Mixing Times of Markov Chains, Michaelmas 2024 and 2025 as2572Q@cam.ac.uk

Example Sheet 3

Questions marked with * are optional. Please hand in Questions 2, 8 and 13.

1. Let X be a reversible Markov chain on the finite state space S with invariant distribution 7.
Let A C S and set Tf = min{t > 1: X; € A} to be the first return time to A. Consider now
the induced chain on A, i.e., the chain with transition matrix

Py(z,y) =P, <XTX = y) for z,y € A.

(a) Find the invariant distribution of the chain with matrix P4 and show that it is reversible.
(b) Let ¢ : A — R be a function and define p(z) = E,[p(X7,)]. Show that Py = Paep.

(c) Let v4 be the spectral gap of the chain with matrix P4 and « the spectral gap of P.
Prove that v4 > 7.

2. Let A C [0,n]?>NZ? be obtained by removing the vertices of [0, ]2 NZ? with both coordinates
even. Consider a simple random walk on A and let v4 be its spectral gap. Using comparison
results or otherwise, prove that there exists a positive constant ¢ so that
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3. Let 7 be a distribution on the finite set S. Consider the transition matrix P(x,y) = w(y) for
all z,y € S.

(a) Show that the spectral gap of the matrix P is equal to 1.

(b) Consider the Markov chain on S™ which at every step chooses one coordinate at random
and moves it according to the matrix P. Let ~ be its spectral gap. Show that v = %

(¢) Deduce the Effron-Stein inequality: let (Xi,...,X,) and (X7],..., X)) be i.i.d. vectors
distributed according to w x --- x w. Let f:S™ — R be a function. Show that

Var (f(X)) < %ZEXW(Xl, X)) — (X X, X X X))
=1

4. Show that for any transition matrix P on S with invariant distribution 7, and A C S we have

Q(A, A%) = Q(A% A), where Q(A,B) = ZIEA,yEB Q(z,y) and Q(z,y) = 7w(z)P(x,y) for

x,y € S. Use this to show that ®,.(P) = &,(P*) = <I>*(P‘EP*), where @, (R) is the bottleneck

ratio corresponding to transition matrix R and P* is a time reversal of P.

5. * Show that there exists ¢ € (0, 1) sufficiently small such that

n/2 (1+8)ky 2
Z<n>( 'fl) — 0 asn — oo,
k=1 ok (k;)

thus completing the proof of Theorem 5.25 .

6. Let P be a transition matrix on .S and recall that A is the spectral profile, ®, is the isoperi-

metric profile, y(P) is the Poincaré constant, ® is the bottleneck ratio and for A C §

. 13 . - . . .o
Ao(A) = infrea) ﬁ?i“(gf) = infrcq(a) % where Pa(i,j) = P(i,j) for all 3,5 € A
and 0 otherwise, and that for r > mpi, we defined Ag(r) = infr(4)<, Ao(A). Show that:
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ﬁm))\o(/l) and therefore Ag(r) < A(r) < ﬁAO(T)

)
) A(3) < 2v(P)
: : . P
(c) when P is reversible A\g(A) is also the smallest eigenvalue of matrix (I — Pa)ijea
) $®2(m(A)) < Ao(A) < ®(A) and conclude the generalised Cheegers inequality saying

T

Show that for a lazy Markov chain X on S with invariant distribution 7 and distribution p

on S we have
4
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. Let GG be a graph obtained by adding some edges to the two-dimensional box of side length n

so that the maximal degree of every vertex is at most some constant A > 4. Let ¢y be the
mixing time of a lazy simple random walk on G.

(a) Prove that tp;, < n?.

(b) Show that there exists an example of such a graph G (i.e. box with added edges in such
a way that the degrees are bounded) such that tpix =< logn.

(¢c) By upper bounding the spectral gap using variational characterisation, or otherwise,
show also that if d,, > 0 is such that any added edge connects vertices which have graph
distance in the box at most d,, (i.e. sum of distances of their first and second coordinates

is < d,) then tyix = %.

. Let tmix be the mixing time of the lazy simple random walk on a graph G. In this question,

we consider graphs G obtained by taking two bounded degree graphs G; and G5 (whose sizes
depend on the parameter n) and adding f,, > 0 edges between them such that the degrees of
G stay bounded by a constant A > 0 (not depending on n). Show that the following holds:

(a) If G; and G9 are expanders on n vertices, then tmix S max{’}—z, logn} (regardless of how

the f, edges are added, as long as degrees are at most A). Conclude that there exists
a sequence of bounded degree graphs which are not expanders such that the nth graph
has < n vertices and the mixing time of a lazy walk on it is of order log n.

(b) If Gy and G4 are two-dimensional boxes of side length n and there exists a constant ¢ > 0
(which does not depend on n) such that f,, > cn?, then tyix < n? (regardless of how the
fn edges are added, as long as degrees are at most A).

(c) Let ¢ > 0 be a constant and let G; and G2 both be copies of two-dimensional boxes
[0,1)? of side length n and let G be a random graph obtained by adding edges between
them at random as follows. For each vertex (z1,72) € [0,n]? with probability ~ add an
edge between the vertex corresponding to (z1,z2) in G and the vertex corresponding to
(z1,22) in G2 independently of other edges. Show that for the random graph G obtained
in this way, we have that ¢, =< n? with probability which converges to 1 as n — co.

Let M > 0 be a constant. Show that if one changes (adds or deletes) at most M edges from
all graphs in an (A, «, ¢)-small set expander family, in such a way that the graphs obtained
stay connected, then the family of graphs obtained is still a small set expander. When adding
edges, it is allowed to add vertices (as long as they are connected to the rest of the graph by
some new edge), and if all edges from a vertex are deleted, then the vertex is also deleted (so
that the graph remains connected).
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Show that a (A, a, ¢)—small set expander G = (V, E) can be decomposed into expanders of
comparable sizes, i.e. show that there exists constants k,d,e > 0 (depending only on A, «, c)
and sets Vi, Va,..., Vi C V such that V = Ule V; and V; are disjoint subsets satisfying that
inf,< |Vi|/|[V| > 0 and that G; = (V;, E;) is a (A, €)-expander, where E; C E are all the edges
with both endpoints in V;.

Let A,k be fixed integers not depending on n and let ¢ € (0,1) be a positive constant which
also does not depend on n. Let G = (V, E) be a A regular graph with |V| = kn and let
Vi,..., Vi be a partition of V into disjoint sets of size n. Let P be a transition matrix of a
simple random walk on G. For all ¢ < k assume that P; is a transition matrix on V; satisfying
Pi(z,y) = P(z,y) for x # y and Pi(z,2) = 3. 4y, P(z,y). Assume that for all i < k, the
spectral gap of P;, ; satisfies ; > c. Let v be the spectral gap of P, and let 7y be the spectral
gap of a transition matrix P on {1,...,k} with transitions P(i,j) = > P(z,y) for
all ,7 < k. Let m; for ¢ < k, m and 7 be invariant distributions of P;, P and 15, respectively

; ; mi(x) 3 yev, Plzy)
and let 7} for i # j be distribution on V; defined by 7 (z) := vey

1
€V, Y€V n

For any

P(i.j)
non-constant function f on V' show that
k
S (B[] = Belf)? < 5 3 Pl6. )20 ] By 1) + (B, 171 — By 1)),
i=1 i#]
S PG NEL Bl <Y Y CP@y)(f@) - f)? and
i#j i#j T€V;,yeV;
> Pl ) (Er ] =B [f)? <) Varr, (f),
i#] i<k

and hence or otherwise show that «v 2 ¢. By considering an appropriate function, show also
that v < 4. Show that the mixing time of # satisfies tmix < logn + % and that if 5 < L

logn
then # does not exhibit cutoff.

Consider the exclusion process on the complete graph Ko, on 2n vertices: there are n indis-
tinguishable black particles and n indistinguishable white particles. Each vertex is occupied
by exactly one particle. At each time step, an edge is chosen at random, and the particles at
its endpoints are swapped. Using path coupling or otherwise, prove an upper bound on the
mixing time of order nlogn.

* Let G be a graph of maximum degree A. Let ¢ > A + 2. Show that the Glauber dynamics
on the space of proper g-colourings is an irreducible Markov chain.

Let A < 1 be a positive constant. A triangulation of n x 1 rectangle, with vertices (0, 0), (n,0),
(0,1), (n,1) is a partition of the rectangle into 2n triangles such that each triangle has area ;
and has one side length either (z,0), (z + 1,0) or (z,1),(z +1,1) for 0 <z < n — 1. Here is
an example of a 6 x 1 triangulation.

Consider a Markov chain on triangulations of n x 1 rectangle with the following transitions:
pick a uniformly at random value x € {1,...2n — 1}; look at the line in triangulation which is
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17.

passing through the point (%, ) and if that line of the triangulation connects (a,0) and (b, 1)
then do the following

e if swapping this line to a line connecting (a — 1,0), (b+ 1,1) gives a valid triangulation,
then make this swap with probability
A\2+b—a|
\b—al + \2+b—al’

and otherwise do nothing

e if swapping the line to a line connecting (a + 1,0), (b — 1,1) gives a valid triangulation,
then make this swap with probability

A\b7a72|
M\b—al + Mb—a=2|’

and otherwise do nothing
e if neither of the two swaps are possible, then do nothing.

Show that the mixing time of the above chain is at most of order n?.

[Hint: Use the path coupling technique where the distance between triangulations which differ
in one edge only is set to be 1 if the edge where they differ has unit horizontal length in both,
while it is of if the edge where they differ has horizontal length ¢ in one triangulation, while
it has £ + 2 in the other. The horizontal length of the edge is just the absolute value of the
difference between the first coordinates of its endpoints.|

Let < be a partial order on {1,2,... ,n}E|. A linear extension of < is a total ordelﬂ = on
{1,2,...n} that respects <, i.e. for alli,j € {1,...,n}, i < 7 implies i = j. Let S be the set of
all linear extensions of <. Consider a Markov chain on S with transitions from some = from S,
for which a1 = a2 S as... = ay, defined as follows. First, let p be chosen at random from the
set {1,...n—1} such that p = i with probability li((:;r)g and let ¢ € {0, 1} be picked uniformly
at random. If ¢ = 0 the chain stays in place, while6 if ¢ = 1 if swapping the order of a, and a,1
still gives a linear extension of < then the two elements are swapped i.e. the chain is moved
to the total order 31 for which a1 Z1 a2 Z1 ... ap—1 Z1 apyr1 Z1 ap T1 apy2... 21 ap, and if
this transition does not give a linear extension of < then the chain stays in place. Show that
the invariant distribution of this chain is the uniform distribution on S and that the mixing

time satisfies tyix < n3logn.

[Hint: Consider a length function defined on a graph where vertices are permutations corre-
sponding to orders in S and two permutations are connected if they only differ by a transpo-
sition.]

* Let G be a finite graph and consider the Glauber dynamics for the Ising model on G. Show
that for all values of the inverse temperature 8 we have

n

trel > 5

(Hint: Use the test function which is the spin at a single vertex.)

Lpartial order is a relation which satisfies: < z; if z <y and y < z then z < z; if < y and y < z then z = y.
2total order is a partial order for which for any two elements x,y either = y or y = z; you can think of total
orders as permutations of elements where if z is before y in the permutation then z 3 y.



