
GRG Part III, L 2007

Interacting particle systems II

1. Let Xn, Yn ∈ L2(Ω,F , P ) be such that Xn → X , Yn → Y in L2. Show that XnYn →
XY in L1. [Reminder: Lp is the set of random variables Z with E(|Z|p) < ∞, and
Zn → Z in Lp if E(|Zn − Z|p) → 0. You may use any standard fact such as the
Cauchy–Schwarz inequality.]

2. (continuation) Consider bond percolation on the square lattice Z
2. Let X and Y be

increasing functions on the sample space, such that E(X2), E(Y 2) < ∞. Show that
X and Y are positively associated. [You make assume positive association for product
measure on graphs with finitely many edges.]

3. Let Pp be a product measure on the space {0, 1}n with density p; that is, Pp is the
measure which governs the behaviour of n independent identically distributed random
variables with distribution given by Pp(Z = 1) = 1−Pp(Z = 0) = p. Show by induction
on n that Pp satisfies the Harris–FKG inequality, which is to say that Pp(A ∩ B) ≥
Pp(A)Pp(B) for any pair A, B of increasing events.

4. Bond/site comparison. Let G be an infinite connected graph with maximal vertex
degree ∆. Show that the critical probabilities for bond and site percolation on G satisfy

pc(bond) ≤ pc(site) ≤ 1 −
(

1 − pc(bond)
)∆

.

[The first inequality is a fair target. The second is a little harder.]
5. Let an be the number of self-avoiding walks on L

d, i.e., the number of paths x0, e0, x1, e1,
. . . , xn of distinct vertices xj and edges ej = 〈xj, xj+1〉. Show that am+n ≤ aman,

and deduce the existence of the connective constant µ = limn→∞{a
1/n
n }. Show that

pc(Z
d) ≥ µ−1. Use duality and the FKG inequality to obtain pc(Z

2) ≤ 1 − µ−1 when
d = 2.

6. Russo’s formula. Let X be a random variable on the finite sample space Ω = {0, 1}E.
Show that

d

dp
Ep(X) =

∑

e∈E

Ep(δeX)

where δeX(ω) = X(ωe)−X(ωe), and ωe (respectively, ωe) is the configuration obtained
from ω by replacing ω(e) by 1 (respectively, 0).
Let A be an increasing event, with indicator function IA. An edge e is called pivotal for
the event A in the configuration ω if δeIA(ω) = 1. Show that the derivative of Pp(A)
equals the mean number of pivotal edges for A.

7. Let χ(p) be the mean number of vertices in the open cluster at the origin of bond
percolation at density p, and suppose that p is such that χ(p) < ∞. Show the existence
of γ > 0 such that Pp(0 ↔ ∂Λk) ≤ e−γk for all k. [You are not required to re-prove the
inequality

gn ≤
∑

x∈∂Λm

Pp(0 ↔ x)gn−m

proved already in lectures, more to fill in the details.]
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8. One-dimensional percolation. Each edge of the one-dimensional lattice L is open

with probability p, as usual. For k ∈ Z, let r(k) = max{u : k ↔ k + u}, and Rn =
max{r(k) : 1 ≤ k ≤ n}. Show that P (Rn > u) ≤ npu, and hence, for ε > 0,

Pp

(

Rn >
(1 + ε) log n

log(1/p)

)

→ 0 as n → ∞.

9. (continuation) Show that, for ε > 0,

Pp

(

Rn <
(1 − ε) log n

log(1/p)

)

→ 0 as n → ∞.

[This is the famous problem of the longest run of heads in n tosses of a coin.]
10. The following random ‘dynamical system’ has acquired a certain notoriety. At each

vertex of L
2 we place a mirror. These mirrors are plane and double-backed, and are

placed such that light incident along an axis is reflected along a perpendicular axis.
Each mirror has two possible configurations, labelled in the natural way NW and NE,
and we stipulate that, for each vertex x, the mirror at x is equally likely to be NW as NE
(and that mirrors at different vertices have independent orientations). We light a candle
at the origin, and let C be the set of illuminated vertices. Show that P (|C| < ∞) = 1.
[Hint . Use the fact that θ( 1

2
) = 0 for bond percolation on the square lattice.]
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