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MARKOV CHAINS

1. Definition and basic facts

Definitions and basic properties, the transition matrix. Calculation of n-step
transition probabilities.

This course is a logical continuation of IA Probability. We will study a
class of random processes describing a wide variety of systems of theoretical
and practical interest (and sometimes simply amusing). This class is called
Markov chains, after the Russian mathematician A. Markov (1856-1922) who
introduced and developed this elegant concept in the 1910’s, 25 years before
the notion of probability was shaped (in the 1930’s) in the manner we use
it today. This shows that a deep insight into the subject is possible without
using sophisticated mathematical tools. It may also be an explanation why
Markov chains are popular in so many different disciplines that are seemingly
far from pure mathematics.

The basic model for the course will be a system that changes its state in
discrete time, according to some random mechanism. The collection of states
is called a state-space and throughout the whole course will be assumed finite
or countable; we will denote it by I. Each ¢ € I is called a state; our system
will be always in one of these states. Sometimes we will know what state
the system occupies and sometimes we will only know that the system is
in state ¢ with some probability. Therefore it makes sense to introduce a
probability measure or probability distribution (shortly, a distribution) on I.
A probability measure A on [ is simply a collection (A;, ¢ € I) of non-negative
numbers of total sum one:

iel

We can think of a unit ‘mass’ spread over set I where point ¢ has mass \;.
For that reason it is sometimes convenient to speak of a probability mass



function i € I — A;. Then the probability of a set J C I is A(J) =) ,.; ;.

If \; =1 for some ¢ € I and A\; = 0 when j # ¢, the distribution is ‘con-
centrated’ at point 7. Then the state of our system becomes ‘deterministic’.
We will denote such a distribution by 9;.

Sometimes the condition ), ., A; = 1 is not fulfilled; then we simply say
that A is a measure on I. If the total mass ) .., A\; < oo, the measure is
called finite and can be transformed into a probability distribution by the

normalisation: \; = \; / djer
D ier A= Dicr N /Zj€1 Ai = 1. But even if ), A\; = oo (i.e., the total

mass is infinite), we still can assign a finite value A(J) = > .., A; to finite
subsets J C I.

A; will define a probability measure on /I, as

The random mechanism that causes the change of the state is described by
a transition matriz P, with entries p;;, ¢, € I. Entry p;; gives the probability
that the system will change state ¢ to j in a unit of time. That is, p;; is the
conditional probability that the system will occupy state j at the next time
given that it is currently in state 7. Hence, we have that each entry of P is
non-negative but not greater than 1, and the sum of entries along every row
equals 1:
0<py<1Vijeland ) p;=1Viel. (1.2)
jel
Matrix P with these properties is called stochastic. By analogy, a probability
distribution (\;) on I is often called a stochastic vector. Then a stochastic
matrix is the one where every row is a stochastic vector.

Examples. 1.1. The simplest case is 2 x 2 (a two-state space). Without
loss of generality, we may think that the states are 0 and 1, then the entries
will be p;;, 7,7 = 0, 1. Here, the stochastic matrix has the form

(1—a « )
g 1-p

where 0 < «,3 < 1. In particular, « = # = 0 gives a unit matrix and
a = =1 the anti-diagonal matrix:

() (o)
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The system with the unit matrix stays in the initial state forever; in the
anti-diagonal case it changes its state every time, from 0 to 1 and vice versa.

On the other hand, o = § = 1/2 gives the matrix

(Vi 1)

In this case the system may keep its state or change it with probability 1/2.

It is convenient to represent the transition matrix with a diagram where
arrows show possible transitions and are labelled with the corresponding
transition probabilities (arrows leading back to their own origin are often
omitted as well as labels for deterministic transitions). See Diagram 1.1.

1.2. The 4 x 4 matrix

0 1/3 1/3 1/3
1/4 1/4 1/4 1/4
1/2 1/2 0 0
0 0 0 1

is represented on Diagram 1.2.

The time will take values n = 0,1, 2,.... To complete the picture, we have
to specify in what state our system is at the initial time n = 0. Typically,
we will assume that the system at time n = 0 is in state ¢ with probability
A; for some given ‘initial” distribution A on I.
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Diagram 1.1.
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Diagram 1.2.

Denote by X, the state of our system at time n. The rules specifying a
Markov chain with initial distribution A and transition matrix P are that (i)
X has distribution A:

P(Xo=1i) =\, Vi€l

(ii) more generally, V n and i, ...,4, € I, the probabilities P(Xy = i, X; =
i1,..., X, = i,) that the system occupies states i, 71, ..., i, at times 0, 1,
..., n is written as a product

IP)(XO = io, X1 = il, e ,Xn = Zn) = /\iopioil v .pinflin‘ (]_3)

Of course, (i) is a particular case of (ii), with n = 0.

An important consequence of (1.3) is the equation for the conditional prob-
ability P(X,11 = j|Xo = d0,..., Xpn_1 = in_1, X;, = i) that the state at time



n+ 1 1is 7, given states 1, ..., 7,1 and i,, = ¢ at times 0, ..., n — 1, n:

]P)(XnJrl = j’XO = 7;07 cee aanl = Z.nfl;)(n = 7/)

_ PXo =gy, Xy1 = i1, Xy = 6, X1 = )
]P)(XO = 7;07 s aanl = Z.nfl;)(n = 7/) (14)

_ )\iopioil o pzn,ﬂp'L]
/\iopioil ©Pip_ai

= Dij-

That is, conditional on Xy = ig, ..., X;,.1 = 4,1 and X,, =4, X,,,1 has the
distribution (p;;,j € I). In particular, the conditional distribution of X,
does not depend on i, ..., i,,_1, i.e. depends only on the state ¢ at the last
preceding time n.

Formula (1.4) illustrates the memoryless property of a Markov chain.

Another consequence of (1.3) is an elegant formula involving matrix mul-
tiplication, for the marginal probability distribution of X,,. Here we ask the
question: what is the probability P(X,, = j) that at time n our system is in
state 7. For example, for n = 1 we can write:

P(X) =j) =Y P(Xo=1i,X =i),

iel
by considering all possible initial states 7. In fact, the events
{state i at time 0, state j at time 1}
do not intersect for different ¢ € I and their union gives the event
{state j at time 1}.

Now use (1.3) and recall the rules of matrix algebra:

D P(Xo =i, X1=j) =Y Agpij = (AP);.

el i€l

By a direct calculation, this formula is extended to a general n:

P(Xn = J)
= Z P(XOZiOa"'aanl:/L.nflaXn:j)

i0,e i1 (1.5)
- Z AigDigiy ** * Pin_1j = ()‘Pn)j7

10,eeyin—1



where P" is the nth power of matrix P. That is, the stochastic vector
describing the distribution of X, is obtained by applying matrix P" to the
initial stochastic vector A.

Then, similarly,

P(Xn — i,Xn+1 — j)
- ' Z ]P(XO:?;(],...,Xn,1 :in717Xn:7;7Xn+1 :])

2050y In—1

- Z /\iopi0i1 © Pip_1iPij = ()‘Pn)z‘pij7

2090y in—1
and hence

: L PG =4, X =) (AP, py
P(Xnt1 = j|Xn=1) = P(X :J;; ROV L =py. (1.6

In other words, entry p;; is the conditional probability that the state at the
next time is j given that at the preceding time it is <.

Moreover,

P(Xy=1,X,=7)
= Z P(oni,Xl :2'1,--->an1 :inflaXn:j)

- Z AiDiiy  Din_1j = Ni(P™)ij,
and
P(Xo =i, Xn =7) _ N(P")y

P(X, = j|Xo=1i) = = (P")ij- (1.7)

That is, the entry (P");; of matrix P™ gives the n-step transition probability
(n)

from state i to j. We will also denote it sometimes by p;;”.

More generally,
P(Xy =i, Xpok = §) = (APF)i(P™);
and

P(Xpyn = j| X = 1) = P(kaz(;(’:iﬁ;; =J) = (/\P()/\);)(k};n)w = (Pn)ij-
(1.8)




A consequence of this observation is that the power P™ of a stochastic

matrix is again stochastic, viz. > pg-l) =1V e I. Of course, this fact can
jel
be verified directly:

sz(;b) = Z DPiiy **  Dip_1j = Zplu e Zpin—lj =1
11 J

Jjel i1,in—1,7

as at each step (beginning with >°) we get the sum one, owing to (1.2).
J
Another consequence is that if we apply to a stochastic vector a stochastic
matrix (P or more generally P™), we again obtain a stochastic vector. Again,
the direct calculation confirms, viz., by (1.1):

Z)\P” Z/\P” Z)\ZP” => N=1L

An ultimate generalisation of (1.3) is the formula

P(Xk, = i1, Xp, = l2,..., Xp, = in)

(1.9)

()\qu) (pkg k1) .<pkn—kn,1)

1112 tn—1in

valid V times 0 < ky < ky < ... < k,, and states 71, ..., i, € I.
It is now the time to summarise our findings. Suppose that A = ()\;) is a

stochastic vector and P = (p;;) a transition matrix on /. The random state
X,, at time n is considered as a random variable with values in I.

Definition 1.1. We say that a sequence of random variables X, with
values in a finite or countable set I is a Markov chain with the initial dis-
tribution A\ and transition matrix P if V g, ..., 1, € I, the joint probability
P(Xy = t9,..., X, = iy) is given by formula (1.3). In this case we say that
(X,) is Markov (A, P).

Theorem 1.1. If (X,,) is Markov (X, P) then:
(i) The conditional probability

P(Xni1 =71 Xo =g, ..., Xpn1 =1, Xy, = 19)



is equal to the conditional probability P(X,1 = j|X, = i) and coincides
with p;;. In particular, the conditional distribution of X, given that X, =
10y, Xn_1 = tp_1, X, = © does not depend on 1g,...,i,_1 and coincides
with (p;;,j € I), i.e., with the row i of P.

(ii) The probability P(X,, = i) that the state at time n is i equals (AP™);.
(iii) The entry pl(-;‘) of matrix P" coincides with the conditional probability

P(Xyin = j| Xk = 1), i.e. gives the n-step transition probability from i to j.
(iv) The general probability

n

P(Xkl = ilkag = ig,...,X}c :Zn)

is given by (1.9).

Examples and remarks. 1.3. Suppose that all rows of P are the same,
i.e. p;; = p; does not depend on 7. In addition, suppose that \; = p;, i.e.;, A
coincides with the row of P. Then, by (1.3)

]P)(XO :iOaXl :ila"an :Zn) = PioPiy - " Di

Also, in this example P" = P, as

pg'l) - Z Piy = PinaPj = sz‘l pr : "Zpinflpj = Dy,
‘ i1 2 in—1
owing to the fact that }_,., pr = 1. Hence, P(X,, = j) = (AP"); = Zpipga) _
iel
> pipj = pj. We see that
iel

P(Xo =0, X1 =11,..., Xy =dp) = P(Xo = i0)P(X1 = i1) - - - P(X;y = din).

That is, (X,,) is a sequence of independent, identically distributed random
variables.

1.4. If P is diagonal then it must coincide with the unit matrix where row
7 is given by the stochastic vector 9;:

1 00 .0
010 .0
0 01 .0
000 o1



In this case, every power P" again equals the unit matrix. Hence, by (1.4):

P(X, =) = \;. That is, the distribution of X,, is the same as Xj. In other

words, the initial distribution is preserved in time.

1 -« «
g 1-p

can be found by a straightforward calculation. In fact, P* = P"~!P, which

for entry p yields

1.5. For a two-state Markov chain, P = ( ) Entries of P™

ph = poo (L) +ply 8
Zﬁﬁnﬂ—a%+0—pm )ﬂ B+ (L—a— By .

This is a recursion in n, with p(()%) =1 and p(%) =1 — a. Hence,
poo =A+B(l1-a-08)",
with
A+B=1, A+B(l—-a—-p0)=1-q,

and, clearly,

p(n)_ a+ﬁ+a+ﬁ(1_a_6)n7 1fOé+ﬁ>0,

00 1, ifa=p83=0.

Entry p{? is obtained by swapping o and 3 and entries p((ﬁ) and pg’é) as
complements to 1.

1.6. In the general case, we can use the eigen-values and eigen-vectors of
P to find elements of P". Consider a 3 x 3 example:

0 1 0
P=|(0 2/3 1/3
1/3 0 2/3

The eigen-values are solutions to the characteristic equation:
— 1 0
det | 0 2/3—p 1/3
1/3 0 2/3—p

4, 4 1 11
=P —cpt—=—(u=10) (2 =Zp+=) =0
pot g = gnt g = )(u 3u+9) ,



whence

1+iv3
Ko = ]-7 Ht = .
6
As the eigen-values are distinct, matrix P is diagonalisable: there exists an

invertible matrix C' such that

1 0 0 1 0 0
1+iv/3 1+iv/3

clpe=|Y —5 0 |, ie,P=C|0 —5 0 o

1—i 1—i

0 0 i3 0 0 i3
6 6
Then
1 0 0

and each entry of P" is a sum of the form

1+iv3) 1-iv3\"
Ry E' ) Y i) By

6 6
Coefficients A, B and C' may be complex; they vary from entry to entry and
are found from the initial values n = 0, 1,3. For n = 0, P° is the unit matrix
(just as in the scalar case p° = 1 for any p (p = 0 included!)); for n = 1, we

use matrix P and for n = 2 we have to square it, to obtain P2. For instance,
suppose that the states are 1, 2 and 3; then the entries are p(m, 1,7 =1,2,3.

(]
Then, for p{?):

1+12v3 1—1v/3
+iv3 -3

Py =A+B+C=0,py =A+B - - :

2 2
141 1—2 2
p%):A+B< +6N§) +c< gﬁ) =

and

10



The calculations may be simplified if we get rid of imaginary parts (as all

(n

entries pij) of P™ are real non-negative). To this end, observe that uy are

complex conjugate roots and write

1403 1140iv3 1 48 1 T .
= _ = —¢ :—(cos——l—zsm —).
6 3 2 3 3 3 3
Then
143\ /1\" .. 1\"
(Z02) = (5) e (5) (o o 5.
and

3 3 3

where a« = A, f = B+ C and v = i(B — C) must be real. Again, we have

the equations for n =0, 1, 2; for pi’;) they are

a+ﬂ=0,a+l<%ﬂ+£7>:1,a+1<—%ﬂ+£7> 2

(n) 1\" ™ . ™
Py =a+ (5 <ﬂcos — +ysin —),

3 9 9 2 1] T3

whence

In particular, lim p\% = 3/7.

1.7. Consider another three-state example:

1/3 0 2/3
P=1|1/3 2/3 o0
1/3 1/3 1/3

Here the characteristic equation is:

4, 1 1
—i gt = op=—(p=1) (u——)uzO,

and the eigen-values are:

1

po =1, p= 3 p2 = 0.

11



(n)

Hence, the entries p;;” have a simple form:

(n) _ 1 ! n
Dij —A+B<§) +C-0™

A(g)ain we use three initial conditions, with P°, P and P?. For instance, for
n

P

1.1 1\ 1
A+B+C=1,A+-B=-, A+ (=) B==
+B+ A+ SB=g A+ (3) 3
whence A = 1/3, B = 0, C = 2/3 and p{") = 1/3. Similarly, p{?) =
1/3—(1/3)™ and pg) =1/3+(1/3)". As n — oo, all entries of the first row
of P™ approach 1/3 (in fact, the same is true for all 9 entries of P™).

1.8. We can make a number of observations. First, 1 is always an eigen-
value of any stochastic matrix P. This is because (i) det (ul — P) = det(ul —
P)T = det (ul—P7T), i.e., the eigen-values of P and the transposed matrix P*
coincide, and (ii) 1 is always an eigen-value of P': the corresponding eigen-
vector is the row 1 = (1,...,1) of 1’s. Formally: 1PT = 1, or equivalently,
P1% =17 for the column 1*. To check the last equation, observe that every
entry of the column P17 is 1:

(P17, =Y =1,
jerI
because P is stochastic.

Therefore, the characteristic polynomial of a stochastic matrix is divisible
by (1 — 1); in the 3 x 3 case this leads to a quadratic quotient polynomial,
and all eigen-values can be found.

Second, if there is a complex eigen-value p, of P then the complex conju-
gate pu_ =, is also an eigen-value, as this is the only possibility to produce a
real characteristic polynomial from the product of linear monomials. I mean
the product (g — py)(u—p_) = p® — (pyp— ) g+ pypi—, with real coefficients
py + p— and pyp_ = |u+]?. Then, writing

pre = |pe|e™™® = |pc|(cos ¢ £ isin o),

we can work with real summands only, of the form [ cos(n¢) and v sin(ng).

12



Third, the coefficient A (in front of 1) in the equation for pz(»?) typically
(n)
ij -
value p of P is < 1, and ‘generically’ (although not always), any eigen-value
i # 1 has |pu| < 1. This fact is more delicate and will be commented on in

subsequent lectures. Then in the decomposition

p)=A+ Y B

eigenvalues p,#1

identifies the limit lim p;;’. This is because the modulus |u| of any eigen-

all terms except for A are suppressed as n — oo. [In the case of P = (? (1))

(n)

this is not true: the eigen-values are 1 and —1 and there is no limit lim p;;

n—~o0

as P™ vascillates betveen [ for n even and P for n odd.]

It has to be said that many (even very simple) examples may lead to rather
(n)

cumbersome formulas for entries p;;”. For example, the matrix

1/3 1/3 1/3
P=|(0 1/2 1/2
1/3 2/3 0

has the characteristic equation
5 4 5 1 5
e Iy - == (u—1 2. ,——)=0
e e T )(u + el g ,

with eigen-values

—1++41

p— 1 p—
o y M=+ 19

This leads to the equation

. IR/ IR/
pgj):A_}_B(—i_iQ\/_) +O<7\/7> ,

1 12

with
—1+v41 —1++41
A+B+C:(SZ],A+B + = Dij,
12 12
and ) )
-1+ v41 -1+ v41
A+B<T) +C<T) =7y

13



)

For instance, for p{) the final expression is

313v41 —164 3 <—1+\/ﬂ>" 3 13— 41 <—1—\/ﬂ>"

— _l’_ - —
4 414/41+ 533 441 12 4 41+ 13v/41 12

1.9. A helpful property is the presence of symmetries in P: it may reduce
the number of states in the Markov chain. For example, the N x N matrix

1 -« a/(N-1) ... af/(N-1)
_ a/(N —1) -« .. a/(N—-1)
o/(N=1) a/(N=1) ... 1-a

describes a model of a virus mutation where a virus retains its type or changes
to one of different types with equal probability (the types are 1, ..., N).

To calculate pﬁl), we reduce the number of states to two (say, 1 and 0

(another)), by considering original transitions from a state 1 to itself or to
another state, and backwards, without further specification (as for our prob-
lem all other states are indistinguishable). The reduced two-state chain has
the 2 x 2 transition matrix

(o 21y 1 afiv—)

:
GQ >a/(N—1)
0

Diagram 1.3.

14



We can apply formulas of Example 1.5 (with = «a/(N — 1)):

m _ _o/(N—-1) a oy
Ml_a+aKN_U+a+aﬂN—U<1_&_N—1)

_1+N—1 1 alN
N N N—-1)

We are now in position to establish the famous Markov property of a
Markov chain. It asserts that the Markov chain begins afresh after any given
time n.

Theorem 1.2. Let (X,) be Markov (A, P). Then, ¥V m > 1 and i € I,
conditional on X, = i, (Xy4n,n > 0) is Markov (6;, P). In particular,
conditional on X,, = 1, random variables X,, 1, X;,12, ... are independent
of variables Xg, ..., X,,_1.

In other words, in a Markov chain, the past (Xy, ..., X,,_1) and the future
(Xms1, Xmae, - - .) are conditionally independent, given the present (X, = 1i).

Proof. Recall, the stochastic vector ¢; has entries d;;, j € I. We want to
check that for any event A determined by X, ..., X,,_1 and B determined by
X1 -y Ximi14n for some n, (i) the conditional probability P(ANB| X, = i)
decouples:

P(AN B| X, = i) = P(B| X = i)P(A| X, = i), (1.10)

and (ii) the conditional probability P(B|X,, = i) is calculated as in the
Markov chain (9;, P):

P(BIXm=1)= > 0joi 2, Piojn """ Pin_rin

Jo€l (J15-dn)EB
1.11

15



First, let A and B be of the form
A= {XO =g, -- >Xm71 = Z.mfl}a B = {Xerl =J1y-- s Xm+1+n = jn}

for some sequence of states ig, ..., i1, Jj1, s Jn € I. General A and B are
disjoint unions of such ‘elementary’ events.

For A and B as above,
P(ANBN{X,, =i})
=P(Xo =40, -, Xin-1 = b1, Xon =& Xont1 = J1, - X140 = Jn)
= NigPigis """ Pim—1iPijs " * " Pijn_1jn-
For a general B we have to sum over (ji,...,Jj,) € B:

NioPigiy ** " Pim_1i E Dijy " P 1jn-

The sum ),  gives the conditional probability P(B|X,, = i), and it is

calculated as in the Markov chain (¢;, P).

Next, for a general A we sum over (ig,...,in_1) € A:

PANBN{X, =i}) = > XDigin ***PinriP(BI X = i)

=PAN{X,, =9)P(B|X,, =1).
Finally, to produce the conditional probability IP’(A N B|X,, = i), we divide
by P(X,, = i):
P(ANBN{X,, =i})

P(ANB|X,, =i) = PX, =)

_P(AN{X,, =1i})
 P(X, =)

as required. O

P(B|X,, = i) = P(A|X,, = i)P(B| X, = i),

In future we will write P; for the conditional probabilities P( - | X, = 1)
given that the state at time 0 is 7.

16



Example 1.10. (Math Tripos, Part 1B, 1991, Question 307D; parts (a)
and (b)) Three girls A, B and C' are playing table tennis. In each game, two
of the girls play against each other and the third girl does not play. The
winner of any given game n plays again in game n + 1. The probability
that girl = will beat girl ¥ in any game that they play against each other
is s;/(sy + sy) for x,y € {A,B,C}, v # y, where sa, sp, sc represent the
playing strengths of the three girls.

(a) Represent this process as a Markov chain by defining the possible states
and constructing the transition matrix.

(b) Determine the probability that the two girls who play each other again
in the first game will play each other in the fourth game. Show that this
probability does not depend on which two girls play in the first game.

Solution. (a)Label states by A, B, C indicating which player is not playing
in a given game. Then the transition matrix is {A, B,C} x {A, B,C}:

0 S SB
SB -+ Sc SB + Sc
Sc 0 SA
sS4+ so $4 + Sc
SB SA

0

SAa+ S Sa+ 8B

The process is a Markov chain because the results of the subsequent games
are independent.

(b) Here, we look for the probability that after three steps the chain returns
to a given initial state. See Diagram 1.4.

N

B\_ < C

Diagram 1.4.
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From the symmetry, this probability is the same for any choice of the initial
state and is equal to

ZSASBSC
sa+sg)(sp+sc)(sc+sa)

PABPBCPCA + PACPCBPBA = (

18



