Problems Solutions [7.11.17]ś[7.11.19]

It may be checked that X′ and Y ′ have the same distributions as X and Y , and furthermore, P(X′ ≠ Y ′) = P(Z = 0) = 1 − μ = 12 dTV(X, Y ).

(e) By part (d), we may őnd independent pairs (X′i , Y ′i ), 1 ≤ i ≤ n, having the same marginals as (Xi , Yi ), respectively, and such that P(X′i ≠ Y ′i ) = 12 dTV(Xi , Yi ). Now, dTV � n� i=1 Xi , n� i=1 Yi � = dTV

� n� i=1 X′i , n� i=1 Y ′i �

≤ 2P

� n� i=1 X′i ≠ n� i=1 Y ′i � ≤ 2 n� i=1 P(X′i ≠ Y ′i ) = n� i=1 dTV(Xi , Yi ).

17. If X1, X2, . . . are independent variables having the Poisson distribution with parameter λ, then Sn = X1 + X2 + · · · + Xn has the Poisson distribution with parameter λn. Now n−1 Sn D −→ λ, so that E(g(n−1 Sn)) → g(λ) for all bounded continuous g. The result follows. 18. The characteristic function ψmn of

Umn =

(Xn − n) − (Ym − m) √ m + n

satisőes

log ψmn(t) = n � eit/ √ m+n − 1 � + m � e−it/ √ m+n − 1 � + (m − n)it √ m + n

→ − 12 t2

as m, n → ∞, implying by the continuity theorem that Umn D −→ N(0, 1). Now Xn + Ym is Poissondistributed with parameter m + n, and therefore

Vmn = � Xn + Ym m + n P −→ 1 as m, n → ∞

by the law of large numbers and Problem (3). It follows by Slutsky’s theorem (7.2.5a) that Umn /Vmn D −→ N(0, 1) as required.

19. (a) The characteristic function of Xn is ϕn(t) = exp{iμnt − 12 σ 2n t2} where μn and σ 2n are

the mean and variance of Xn. Now, limn→∞ ϕn(1) exists. However ϕn(1) has modulus e−^12 σ^{2n} , and therefore σ 2 = limn→∞ σ 2n exists. The remaining component eiμ^n t of ϕn(t) converges as n → ∞, say eiμ^n t → θ(t) as n → ∞ where θ(t) lies on the unit circle of the complex plane. Now ϕn(t) → θ(t)e−^12 σ^2t^2 , which is required to be a characteristic function; therefore θ is a continuous function of t. Of the various ways of showing that θ(t) = eiμt for some μ, here is one. The sequence ψn(t) = eiμ^n t is a sequence of characteristic functions whose limit θ(t) is continuous at t = 0. Therefore θ is a characteristic function. However ψn is the characteristic function of the constant μn, which must converge in distribution as n → ∞; it follows that the real sequence {μn} converges to some limit μ, and θ(t) = eiμt as required.

This proves that ϕn(t) → exp{iμt − 12 σ 2t2}, and therefore the limit X is N(μ, σ 2). (b) Each linear combination s Xn +tYn converges in probability, and hence in distribution, to s X +tY . Now s Xn + tYn has a normal distribution, implying by part (a) that s X + tY is normal. Therefore the joint characteristic function of X and Y satisőes

ϕX,Y (s, t) = ϕs X+tY (1) = exp � i E(s X + tY ) − 12 var(s X + tY ) � = exp � i(sμX + tμY ) − 12 (s2σ 2X + 2stρXY σX σY + t2σ 2Y ) �