III — Michaelmas 1997 GRG

ADVANCED PROBABILITY Comments on Example Sheet 1

1. Use the fact that ⋂ i A_i = ⋃ i A_i where Ā denotes the complement of A.

2. To check that G is a field is easy. Be careful about what you are being asked to prove next, namely that, if A_1, A_2, . . . are disjoint members of G such that A = ⋃ i A_i ∈ G, then μ(A) = ∑_∞ 1 μ(A_i).

A proof may be found in the listed book by Billingsley. This result enables a unique extension of μ to the Borel field of S, called Lebesgue measure.

3. Either use induction, or use the facts that

1⋃_{i Ai} = 1 − ∏ i ( 1 − 1_{Ai} ) , 1⋂_{i Bi} = ∏ i 1_{Bi} .

Expand the first relation, re-express the terms using the second, and apply μ. We need the condition μ( ⋃ A_i) < ∞. 4. Z is a random variable iff Z^{−1}(B) ∈ F for all Borel B, and it suffices that either (i) or (ii) hold:

(i) {Z ≤ x} ∈ F for all x, (ii) {Z < x} ∈ F for all x.

Now, with Q the rationals, (a) {−X < x} = {X ≥ −x} = {X ≤ −x} ∈ F, (b) {X + Y < x} = ⋃ q∈Q ( {X < q} ∩ {Y < x − q} ) , a countable union, (c) {max{X, Y } ≤ x} = {X ≤ x} ∩ {Y ≤ y}, (d) {min{X, Y } ≤ x} = {X ≤ x} ∪ {Y ≤ y}. 5. {lim sup X_n < x} = ⋃ n ⋂ m≥n{X_m < x}, and lim inf X_n = − lim sup{−X_n}.

6. Let J ⊆ {1, 2, . . . , n}. If 1 ∉ J, then nothing new to prove. Suppose 1 ∈ J. Then, with B = ⋃ i∈J\{1} Ai, P (A_1 ∩ B) = P (B) − P (A_1 ∩ B) = P (B) − P (A_1)P (B) = P (A_1)P (B).

Also P (B) = ∏ i∈J\{1} P (Ai). 7. (a) Check that_∞ ∑ i=1 1_{{X≥i}} ≤ X ≤ ∞∑ i=0 1_{{X≥i}} by considering the case when n ≤ X < n + 1. Now E (^∞∑ 1 1_{{X≥i}} ) = ∞∑ 1 P (X ≥ i) by monotone convergence, and the result follows.

(b) P (X_n ≠ Y_n) = P (X_n > n) = P (X_1 > n), whence, by the Borel–Cantelli lemmas, the given dichotomy depends on the divergence or convergence of ∑ n P (X_1 > n). By part (a), this is equivalent to the divergence or convergence of E(X_1).

8. cov (X, Y ) = E(XY ) − E(X)E(Y ) = 0 if X, Y are independent. For t ≥ 0, ϕ(t) = E ( (X + tY )^2 ) ≥ 0, whence the quadratic E(X^2) + 2tE(XY ) + t^2E(Y^2) = 0 has at most one real zero. Therefore the discriminant is non-positive, implying that ( E(XY ) )_2

≤ E(X^2)E(Y^2).

This implies the required inequality by substituting X − EX and Y − EY . Take care with parentheses.

9. Let A_n(ϵ) = {|Z_n − Z| > ϵ}. By BC1, P (A_n(ϵ) i.o.) = 0 for all ϵ > 0. Now {Z_n → Z} = ⋃ ϵ>0 {A_n(ϵ) i.o.}. Now A_n(ϵ) ⊆ A_n(ϵ^′) if ϵ ≤ ϵ^′, whence

P ( ⋃ ϵ>0 {A_n(ϵ) i.o.} ) = P ⋃ k≥1 {A_n(k^{−1}) i.o.} = lim_{k→∞} P ( A_n(k^{−1}) i.o. ) = 0.

10. By the Cauchy–Schwarz inequality

E(S^4_n) = n∑ 1 E(X^4_1 ) + 12 ∑ i<j E(X^2_i X^2_j ) ≤ nM + 6n(n − 1)M ≤ 6n^2M,

whence, by Markov’s inequality ∑ n P ( |S_n| n > ϵ ) ≤ ∑ n E(S^4_n) n^4ϵ^4 < ∞ if ϵ > 0. Now apply previous problem.

11. The easiest way is to use Jensen’s inequality, which states that E(f(X)) ≥ f(E(X)) for any convex function f and random variable X such that the expectations exist. Apply this with f(u) = u^{r/s} for u ≥ 0, X = |Z|^s.

12. With F (x) = P (X ≤ x), we have that F (y) = F (x) + P (x < X ≤ y) ≥ F (x) if x ≤ y. Also, using the monotonicity,

lim_{h↓0} F (x + h) = lim_{k→∞} F ( x + 1 k ) = lim_k P ( X ≤ x + 1 k )

= P ( lim_k { X ≤ x + 1 k }) = P (X ≤ x) by the continuity of P . Similarly, as x ↓ −∞, F (x) ≥ F (⌊x⌋) → P ( lim_{k→∞}{X ≤ −k} ) = P (?) = 0,

and similarly F (x) → 1 as x → ∞.

Conversely, take Ω = R, F = B(R), and define P by P ((a, b]) = F (b) − F (a). This definition of P extends to a unique probability measure on (Ω, B), as in Problem 2. Now define X : R → R by X(x) = x.