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A NON-MARKOVIAN BIRTH PROCESS
WITH LOGARITHMIC GROWTH

G. R. GRIMMETT, University of Oxford

Abstract

I show that the sum S, = 2% _, X, of independent random variables converges
in distribution when suitably normalised, so long as the X, satisfy the following
two conditions: u(n)= E|X,| is comparable with E|S, | for large n, and
X../u (k) converges in distribution. Also I consider the associated birth process
X(t)=max{n: S, =t} when each X, is positive, and I show that there exists a
continuous increasing function v(t) such that

limsup P(Y <u)
] P(X(t)-v(t)<u)= {
liminf P(Y+1<u)

for some variable Y with specified distribution, and for almost all u. The
function v, satisfies »(t) = A (1 + o(t))logt. The Markovian birth process with
parameters A, = A", where 0 < A <1, is an example of such a process.

BIRTH PROCESS; CONVERGENCE IN DISTRIBUTION; SUMS OF INDEPENDENT RANDOM
VARIABLES

1. Sums of independent random variables

Let {Xi: k =1,2,---} be a sequence of independent random variables with
partial sums

S.= > X
k=1
Under certain general conditions the theory of the limiting distribution of the

normalised sum

=S
Sn_b" Qn

is well established. It is customary to suppose that the random variables

X _ an

Kok = b. n

in the sum
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Si= 2 Xu
k=1
are uniformly asymptotically negligible (u.a.n.), which is to say that for any ¢ >0
sup P(| X | >€)—>0 as n—x,
k

and Gnedenko and Kolmogorov [2] study such sums in detail. Little is known in
general about sums of random variables which are not u.a.n., and it is with such a
sequence that I am concerned here.

Henceforth I shall suppose that the X, satisfy

(1) w(k)=E|X.|<%, and
wk)w(k +1)=> A (0<A<1) as k—=x.
2) Xi/u(k)—>L, as k—ox,

in distribution, for some random variable L.

The limiting distribution of
3) S.=S./u(n)
is given by the following theorem.

Theorem 1. Asn—x
) S, —>Z

in distribution, where

(5) Z= i AkLk

k=0
and the L, (0= k <x) are independent random variables distributed like L.

What distributions may Z, defined by (5), have? Jessen and Wintner [5] have
proved that Z is of pure type, which is to say that its distribution function is
either absolutely continuous, singular or purely discontinuous. Clearly the
distribution function of Z may be any of these three. If L is constant (a.e.) then
sois Z. If L is Bernoulli taking values 0 and 1, each with probability 7, then Z is
uniformly distributed in [0,1] if A =3, and i Z has the Cantor distribution if
A =3 At any rate, a theorem of Lévy [6] ensures that Z has a continuous
distribution function if and only if L is not constant (a.e.). Note that Z is
normally distributed if and only if L is normally distributed. It is obvious that the
latter condition is sufficient. Its necessity follows from a theorem of Cramér ([1],
p. 525).
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The normalising factor in Equation (3) is unusual in the sense that it is more
common to divide by some function of the sum S, itself. However u(n) is
comparable with the quantity

© M(n)= 3 u(k)
in that
w(n)/M(n)—1-2A as n— o,
This is shown by the next lemma, which I shall need in the proof of Theorem 1.

Lemma. For any real sequence {x.} with partial sums s, =Z2;_,x. the
following statements are equivalent:

(a) X/Xea—=A (0<A<1) as ko
(b) Xn/sn—>1—A as ko
(c) Sn/Sws1—> A O<A<l) as k—oox.

It follows that the conclusion of Theorem 1 may be amended to read
S./M(n)—>(1-1)Z as koo

in distribution.
It is easy to deduce the next result from Theorem 1.

Corollary 2. If r>1 is given, and {X.: k=1,2,---} is a sequence of
independent random variables which satisfy

) ak)=(E|Xi|")" <, and
ak)ak+1)—A (0<A<1) as k—x
8) Xi/a(k)— K, as k — o, in distribution,
then
© S./a (n)— > A*K, as koo
k=0

in distribution, where the K, are independent random variables distributed like K.

2. A birth process

Suppose now that {X.: k =1,2,---} is a sequence of positive random
variables which satisfy Equations (1) and (2). The distribution of the associated
birth process
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X(t)=max{n: S, =1t}

may be studied through the distributions of the S,, because X (t) = n if and only
if S, =t < S.... I will use this simple relation to study the distribution of X (¢) for
large t.

Theorem 3. If L is not constant (a.e.), there exists a continuous increasing
function v(t) such that

limsup

t—>o0

P(Y <u)
(10) ] P(X(t)—v(t)<u)= {

lim inf P(Y +1< u)

for all u, and for some random variable Y with specified distribution.
The variable Y in Theorem 3 is defined by
(11) Y=-log.Z

where Z is given by (5), and uA =1. Y is finite almost everywhere because the
distribution function of Z is continuous by the comment after the statement of
Theorem 1. The function v(t) is not necessarily unique, although the points ¢t at
which »(t) is integer-valued are specified by the process X. The method of
construction of v in the proof ensures that

v(t)=(>1+o0(t))log.t.

This theorem is best possible in the sense that X(t)— v(t) converges almost
nowhere because it has infinitely many jump discontinuities of unit size in any
infinite time interval with probability one. Note however that X is an honest
birth process if and only if L is not identically zero. This is an immediate
consequence of Theorem 1 because

P(X(1) =) =lim P(S, 1)

= P(Z=0)

if the distribution function of Z is continuous at zero.

The case when P(L =1[)=1 (I =0) raises few difficulties, since then Z is
concentrated at the point //(1—A), and a trivial modification of the proof of
Theorem 3 shows that (10) holds so long as neither u nor u — 1 has the value
log,. (1—A)/l. Hence

0, if u<log.(1—A)l
lim P(X (1)~ v(t)<u)= {
1, if u>1+log, (1-A)I
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and

limsup

t—x

1
}P(X(t)—v(t)<u)= if 0<u-—log, (1-A)/I<1.
lim inf 0

If L is concentrated at zero then / =0 and
]ll_llz P(X(t)—v(t)zu)=1, for all u.
Waugh [7] has studied birth processes of the same general type as I consider
here, but he was interested in processes with increasing arrival rates.
Examples
(a) Xi is geometrically distributed as
P(Xe=j)=A(1-A) 0=j<oo,
where 0 <A < 1. Then
p(k)=p* =1,
where uA =1, and
Xi/un(k)— E as k—ox

where E is negative exponential with parameter one. A possible choice for the
function v(t) in Theorem 3 is

v(t)=log, (¢t +1).

This is closely related to a process occurring in the study of the chromatic
number of a random graph (see [3], [4]).

(b) X, is negative exponentially distributed as
P(X« > u) =exp(— uAv), uz0,
where the A, satisfy
A >0, A/ A — A as k—x
and 0 < A <1. Then
w(k)= A"

and the distribution of X, /u (k) is negative exponential with parameter one for
all k. A possible choice for v(t) is the inverse of the function

w(X)=A Aea/A), x=1,

where n = [x] is the integral part of x.
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(c) X is distributed like a. X where X is some positive random variable with
E| X | <=, and the a, satisfy

a. >0, A /a1 — A, as k—ox

and 0< A < 1.

3. Proof of results

Proof of the Lemma.

(a) =-(b).

Choose € >0 such that

O<A—e<A+e<l.

There exists N such that

(12)

X
A—e <2

<A+e whenever k = N.

Xk +1

Fornzm=N

(13)

where

satisfies

(14)

S,, = Sm—-l + Sm,n
n
Smn = D0 X
k=m

2"‘, (A —g)ksinng Z (A+e)y™
k=m Xn k=m

by (12). Letting n —x, m —« and ¢ | 0, in that order, (14) yields

Smin )
e (1= )

Equation (b) now follows immediately because

in (13).
(b) e (c).

15)
(b) = (a).

Sm -1

—(0 as n-ox
This is immediate because

Sn =1- Xn+1
Sn+1 Snet

We have that
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(/) e
Sn Sn+l
and it follows from Equation (15) that

lim = = lim =2 = A,

n—=x Xpiq n—x 5,41

Xn

Proof of Theorem 1. First note that the sum (5) converges almost
everywhere because the partial sums

n—1
(16) Z,= > AL,
k=0
form a semimartingale which is uniformly bounded in L' since
E|L|=1

by (2).
We shall need that the characteristic function

¢ (1) = E(exp (itX))
of any random variable X satisfies
17) [1-¢(t)| = E|tX].
To see this, let F be the distribution function of X, and write

1=6 @) = [11-e™|aF @)

= f (2(1— cos tu))* dF (u).
Equation (17) follows because
costu=1—-45t’u?, tw=0.

Let ¢, ¥, f., g~ be the characteristic functions of Xi, L, S., Z,. respectively.
Then for n = m '

|20~ 8] = Pran ()] (11~ foem (i (1 = m )/ ()

(18) 1= (@n (0/Pua (1))
where
(19) Prit)= 1 ultlu(n).

It is clear that
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(20) G i (tlp(n))—=> (A1)  as n—ox
by (1) and (2). Thus
P..t)—gn(t) as n—x,

and so, using (17),
Q1) limsup [ f.(t) = gn(t)| = |t | limsup (E | S, |/pa(n)).
But
E|Syn|= Em w (k)
which gives
limsup (E[S, . [/n(n))=A"(1-A)" as n—w

by the Lemma. Hence

(22) lim limsup | f.(t) = g.(t)| =0.
Thus
23) lim f.(1)= lim g.(r)

as required to prove the theorem. It is easy to check that (23) follows on from

(22). To see this, let

a. =Re(f.(t)),  b. =Re(g.(1)).
be the real parts of f, and g. respectively. Then

0= lim limsup | f.(t) = gn ()]

z lim limsup | a, = b.. |

m-—x n-—

1%

| limsup a, = lim b, |

v

Oa

which implies that

limsup a, = lim b,.

n—
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But the same argument holds for — a, and — b,., showing that a, — b, =0 as
n — . Since this holds for the imaginary parts of f. and g. also, we have
established the truth of (23), and thus completed the proof of the theorem.

Proof of Corollary 2. Equations (7) and (8) imply that
E|K

=1

and
(24) E|X.|/a(k)— E|K| as k —oc,

We may assume that m = E | K| satisfies m >0. A trivial modification is
sufficient if this is not so. By (24), u(k) = E | Xi | satisfies

(25) u(k) a(k)—m,

and so

. opk) . a(k)
m Gk +D) - Mk +1)

=A
Also
Xi/u(k)— K/m as k>
in distribution, by (8) and (25), and Theorem 1 tells us that

S. RN
A K
m(n -m kZo y

in distribution. This gives the result by using (25) again.

Proof of Theorem 3. We may extend the domain of the function u from the
positive integers to the interval [1,«) in such a way that the new function is
continuous, strictly increasing, and satisfies

26) lim —)

== p(xtu)

for any u. An example of such an extension is given by

p(x)= u(n)(”—(n—tl)y_", xz1,

p(n)

where n = [x] is the integer part of x. The inverse function v of u is uniquely
defined by

v(n(x)) = x, xz1;

v is continuous and strictly increasing on the interval [ (1), «).
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For any u and all sufficiently large ¢
@7) P(X()Zu+v(t))=P(Suran=1).

Writing s = v(t) we have that t = u(s) and so

(28) P(X()Zu+v(1))= P(S,’W.Jéﬂ—([’;—(i—);ﬁ)*

where S, is defined by (3). But
(29) pu+s—D=p(u+s))=up(u+s),

and substitution into (28) yields

P(X(1)-v()zu)= P(s;u+s]<L(SL)

» p(u+s)

(30) - P(Z=A\") as s — .

G. R. GRIMMETT

The last step follows because the distribution function of Z is continuous, by the
comment after the statement of Theorem 1, and by the fact that for any sequence
{F.: k =1,2,---} of distribution functions converging pointwise to the continu-

ous distribution function F
Fi(xx)— F(x) whenever x, — x.

We deduce from (30) that

@31 limsup P(X(1)—v(1)<u)=P(Y <u)
where Y is defined by
Y = —log.Z
Similarly, by (28) and (29),
(32) lim inf P(X(t)-v()<u)z P(Y +1<u).

To show equality in relations (31) and (32) we evaluate the limit in (28) as s runs
through the sequences {n —u: n=1,2,---}and{n+1-n"'"-u:n=1,2,---}

respectively. This completes the proof.
It is clear that
(33) v(t)y=(1+o(t))log,.t

For
((x)"—>p  as x—>x

by (1) and (26). Substituting x = v(s) and taking logarithms we obtain (33).
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Finally note that
P(X(un(r)zr)»P(Z=u)

as r —oc through the integers.
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