn,)" v # zo}.

In this way, all the edges that we keep are oriented towards the root x( of the tree.

It follows immediately by the construction that AB(X) is an oriented spanning tree. Indeed, every
vertex has exactly one directed edge emanating from it which points away from it. Moreover, the
definition in terms of the first hitting time of every vertex forces it to be acyclic.

To prove that this algorithm produces a UST, we are going to show that the resulting tree has the
same distribution as the invariant distribution of a certain Markov chain on the space of rooted
oriented trees.

Markov chain on rooted oriented trees. Let Ty be a rooted oriented tree rooted at Xy. To
describe one step of the Markov chain, we choose a neighbour X; of Xy uniformly at random. We
then add the edge (X, X1) with direction from Xy to X;. This now created a cycle, and hence to
break it we delete the unique edge coming out of X pointing away from it. This new tree 77 is an
oriented tree rooted at Xj.

Let @ be the transition matrix of this Markov chain. Then for two trees S, T such that Q(S,T) > 0

we have
1

QT = Gealo(3))

where p(S) stands for the root of the tree S.

Exercise 4.23. Show that the Markov chain defined by @ is irreducible. Check that if 7(v) =
deg(v)/(2|E|), then 1/|T| - 7 is an invariant distribution for @ (considered as as Markov chain on
the space T x V (trees with their roots)).

Theorem 4.24 (Aldous-Broder (and Diaconis)). For every xo, if X is a simple random walk on

G started from xq, then AB(X) has the distribution of an oriented rooted UST of G.

Proof. Let (X; : —00 < j < 00) be a stationary two-sided random walk on G, i.e. Xg ~ 7 and
(Xn)n>0 and (X_,)n>0 are independent conditionally on Xj. Define for all j > 0

Sj = AB(Xj,Xj+1, .. )

Then (S;); is a stationary sequence of rooted oriented trees, because (X); is stationary. We next
show that

where |77 is the total number of spanning trees and 7 is the degree biased distribution.

To prove this, we consider the reversed chain, i.e. the Markov chain with transition matrix
P(T,T)=P(S_1=T"| S =T),

for T, T rooted oriented trees. Now for any rooted oriented tree T', there are deg(p(T)) possible
trees T" which differ in exactly two edges such that P(T,T") > 0. Since X_; is a uniform neighbour
of Xy, it follows that for any such compatible tree T” we have

1

PIT) = Teto@)

o1



This now implies that the matrix P has the same invariant distribution as @, which is 1/|7|-m. Since
this Markov chain is also irreducible, it follows that 1/|7| - 7 is the unique invariant distribution.

To finish the proof we note that by construction the sequence of trees (S;) is a stationary sequence,
and hence, Sy must be distributed according to the invariant distribution. If we now condition on
Xo = xg, then we get

]P)(SO:T|X0::II0):—-7I‘(1‘O)- = —

and this concludes the proof. O

4.5.1 Ends in trees

Definition 4.25. An infinite path in a tree that never backtracks is called a ray. Two rays are
equivalent if they have infinitely many vertices in common. An equivalence class of rays is called
an end.

We already know that the USF is almost surely connected in Z¢% when d < 4 and consists of infinitely
many trees when d > 5. We would like to understand the geometry of each tree in the USF in all
dimensions. In particular, how many ends does each tree have?

Theorem 4.26 (Pemantle (d < 4) and [4] (d > 5)). All trees in the USF are almost surely one-
ended for all d > 2.

Remark 4.27. In the case of d = 1, the USF is the whole line, which is clearly two-ended.
Remark 4.28. A tree is one-ended if and only if it does not contain a bi-infinite path.

Remark 4.29. Theorem 4.26 for d = 2 is proved in [14] using a duality argument, which works
more generally for plane recurrent graphs G whose dual graph is also recurrent and locally finite.

It turns out to be easier to talk about one-endedness when we assign orientations to the USF.
We have already described Wilson’s method rooted at infinity. We now also add orientations to
the edges by assigning the direction that agrees with the direction in which the LERW crossed
that edge. In this way every vertex has exactly one oriented edge emanating from it in the forest.
Therefore, every vertex u will have a unique infinite oriented path emanating from it. We call this
path the future of u. The set of vertices with an oriented path pointing towards u is called the
past of u. The important observation is the following

v € future of u < u € past of v.

With this observation the following becomes immediate

Lemma 4.30. A tree in the USF is one-ended if and only if every vertex has finite past.

4.5.2 Aldous-Broder Interlacements
We have already seen how to extend Wilson’s algorithm to infinite graphs. How can we extend

the Aldous-Broder algorithm? In the case of an infinite recurrent graph, it is clear how to do it.
Namely, we run a random walk forever and for every vertex we include in the spanning tree the
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first entry edge to that vertex. The recurrence of the graph implies that this algorithm will visit all
vertices of the graph, and hence it will produce a spanning tree. How can we extend the algorithm
though to an infinite transient graph?

Hutchcroft’s idea was to replace the single walk by random interlacements and use the same algo-
rithm. We explain this generalisation.

Let Z be the random interlacements process, i.e. it is a Poisson process on the space W* x R,
where W* is the space of bi-infinite trajectories modulo time-shift. For every t € R and v € Z% we
define

n(v) = inf{s >t:IW e W), st. (Wos) € I},

where we recall that va} stands for the set of trajectories in W* that hit v. It is clear by the

construction of random interlacements that there exists a unique trajectory hitting v at time 7 (v)
and we denote it W7, ,). Let e;(v) be the entry edge to v by W, (. the first time that v was hit.
Finally for every t we set

AB(Z) = {et(v)‘_ HONS Zd} .

Theorem 4.31 (Hutchcroft [8]). For allt > 0, the forest AB{(Z) has the law of an oriented USF
of 7.

Proof. Let (B,) be an exhaustion of Z¢ by finite sets. Consider the graphs (G,) obtained by
gluing B¢ to a single point d,,. Now for every n we let P,, be a Poisson process on R with intensity
the Lebesgue measure. For every t € P, we let W; be a random walk excursion in G,, that starts
and ends at 0,,. We now claim that the process

{(t, Wt) :t e Pn}

is a Poisson process that converges weakly to the random interlacements process on Z?. Indeed, if
we define a measure for every finite set K C B,

Qx{w e W[—k,m] : w |_i0€ A, w(0) = u,w ||, € B})
= Pu<(Xi)ie[o,k] € A, Hy > Hp, = k) Pu((Xi)icjo,m € B, Ha, =m),

then by reversibility of the walk we see that the above is equal to

deg(0, ~

%(un)) Py, ((Xi)ie[o,k] € AT, Xy =u, Hg =k < Han) Pu((Xi)icjo,m) € B, Hp, =m).
This shows that the measure Q% /Q% (W) is the law of a random walk excursion that starts from 0,,
it is conditioned to hit K and reparameterised so that it hits K for the first time at time 0. As
before, one can then construct a measure v, so that for all A we have

vn(ANWi) = Qk(n7(A4)).
By definition we see that the measures Q% converge weakly to @, and hence so do the Poisson
processes and this concludes the proof of the claim.

It remains to show that the Aldous Broder interlacements algorithm yields a USF. To see this, note
that for the finite graphs GG,,, we have already proved that Aldous Broder produces an oriented UST.
Using excursions from d, to run Aldous Broder, we see that the correctness of this algorithm in
the finite setting together with the claim that we proved implies the statement of the theorem. [
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Remark 4.32. This dynamic way of sampling the USF has many advantages, especially when it
comes to calculating tail probabilities for certain events as we show below.

As an application, we present the proof of Theorem 4.26 due to Hutchcroft.

Proof of Theorem 4.26. As we have already noted in Lemma 4.30, one-endedness is equivalent
to every vertex having a finite past. For every u € Z¢, every t € R and n € N, we let past,(u,n) be
the set of vertices in the past of u that have a path of length n to u and they have been generated

by AB.(Z).
Let € > 0 to be determined. We then have
P(pasty(0,n) # 0) < P(10(0) < &) + P(10(0) > €, pasty(0,n) # 0).

We now notice that the event {7y(0) > ¢, pasty(0,n) # 0} implies that there exists u € past.(0,n)
such that the path from 0 to w is not hit by Z in [0,¢]. Indeed, notice that if u € pasty(0,n), it
means that 79(u) > 79(0), and since 79(0) > ¢, it follows that 79(u) > ¢, i.e. the first trajectory that
hits u arrived after time e. Therefore, u € past.(0,n) and the path from 0 to w was not hit by Z
during [0,¢]. Indeed, if it were hit, then that would disconnect u from 0. We thus have

P(19(0) > e, pasty(0,n) # 0) < P(3 u € past(0,n) : path from 0 to u is not hit by Z in [0, ¢])
<E| ) exp(—e- Cap(path(0,u]))
u€past, (0,n)

When u € past.(0,n), the path from 0 to u in the past has length n. To lower bound the capacity
of this path, we use the bound
Cap(4) 2 A2/,

and hence this gives
P(75(0) > e, pasty(0,n) # 0) < exp(—en@=2/4),

By symmetry we get

E[|past.(0,n)|] = Z P(u € pasty(0,n)) = Z P(0 € pasty(u,n)) = Z P(u € future(0,n)) = 1,

ueZd ueZ4 ueZd

since there is exactly one vertex in the future at distance n from 0. The probability that 0 is hit in
[0,¢] by a trajectory of random interlacements is given by

1 —exp(—eCap(0)) < e.

Taking & = logn/n(42/4 shows that

logn
P(pasty(0,n) #0) < e yrE

and hence taking the limit as n — oo concludes the proof. O

Theorem 4.33 (Hutchcroft). For all d > 5 we have

1
P(radint (past(0)) > n) < .
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Theorem 4.34 (Hutchcroft and Sousi). For d =4 we have

(logn)'/?

P(radint (past(0)) > n) =< .

Sketch of proof of lower bound. To prove the lower bound we need to find a strategy to create
a big past.

Let € > 0 to be determined. Let A be the event that 0 is hit by a unique trajectory W of RI in the
time interval [0,¢]. Let X = AB(W [[g,«)). Let n be the infinite path in X. Then it is not hard to
check that 1 has the law of a loop erased random walk in Z*.

We also define B as follows
B ={W |(—x,0) N n[0,n] = 0,1[0,n] is not hit by any other traj. of RI in [0,¢]}.

With these definitions it follows that A N B implies that the past has intrinsic radius at least n.
We then have

P(ANB)=P(A)P(B|A).
By the Poisson property of RI, we get that
P(4) = & - Cap({0}) - =CoP (0D
By the splitting property of Poisson processes we also get
P(B | A) =E[1L(W |(—c0,0) N 1[0, 7] = ) - exp (—eCap ([0, n]))] -

We now replace Cap(n[0,n]) by its typical value which is n/(logn)?/? and we take ¢ = (logn)??/n
to get
P(B | A) 2 P(W |(—c00) N n[0,n] = 0).

Using Lawler’s non-intersection exponent between a SRW and the first n steps of a LERW in Z*
we get

1
P(B|A) 2 —.
BlA)Z (logn)1/3
Putting everything together we obtain
1 1/3
P(ANB) > (logn) 7
n
and this concludes the proof. O

Lawler showed that the first n steps of a LERW in Z* are produced by loop-erasing the first n(log n)l/ 3
steps of a SRW. Using the result by Lyons, Peres and Schramm that intersection probabilities be-
tween two SRW’s are equivalent to intersection probabilities between one walk and the LE of the
other one, we see that

E[Cap(n[0,n])] < E [Cap(LE(X[O, n(log n)1/3))] =k [Cap(X[O, n(log n)l/?’)]

_ n(logn)/3 B n

logn (logn)2/3
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5 Branching random walks

5.1 Critical trees conditioned to survive

Let p = (ux)r>0 be a probability distribution on N with mean 1 and finite variance o2. Let T be
a Galton Watson tree with offspring distribution u. We denote its root by (. For every d > 1 we
attach i.i.d. increments of a Z? simple random walks to the edges of the tree. For each z € Z% we
now define a branching random walk on Z? started from z, by assigning to each vertex u € T, the
sum of the increments along the edges on the shortest path joining « to () and translating everything
by x. We write (S¥),e7, for the branching random walk started from z.

The local time at y € Z% is defined to be
(r.(y) = 1(SE =y).
u€Te

Writing Z,, for the number of individuals in generation n and using the independence between the
tree and the increments we get that the first moment of the local time is given by

E[l7 (y ZJE Py (Xn =) ZP Xn =1y) = g(x,y),

where X denotes a simple random walk on Z? and g stands for the Green’s function. Thus we see
the critical branching random walk has the same Green’s function as a simple random walk.

Suppose we condition the tree to reach generation n. Each particle performs a simple random walk
run for n steps and hence covers of the order n points of the ball of radius \/n in Z¢. As we will
show below, under this conditioning, there will be order n particles that walk in the ball of radius
V1, and hence in total n? points of the ball of radius \/n will be covered. The volume of the ball of
this radius is of order n/2. We thus see that if d = 4, then this ball is filled by a BRW conditioned
to be large. Hence we see that dimension 4 is the critical dimension for recurrence in this setup.

We now start with a result of Kolmogorov and Yaglom and a later version by Kesten, Ney and
Spitzer (only assuming second moments). Here we present a proof due to Geiger [6].

Theorem 5.1 (Kolmogorov, Yaglom, Kesten Ney, Spitzer). Let (u(k))r>0 be an offspring distri-
bution with mean 1 and finite variance o®. If Z, denotes the size of the n-th generation, we then
have

2
n-P(Z, >0) = — asn — oo.
o

We let Ry,4+1 be the index of the leftmost child of the root who has a descendant in generation n+ 1.
Formally, let (T(i))ig 7, be the subtrees rooted at the Z; children of the root. We write Z,(T') to
denote the size of the n-th generation of the tree 7. We then define for n > 0

Rpp1 =min{l < j < Z1: Zo(TY) > 0}
with the usual convention that min () = oco.

Lemma 5.2. For alli € {1,...,Z1} we have

LT | Zy=0) if1<i<j—1,
LT |Ryi1 =5, 20=k) =S L(T | Z, >0)  ifi=j
L(T) ifj+1<i<k,



where T' stands for a Galton Watson tree with offspring distribution (u(k)). Moreover, for the joint
distribution of (Rp+1, Z1) conditional on Zp+1 > 0 we have

P(Z, > 0)

P(Zni1 > 0) (k) - P(Z, = 0)

P(Rnt1=04,Z1 =k | Znt1>0) =

Proof. To prove the first claim we let (A4;) be measurable sets in the space of rooted planar trees
such that for ¢ < j — 1 the sets A; contain trees that do not survive to generation n, while for i = j
they do. We then have

k
P(Rn+1 — i 2=k, TD € A;, Vi< k) = u(k) - T[B(T € 43).
=1

Therefore, we immediately get from this

P(Rnt1 = j, Z1 = k, Zns1 > 0) = p(k) - P(Z, > 0) - P(Z, = 07",
and hence, this proves the second claim. O
Remark 5.3. Taking the sum over all £ > 1,5 < k in the above equation we obtain

P(Zni1 > 0) =P(Zy > 0)- > P(Z, = 0" (k). (5.1)

oo
j=1 k>j

From this and the fact that > ku(k) = 1 it follows that

P(Zn+1 > 0)

_—— 1 . 5.2
P(Z, > 0) —lasn— o (5.2)

From the above we also get that as n — oo the distribution of Z; conditional on Z,, > 0 converges
to the size-biased distribution of y, i.e. the distribution pgp(k) = kp(k) for all £ > 0. Also given
71 we have that R,; has the uniform distribution on [0, Z].

We can now describe a construction of a critical tree conditioned on survival up to generation n.
Let (Vp41, Ynt1)n>0 be independent random variables with distribution

P(Z, > 0)

P(Zp41 > 0) ‘P(Zy, = O)j_l . (5.3)

P(Vig1 = J, Yny1 = k) = p(k) -

Let Ty be a GW tree with offspring distribution (pg)x>0 independent of the sequence (Vy,41, Yn+1)n>0-
We now inductively construct 73,41 for n > 0 as follows:

1. The first generation of Tvm_l is taken to be Y, y1.
2. To the V41 individual of the first generation we attach the tree Tn.

3. We attach critical GW trees conditioned on extinction at generation n to the V;, 1 —1 children
to the left of the V,, 41 individual of the first generation.

4. We attach critical GW trees to the Y, 11 — Vj,+1 individuals of the first generation to the right
of the V41 individual.
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By induction on n we obtain the following

Proposition 5.4. For all n > 0 we have

L(T,) = L(T | Z, > 0).

We now want to find a recursion for the number of individuals Zn in the n-th generation of T, n-
By construction we see that Zy = 1. We now let (Z;)r; be independent random variables with
Zy; having the law of the k-th generation size of a critical GW tree for all 7. Writing X,,41 =
Y41 — Vin+1 we have

Xn+1

Zns1 = Zn + Z Zni- (5.4)

Then it follows immediately from Proposition 5.4 and the construction of T,

Corollary 5.5. For all n > 0 we have

L(Zy) = L(Zyn | Zy > 0).

From (5.3) we get for all k£ > 0

o0

D ) B(Zy =0y

j=k+1

P(Z, > 0)

P(Xpy1 =k) = — o™
(Xn+1 = k) P(Zp1 > 0)

Using (5.2) and that by criticality of the tree P(Z,, = 0) — 1 as n — oo we obtain

P(X,=k)— Z w(j) as n — oo. (5.5)
>kt

Proof of Theorem 5.1. First of all we have
1

n

since E[Z,,] = 1 for all n by criticality. By Corollary 5.5 we have
~ n ~ ~
E[Zy | Zy > 0] = E[Zn} =1+ ZIE[Zk - Zk_l} .
k=1
For every k > 1 we have by (5.4)
E[Zk — Zk_l} _E

Xk
> Ziori| =E[X4],
=1

where we used that E[Z;] = 1 for all k,i. Using that E[X,,] = 3>, k> i~y pu(j) as n — oo we

deduce .
3 E STk B i) as oo

i=1 j>k+1

This last sum is equal to

Zk > ui =3 Y mi) =3 =7
j=1

J>k+1 j=1k<j—1

and this concludes the proof. O
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Corollary 5.6. Let Z,, be the n-th generation size of a critical GW tree. Then we have as n — 00

E[Z, | Z, > 0] < n?.

As n — oo the tree conditioned on Z,, > 0 we saw that it converges to a tree where the first
individual produces offspring according to the size-biased distribution and then a uniformly chosen
one is the special vertex that is going to produce offspring according to the size-biased distribution,
while the rest will produce offspring according to p. Every other vertex except for the special ones
produce offspring according to p. This is called Kesten’s tree and it consists of a semi-infinite line
that we call the spine and finite trees to the right and the left of the spine.

We now consider Kesten’s tree. Let L, be the number of children to the left of the distinguished
vertex of generation n and R,, the number of vertices to its right. Then we get

(G+j+Du(i+j5+1)

P(Lyp =i, Ry =j) = i1

=p(i+j+1),
and hence taking the sum over all j of the above we obtain

P(Ly,=i) =Y pli+j+1)
720

and similarly for the right one.

Example 5.7. Let T be Kesten’s tree. Let ¢ be an infinite tree and let vg be a spine vertex of vg
which is not the root. Then

P(T is equal to t up to vg) = deg() - u(deg()) - degl(@)
1
x [T (deg(v) = 1) - p(deg(v) — 1) - deg(0) =1 IT  w(deg(v) —1) (5.6)
veb esfpoi:eevof t v¢usg)itréevof t ’

= u(deg(®)) ]  m(deg(v) —1).

v€Et up to vo

We thus see that the distribution of 1" depends on the particular choice of root.

To get a tree which is invariant with respect to the choice of the root we simply need to change the
root offspring distribution and how we choose the special vertex among its offspring.

Definition 5.8. The infinite invariant tree is defined as follows: the spine is a semi-infinite line of
nodes (0, uq,...). Each spine node u; for i > 0 produces a random number of offspring Z; according
to the size-biased distribution pg,(k) = ku(k) for each & > 0. A uniformly chosen offspring of
u; is identified with u;; and in this way it partitions the Z; — 1 remaining offspring to left and
right children. To each of these in turn we attach a critical Galton Watson tree with offspring
distribution p. The root produces Zj offspring distributed according to p/(i) = u(i — 1) for ¢ > 1.
The first of its offspring is identified with u; and the remaining Zy — 1 produce critical GW trees
with offspring distribution u. We denote this infinite tree by 7. We define the past 7_ to be the
set of vertices to the left of the spine and the future 73 the ones to the right. We label the vertices
in the future using depth first search from the root. We label the vertices in the past in order with
negative labels using depth first search from infinity.

99



Figure 1: In both trees the future is the green part, while the past consists of the red and the blue
parts. To obtain the second tree we shifted all labels of the first tree by 8 and rooted it at the
vertex with label 0.

Remark 5.9. From (5.6) we see that the infinite invariant tree is invariant with respect to the
choice of the root. In particular, if we shift the labels of all vertices by 1, then it will have exactly
the same distribution. See also [12] and [13].

Finally we add the superscript x to a tree, i.e. we write 7;* (resp. 7%, 7T*,T{) to denote the range
of the branching random walk when the root vertex starts from = € Z¢.

We now calculate the local time for the past of the infinite invariant tree. For y € Z¢ we define the
local time at y in the past as follows

bre(y) = > 1(SE =vy).

ueT_

Check that

2 02

E[Eﬂ (y)] ==Y g(xz—2)g(z—y) +O0(g(z,y)) = 5 9*9(@—y)+0(g(z,y)).
2€7Z4

Exercise 5.10. Show that for all z € Z% we have

1

g*g(x) = T[T+ 1

5.2 Hitting probabilities

In this section we follow closely [25].

Let 72 be a critical BRW started from x. Let K C Z9 be a finite set. We want to calculate the
probability that the range of the tree intersects the set K. To define the first hitting vertex of K
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we use depth first search from the root. Suppose that (vy,...,v;) be the unique simple path in 7
from the root () to the first hitting vertex in K. Let T' = (Sy ,..., Sy ) be the path that visits K

for the first time. For every i = 0,...,k — 1 we let @; be the number of children to the left of v;
(i.e. older than v;) and b; the number of children to the right of v; (i.e. younger than v;).

Let v = (7(0),...,v(k)) be a nearest neighbour path in Z¢ with v(0) = z, v(k) € K and v(j) ¢ K
for all j < k—1. For a path v we write s(vy) for the probability that a SRW followed this path, i.e.
s(vy) = (2d)~1. We then have for all m;,¢; € N for i < k — 1

k—1 )
IP(F =y a =Ll b =mi Y i=0,... k— 1) = s(7) [ uti +mi + 1) p(@(i) NK = @)& . (5.7)
=0

where we denote by ’72 a GW tree with offspring distribution g conditioned on the root having
exactly one child, i.e. for all z € Z¢ we have

P(?jmK:@) —PTPNK =02 =1).
If we sum up (5.7) over all m; and ¢;, for i < k — 1, we then get

PC=7)= Y ]P‘(F:%?ii:&,gi:mi, Vizl,...,k)

01, by

et (5.8)
H 3wl +mi+ 1P (’?J(i)nK:@)Z"
1=0 ¢;,m; EN

We now introduce another probability measure g which is called the adjoint measure of p defined

as follows
=> pi+j+1).
7=0

Indeed, this is a probability measure, because p has mean 1. Using this definition in (5.8) we get
P(T =7) =s(y H Z ( INK = (2))
1=0 ¢;€eN

Definition 5.11. We define an adjoint tree, by simply changing the offspring distribution of the
root to be 1 and the rest according to . The measure p is defined by

i)=Y ulh)

j>i+1
and is called the adjoint measure of u. We write ’7~2 for the adjoint tree.

With the above definition, we immediately see that

3 ZZ(&)P(ﬁ"’(i) NK = 0))& - ]P’(ﬁ"’(i) NK = 0)) .
£;€EN
For every z € Z% we define

r(z) :IP’<’7;ZHK7£®).
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With this notation we then obtain

k-1

P(T' =7) =s(y)- [J(1 = r(v(2)) = bx (7). (5.9)

=0

What we see from the above formula is that the distribution of I' is this of a simple random walk
which is killed at location x with probability r(z).

Lemma 5.12. Let d > 5. We show that for R > 0 and ||z|| large we have

P(7* N B(0, R) # 0) =< g(x) - R4

Proof. Recall that we take the first hitting time of a set by a BRW to be the first vertex in the
depth first search order whose location hits the set. Using (5.9) we get

P(TENBOR) #0) = Y bpor()

~v:2—0B(0,R)
= Z Z bp(o,r)(711) Z bp(o,r)(12)
bedB(0,2R)  ~vi1:z—b v2:0—0B(0,2R)

v1CB(0,2R)¢

< P,(X hits B(0,2R))- swp  P(TPNB(O,R) #0),
bedB(0,2R)

where we simply bounded from above b(7) by s(v) and X denotes a simple random walk in Z?. We
now get

P.(X hits B(0,2R)) = g(z) - R*2.
Writing Zj, for the size of the k-th generation of the tree 7. we have for all b € 9B(0,2R)

B2
]1»(7;1’ N B(0,R) # @) < ; ]P’(Zk £ 0, Zjsr = 0,720 B(0,r) # @) +P(Z g2y #0).

The second term is upper bounded by 1/R? by Kolmogorov’s result. So we now turn to the sum
appearing above. By a union bound over all individuals of the k-th generation together with the
fact that every particle performs a simple random walk we get

P(Zk £0, Zy1 = 0, T2 N B0, 1) # @) < E[Z(1(0)) %] P, (Hpo.p) < F)
< E[Ze(1(0)%] exp(—cR2/k),

where H 4 stands for the first hitting time of the set A by a simple random walk and c¢ is a positive
constant. Since p has mean 1, we get that 1(0) < 1, and hence using again Kolmogorov’s result we
get

E[Z(1(0))%] <P(Zx > 0) <

x| =

Putting everything together shows that

P(T20 BOR) £0) S =,
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and hence this concludes the proof of the upper bound, i.e. that
P(7X N B(0,R) # 0) < g(x) - R,

We turn to the lower bound. We denote by n% the vertices of the tree that are the first ones to
reach 0B(0, R) and none of their ancestors ever touched 0B(0, R). To prove the lower bound we
will use the Payley-Zygmund inequality
E[|nF 2
Bl > 0) > Sl
E [In]?]

We have
Ellnzl] = ZE Py (Hpo,r) =n) = Po(Hpo,r) < ) < g(z) - R¥™2.

For a vertex w of the tree we write &, for its offspring. For the second moment we have

E(lngl’] =ElmE]+E| > > L(wis the MRCA of u,v)1(u € ng)1(v € ng)

u,ETe wET,
uFv

Since v and v do not have any ancestors in 7%, it follows that w must have at least two children and
u and v must belong to two distinct trees of its offspring. There are &, (&, — 1) ways of choosing
which trees v and v will belong to. Summing over all possible generations of w we get

Z Z 1(w is the MRCA of u,v)1(u € nr)1(v € nR)

u,vET wETe
uFv

N R [Z L(jw| = k)L(S% ¢ B(0, R))éw(Ew — 1) (s (Hp(o,r) < 0))?
k=0 weTe

—JZEﬁ [1(Xk ¢ B(0,R))(Px, (Hp(o.r) < ))?]

2(d—2) ZE[ (Xk ¢ B(0, R))]:R2(d—2)_ S gz 1

X522 e EEGE

We now see that this last expression is equal to

Rd .
RN gz — L < Tl ifd=5
2¢B(0,R) HZHQ(d_Q) log(l +||z||/R) ifd=4.

This now completes the proof. ]
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