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ABSTRACT

Let y = (sv s2,...) be a collection of relatively prime numbers. The asymptotic properties of the process
of sieving by SP may be realized in terms of a stationary random process. In the case when Sf is the set of
squares of the primes, one may make use of this representation to verify a conjecture of R. Hall: in a
' typical' interval of length k, the number Sk of square-free numbers has a probability mass function having
order lc~* in the limit as k -» oo.

1. Introduction

The primary objective of this paper is to verify a conjecture of R. Hall concerning
the asymptotic distribution of the square-free numbers. The ensuing result, whilst of
interest in the analytic theory of numbers, is easiest expressed and proved using the
language of probability theory. In expressing this result, we shall make use of a basic
fact that, for fixed n, the distribution of square-free numbers in a ' typical interval'
(m + 1, m + 2 , . . . , m + n) of length n may be thought of as the weak limit (in the sense
of the weak convergence of probability measures) of a natural collection of measures
indexed by the positive integers N. This representation is easy to show, but
nevertheless offers as a consequence a considerable simplification over certain more
primitive techniques of analysis.

In some ways the square-free numbers are not special, when seen from the point
of view of this paper. Similar techniques may in principle be applied to the numbers
which escape the action of any 'sieve', so long as the elements of the sieve are
relatively prime. Actually the coprimality of the numbers in the sieve is largely
irrelevant to certain aspects of the probabilistic analysis which follows, although it is
crucial to the number-theoretic interpretation.

Let y = (slt s2,...) be a sequence of positive integers; we shall assume throughout
that 1 < s1 < s2 < . . . . We shall speak of the 'sieve generated by £f as being the
following process. We are provided with a set ^ = igx,g2i...) of labels, the label gt

corresponding to the action (to be described next) of the integer st. We inspect each
integer m ( ^ 1) in turn, and we label m with g{ (for each i) if and only if st | m. The
result is a sequence G = (G15 G2,...) of subsets of &, Gm being the set of labels of m.
We shall commonly be interested in those integers which escape the action of the
sieve: U(G) = {m:Gm = 0}. Ifst = />", the ath power of the ith prime, then U(G) is the
set of 'a-free numbers'.

A central notion of this paper is a variant of the above sieving process. We shall
speak of the 'random sieve generated by Sf as being the following random process.
Let Xx,X2,... be independent random variables, Xt having probability mass function

[0 otherwise,
so that Xi is equally likely to take any value in {1,2,...,5,}. (Throughout this
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paper, P stands for probability and E for expectation.) We now label the positive
integers in the following way: for each / ^ 1, we label with gt each member of
the set {Xt + kst:0 ^ k < oo}. The outcome of this process is a random vector
F = (r i 5 r2 , . . . ) of subsets of ^, Ft being the (random) set of labels of i. Of particular
interest is the set of integers which escape this ' sieve with random starting points':
U(T) = {m:Fm = 0). We shall show that the statistics of T (and especially U(T))
are useful in understanding asymptotic properties of G (in particular U(G)) whenever
the numbers sf are relatively prime.

Let 000 = \ x % x ..., and think of G and T as being elements of ^°°. There are
two topologies of interest for ^°°. The first arises from thinking of ^°° as a product
space whose components are endowed with the discrete topology, and the second is
the topology associated with the metric

i J i j
} (1.1)

i-u-i

for o^a/e^0 0, where 1̂  denotes the indicator function of A. It is tempting to work
with the second of these, but this route requires more work later, and the main reason
for this is that the indicator functions of sets such as {(oe^co:a)1 = 0} are not
continuous with this topology. We shall therefore endow ^°° with the former
topology, and write 2F for the cr-field generated by the open sets.

We now sample from 000 at random as follows. Let Nn be chosen randomly and
uniformly from {1,2,...,«}, so that P(Nn = k) = /T1 for 1 ̂ k^n, and define yn e #°°
by yn = (GN ,GN + 1 5 . . . ) ; thus yn is obtained from G by deleting its first Nn—\
components. Let nn be the measure induced on (^°°, 3?) by the random vector yn (that
is, nn{A) = P(yneA) for Ae^), and let // be the measure on (0°°,,^') corresponding
to F. We note that // is stationary in the sense that fi(A) = ^ ( T " M ) for any event A,
where r(co) = (co2, coz,...) for any co = (eols co2, ...)e ^°°.

THEOREM 1. If the elements of Sf are relatively prime and ^ \/st < oo, then /zn

converges weakly to pi as n -> oo.

The assumption that £< 1/5, < oo is necessary when working with the discrete
topology. To see why, suppose for example that st = pt, the ith prime, so that
Y,i 1A< = °o- Let A = { W G ^ " : IcoJ = oo}, the set of vectors of ^M whose first com-
ponent contains infinitely many labels. Then fin{A) — 0 for all n, whilst fi(A) = 1
by the Borel-Cantelli lemma (see [3, p. 187]). This assumption may be dispensed
with when working with the metric given in (1.1), but the conclusion of the corre-
sponding theorem would then be weaker.

Similar computations to those necessary for the proof of Theorem 1 may be found
in [8], but in a rather restricted context. For specific choices of the set £f, one may be
interested in the rate of convergence. We shall see in the proof that, for events C which
depend only on the first r components of the realization, it is the case that

(1.2)
}>mSj n

for all m ( ^ 1). Much better rates should be derivable in particular cases.
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We have as a consequence of Theorem 1 (see [1] for details of weak convergence
of probability measures) that

/<^n-> \fdn asn-»oo (1.3)
' J

for all bounded continuous functions / on ^°°, and also that

= 0, (1.4)

for any Be3F, where dB is the topological boundary of B.
We turn now to a concrete application of Theorem 1. Suppose that st = p], the

square of the ith prime, and let Sk(m) be the number of square-free numbers in the
interval {m,m+ 1, ...,m + k— 1}. It follows from a calculation of Mirsky [8] (see also
[4]) that

PtU)= l im-|{me{l,2,. . . ,«}:Sf c(m)=y}| (1.5)
7J-»OO

exists for all k and j ; actually, this is a consequence of the weak convergence theorem
above, for the case of the squared primes. The function pk is a probability mass
function on the set {0,1,...,A:}, and it is known that the mean and variance of the
associated distribution satisfy

6

i ft
and

*i = E U-mk)
2
Pk(j) = oWk + O(ke+*) (1.7)

as k -> oo, for all e > 0, where

<j2 = ^ n f Jz J; 0-8)
here, C is the Riemann zeta function and the product is over all primes p. The
remarkable asymptotic relation (1.7) for the variance is due to Hall [4], who has
pointed out that the calculation of higher moments seems to be of a different level of
difficulty (see also [5]). Hall has made the natural conjecture that

has the order k~~* as k-+ oo, and it is our purpose to prove this here.

THEOREM 2. There exists an absolute constant y such that

/l+o(l)\ i i i
—r-TT \k * ^ Mk ^ yk * (logkp as A: -• oo,

\ <r3v3 /

a is given in (1.8).

It is natural to conjecture that the distribution associated with pk converges as
k -* oo, when suitably normalized, to a non-trivial limit. That is to say, we conjecture
that the limit

V(x) = lim £ Pk(j)
k -> oo ^ =S Kk(x)

exists, where ^.(x) = mk + xak, and that ^ is a probability distribution function.
Seen in the light of Theorem 1, this conjecture amounts to the statement that

1-2



4 GEOFFREY GRIMMETT

(Un — E(Un))/(var (Un))* converges in distribution as n -* oo, where Un is the number
of integers in {1,2 /i} which remain unlabelled in the random sieve generated by
Sf. It is tempting to conjecture further that the process Yn(t) = U[nt] converges weakly
as n -> oo, when suitably normalized, the limit being a self-similar process with index
\. It is immediate from the ergodic theorem that

-Un-*—z asn-> oo
n IT

almost surely, the numerical value 6/n2 arising as the mean value of Ux:

The full power of Theorem 1 is not needed for the proof of Theorem 2; for the
latter, we need little more than the results of [8].

2. Proof of Theorem 1

Suppose that the elements of Sf = (slt s2,...) are relatively prime and satisfy

Z - < o o . (2.1)
t s)

For any w e f w e write com = (co™,a>™,...), where tof = (o{ D {g15g2,...,gm}, and use
a similar notation for any y/ e ̂  x ̂ 2 x ... x %.

Let s/ = (AvA2,...,Ar)e<&r, and let
C(s/) = {co€<Z<a:coi = Ai for 1 ̂  i ̂  r}. (2.2)

The principal calculation lies in showing that

M,(C(J*))->KCW) as«^oo (2.3)
for all such sf. Later, we shall indicate why this suffices.

Let us denote by Cm($t) the event

Cm(s/) = {coe^00: ©" = A? for 1 < / ̂  r).

Clearly C(s/) £ Cm(j^), and so

KCW) < rtCm(sf)), Hn{CW) ^ ^ ( C - ( J / ) ) . (2.4)
Furthermore, by the stationarity of fi,

/i(g,ecot for some 1 < / < r,j > m)
rn{giG(ol for some j > m)

= r E f C5)
Similarly

(2.6)
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Hence

I. (2.7)
}>mSj

It remains to estimate the difference between nn(C
m{s0)) and n(Cm(sf)).

With $4 = (^15y42,...,y4r) as before, and m a positive integer, let

U(sf) = {j\gteA? for some /}

and V(s/) = {l,2,...,m}\U(s/). We write di(sf) = min{k:gieA2} for je U. Then
Cm{s4) may be written as

= {co-.X^co) = dj for ye U, X}(co) > r for ye V),
where

Let T = s1 s2... sm. We claim that

i n - 0 - (2.8)
-* jev

To see this, let rj = {rj^ rf2,..., r}m) be a sequence of positive integers satisfying r\i ̂  s,
for all j , and let

D{rj) = {co-.X^co) — rjj for 1 <,j ^m).

Now fiT(D(rj)) is the proportion of integers k such that 1 ̂  k ^ Tand ^1(^ + ^—1)
for 1 <y ^ m. If A;: and /:2 are two such numbers then s; | {kx—k2) for ally ( ^ m), so
that T| ( ^ — k2), and therefore A:x = k2. Thus there is at most one such value k for any
rj. On the other hand there are s1 s2... sm = T possible choices for rj, and there are
exactly T values of k. Therefore, for each rj, there exists exactly one value of k. Hence
HT{D{rj)) = \/T for any rj. Summing over all rj satisfying r\i = S} if ye U and r\i > r if
je V, we obtain (2.8). Note also that nkT(Cm(sf)) = fiT(Cm(s/)), since every pattern
of labels drawn from (g19g2,...,gm) recurs at intervals of length s1s2...sm = T.

There remains a detail. Clearly

by (2.8). Now njnn(C
m(s/)) is monotone in « so that, if kT^n<(k+I) T, then

However n — T<kT^n, so that

^ ^iJ . . . .V (2-10)

We combine (2.7) with (2.10) to obtain

I - + -slst...sm. (2.11)
)>mSj n
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Letting n -> oo and then m -> oo, we conclude that ptn(C(s/)) -> ii{C{$f)), and (2.3) is
proved.

There remain two steps before the proof is complete. First, we have to prove that
H is specified by its values on cylinders C{$0), and secondly, we must show that the
sequence (jin'.n^ 1) is tight. The result will then follow in the usual way (see [1, pp.
35 et seq.]).

That /i is determined by the finite-dimensional cylinders is easy to see—simple
calculations based on the quantities (j.(C(s#)) show that, for any measure v
agreeing with fj. on the finite-dimensional cylinders, the random variables
X}(co) = mminigjEcoJ are independent with mass functions v(Xj = k)= \/s} for
1 ^ k ^ sp and therefore v = fi.

Finally we show that (jin:n^l) is tight. Let m = {mx,m2,...) be a strictly
increasing sequence of positive integers, and let

K(m) ^{coe^-.co^ig^g,,..., gm) for all /}; (2.12)

then K(m) is a compact subset of the topological space ^°°, endowed with the
discrete product topology. Let e > 0; we shall show that there exists m such that
fj.n(K(m)) > 1 - e for all n.

Let (tt: i ^ 1) be a non-decreasing sequence of positive integers such that / ( - • oo
as i-> oo, and

E ^ < o o ; (2.13)
}-isj

such a sequence exists since 1 /s} is summable. Suppose further that mt ->• oo
sufficiently fast that

mx^R, mtj^j for ally, (2.14)
where R has been chosen such that

Now,

fin(K(m)) = - £ Jt, (2.16)

where j£ is 0 or 1, taking the latter value if and only if y ̂  mks _i+1 for all s^Sf and
all k ^ 1 satisfying ksi ^ /. Let

/= |J {^-^-(-l,^-^ + 2,...,m.

We claim that ^ = 1 if i$I. To see this, suppose that i$I. Let ^ e ^ and let
K = Ki be the smallest value of k such that ksj ̂  i. Ifj^R then Kst — i ^ t}, so that
j^mt ^mKS_i+1 by (2.14); the numbers w4 are non-decreasing, so that a similar
inequality is valid for all k ^ K. On the other hand, if j < R then j < mr for all r ̂  1
by (2.14). Thus the claim is valid, and it is then a consequence of (2.16) that

^(AT(m))^ l - - | / n { l , 2 , . . . , « } | .
n

However,

-\lO{\,2,..-,n}\^-L — <^ by (2.15)

and the proof is finished.
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3. Proof of Theorem 2

Let Sf = {sx, s2,...), where st = p\, the square of the fth prime. For positive integers
j and k, \ttf]k: ^°° -> {0,1} be the indicator function of the event that there are exactly
j values of ie{l,2,...,fc} with the property that cot = 0 . Then ffk is a bounded
continuous function on the product space ^°°, so that

fjkdju as«-KX),

by Theorem 1. Hence

lim-\{me{l,2,--.,n}:Sk(m)=j}\=PkU)
n-»oo

exists, where Sk(m) is the number of square-free numbers in {m,m+ \,...,m + k— 1}
and />*(./) = //(Ifc =7), with Ifc the random variable

We introduce the indicator variables

10 otherwise,
so that

The measure yw is stationary, so that mk = £"(2̂ .) satisfies

^k, (3.1)

in agreement with (1.6); here and later, such products and sums are over all primes
p. We note that Hall [4] has proved that the variance a\ = var (Efc) satisfies

(3.2)

as k -> 00, for all e > 0, where

The lower bound in Theorem 2 is an immediate consequence of an application of
Chebyshev's inequality (see [3, p. 186]). With Mk = sup^/?fc(y), we have that

(1 +2aak)Mk > M|I,-£SJ < aak)

>\—? fora>0.
a2

Setting a = \/3 and using (3.2), we obtain the required lower bound.
The upper bound for Mk is the principal component of Theorem 2, and the idea

of its proof is as follows. We divide 9* into two parts, Sf = J£ [) J/', where

Jt =
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For any o e r , we call an integer ie{l,2, ...,k} M-free if gi^(Di for all s}eJ(. If A:
is large then the number of ^-free integers does not generally differ greatly from the
number "Lk of integers /e{l, 2, . . . , k} for which gj^(ai for a l l / Now, for each SJGJV,

the corresponding label gt can occur at most once amongst a>ls co2,..., cok, and gf

occurs exactly once with ^-probability k/s}. Writing N for the (random) number of
occurrences of the gi (for s^Jf) amongst the cot (for 1 ̂  i"^ k), we have that

where J} is the indicator function of the event that g^ occurs somewhere; J} takes the
value 0 or 1, the latter having probability k/sr It is not difficult to check that
the distribution of N is approximately normal with mean and variance of order
^k/\ogk, and thus the maximum value of its mass function has order k~*(\ogk)*. In
the words of Richard Hall, the large primes muddy the water to the correct degree.
We shall make the above argument rigorous. In doing so we shall make use of the
asymptotic relations

£ a s x - > o o , (3.4)
xp* xlogx

asx->oo, (3.5)

easily derived from [6, Theorem 415], together with the estimate n{n) ~ n/\ogn for the
number n(n) of primes not exceeding n.

Fix k, and let
JO if gi G (oi for some si e M,
U otherwise,

and write

the number of ^-free integers in {1,2,...,k}. Certainly x¥lc ̂  Ifc, so that

tTxg^-Ol**) C3.«

by Chebyshev's inequality and (3.2). Writing T for the set of ^-free numbers, we
have that

t. (3.7)

Let Af be the number of times that some gi (with s} e J/") belongs to some cot (with
ieT). Conditional on T, N can be expressed as

N= E Lp (3.8)

where
. v _ fl if ^eco( for some ie T,

Lj(co) — \
10 otherwise;

it is easy to see that
KL, = 11 T) = \T\/ss. (3.9)

Now Zt = \T\-R, where

R = |{/ e T: g} e co{ for some s, G JV}\ .
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Hence
* =j\ \T\ = t)fi(\T\ = 0

t

n{\T\ < \k)+ £ //(/? = /-y| in = OMÎ I = 0

( 3 1 0 )
by (3.7), where

>/, = s u p M * =y | i n = 0:0 <y < r,|A: ^ f ^ *}.

The theorem will therefore be proved once we have shown that

\f (3.11)
for some constant y. *

Fix / such that \k ^ / ^ k. We shall show (3.11) in two steps. First we shall explore
the asymptotic distribution of N for large k, and then we shall show that the
distributions of N and R are sufficiently close to one another. For ease of notation,
we shall write f/, E\ var( for the corresponding mappings conditional on m = t- We
have from (3.8) and (3.9) that

r T asM^oo (3.12)

by (3.4), where 0 = 0(t,k) = t/k. Similarly,

(3.13)

Let <&tk be the normal distribution function with mean E^N) and variance
It is a consequence of the Berry-Esseen bounds (see [2, p. 544]) that

P flog*)*
~ 7 l 3£-£ 2 k*

for some constant y r Now \ ^ 0 ^ 1, so that we may choose ^ such that

doe Af)»
x)-®tk(x)\ < y.^-fr^, (3.14)

k
uniformly in appropriate values of /. We have from (3.14) that

i)-ti\N ^i-\)

(3-15)

for some absolute constants y2 and y3.
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We shall need one more estimate for N, for use later. Another application of
Chebyshev's inequality yields

ft{\N-E'{N)\ > \E

2(3/?-l2)logA:
3/?2

so that

for some absolute constant yi and all large k.
We turn our attention to the random variable R, which we think of as the number

of distinct targets hit when N bullets are fired (independently of each other) at targets
chosen at random from a collection of t. Clearly

A* =J) = L AR =J\N=
i

^ i) (3.17)

for all large k, by (3.16). Elementary calculations (see for example [6, p. 5]) show that

EXR\N=i) = i-jt + o(P/i) (3.18)

and

varf0R| # = 0 = t-+o(P/t). (3.19)

Suppose henceforth that i^4\/k/\ogk, and note from (3.18) and (3.19) that
H=i—R has conditional mean E\H\N = i) = P/(2t) + o(i2/t) and conditional
variance \SLT\H\N= i) = i7(2/) + o(/Y0- Therefore

i-j\N = 0

32 1 i,
^ n 7^T-—^-TTi s i n c e l ^ \k

by Chebyshev's inequality, for all large k. Hence the summation in (3.17) is no larger
than

by (3.15), for some constant y5. We obtain via (3.17) a bound of the form of (3.11)
as required.
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