DYNAMICAL LOCALIZATION FOR A MULTI-PARTICLE MODEL
WITH AN ALLOY-TYPE EXTERNAL RANDOM POTENTIAL
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ABSTRACT. We establish lower-edge spectral and dynamical localization for a multi-
particle Anderson model in a Euclidean space R%, d > 1, in presence of a non-trivial
short-range interaction and an alloy-type random external potential.

1. INTRODUCTION. THE N-PARTICLE HAMILTONIAN IN THE CONTINUUM

1.1. The model. This paper follows, with some stylistic modifications (and with a
shortened form of presentation), a series of arXiv accounts of an earlier vedrsion of
the same work: cf. [6], [7] [9]. We consider an N-particle Anderson model in R? with
interaction, where N > 1 and d > 1 are arbitrary integers. The model Hamiltonian
H = H™)(w) is a random Schrédinger operator of the form

(1.1) HM (W) = —%A-FU—FV(L«))

acting on functions from L?(R? x - -- x R?) ~ L?(R4)®N, This means that we consider
N quantum particles in R?. The joint position vector is x = (x1,...,2x) € RV where

component x; = (xgl), e ,xgd)) € R represents the j-th particle, j = 1,..., N. Next,

1 1
-3 A = = Z A,
1<j<N

is the standard kinetic energy operator obtained by adding up the kinetic energies
—%Aj of the individual particles; here, A; denotes the d-dimensional Laplacian.

The interaction energy operator is denoted by U: it is the operator of multiplication
by a function RN¥? 5 x + U(x), the inter-particle potential. Finally, V(w) is the
operator of multiplication by a function

(12) RNd DX = (xl,...,xN) — V(xl;w) 4+ V(xN;w),

where V : R? x Q@ — R is a random field, relative to a probability space (2, F,P),
generating an external potential acting on individual particles.

Assumptions on U(x) and V (z;w) are discussed below. In essence, U is required to
be of short-range while V' is assumed to be of the so-called alloy-type.

In this paper, we analyse spectral properties of H by using the method called the
Multi-scale analysis (MSA), more precisely, a multi-particle adaptation of a single-
particle ‘continuous-space’ version of the MSA (MPMSA for short). Our main result
is Theorem [[J], asserting that
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e with probability one the spectrum of operator H(w), in an energy band I°(n*) =
[E°, E°+7*] near the lower edge EV, is pure point, with an exponential decay of
the corresponding eigenfunctions; such a phenomenon is known as exponential
spectral localization;

e compactly supported wavepackets 1 remain rapidly decaying (localised) under
the action of the reduced propagator e~ Pjo(,.\(H), where Pjo(,«)(H) is the
spectral projection on IY(n*); this phenomenon is called dynamical localization.

Theorem [Tl is the first rigorous result available in the literature on localization in
multi-particle continuous-space Anderson models. For N = 1 (a single-particle model),
spectral localization was initially established in [T, [I8] by means of the single-particle
MSA (briefly: SPMSA), whereas in [2] dynamical and spectral localization was proved
with the help of an alternative Fractional Moment Method (FMM). The fact that
dynamical localization is derived in this paper from the MPMSA estimate, in our view
puts both forms of localization on essentially equal footage. We thank Abel Klein for
the stimulating discussion of this issue.

For lattice (tight-binding) Anderson models, the MPMSA has been developed in
papers [12], [13], [I4]. An alternative approach based on a multi-particle adaptation
of the FMM was successfully employed in [3], still for multi-particle lattice Anderson
models; see also [4]. Note that the multi-particle version of the FMM, like its single-
particle counterpart, leads directly to the proof of dynamical localization.

1.2. Basic notation. Throughout this paper, we fix integers N > 1 and d > 1 (as was
said, they can be arbitrary) and work with configurations of n distinguishable quantum
particles in R? where n varies from 1 to N. The configuration space of an n-particle
system is the Euclidean space (R?)" which is canonically identified with R"?. A similar
identification is used for cubic lattices: (Zd)n =~ znd,

We use the notation [[a, b]] for segments of integer values: [[a, ]| := [a,b] N Z.
It is convenient to endow R? and R™® with max-norms: for z = (x(V),... x() € R4
and x = (21,...,7ry) € RV,
= O] = .
(13) ol = mac <O, x| = mas [z

The distance ‘dist’ below is induced by this norm. In terms of the max-norm, the balls
of radius L are cubes of sidelength 2L with the edges parallel to the co-ordinate axes
(such cubes are alternatively called boxes throughout the paper). Specifically, in R?
the open ball of radius L centered at v = (u, ..., ul®) is

d . .
Cr(u) = X (u@ —Lou® 4 L) c R¢

i=1

while the ball in R™? centered at u = (uy,...,u,) is

(1.4) Cp(u) = .Qch(uJ—) c R™,
j=

Sometimes we will also use the symbol C(L") (u) and use the term an n-particle box, to
put an emphasis on the number of particles in the system. For our purposes, it suffices
to consider only cubes centered at lattice points u € Z¢ and u € Z™?; consequently,
letters u, v, w and u, v, w will refer to points in the corresponding lattices.

Given an integer n > 1, we define for each j € [[1,n]] the projection II; : R"? — R4
extracting the position of the jth particle: II;(x1,...,2,) := z;. Further, define the
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‘full one-particle projection’ II C(Ln) (u) of C(Ln) (u):
I C(Ln) (u) = ‘61 I1; C(Ln) (u) Cc R%.
=

Given a cube Cp(u), define its outer layer (of width 2), by
(1.5) C*(u) = Cr(u)\ Cr_o(u), uecz".

We denote by 1a the characteristic function of a set A C R™ and also, with a
standard abuse of notation, the operator of multiplication by this function.

From now on we will omit subscript Ly(R"?) in the notation || - | z,gna) for
the vector and operator norms in Ls(R"¥). We will denote by X the operator of
multiplication by the norm

(1.6) (X¥)(x) = x| ®(x), xeRM

1.3. External random potential. The random potential acting on each individual
particle is of the so-called alloy-type, i.e. it has the following structure:

(17) Vigw) =Y Vy(@elr —y),

YA
where the random amplitudes V, (w) satisfy the conditions (E2)—(E3) and the ‘bump
function’ ¢ satisfies the conditions (E4)—(E5); see below. However, our results remain
valid in a more general situation where the bump functions are not necessarily identical,
provided that conditions (E4)—(E5) hold uniformly.

1.4. Interaction potential. As was said above, the interaction energy operator U(x)
in Eqn () acts as multiplication by a function x € RV? — U(x) € R. More generally,
we suppose that functions x € R"@ — U(x) € R are given, for n € [[1, N]], accounting
for the energy of n-particle ‘sub-configurations’; this is stressed by employing the com-
mon notation U(x). Consequently, the term ‘interaction’ will address the whole family
of these functions. For n = 1, function U(z), x € RY, gives a ‘background’ one-particle
potential. In this paper we do not assume isotropy, symmetry or translation invariance
of the interaction. However, the condition of finite range (see (CH)) is essential.

Suppose that a partition of a configuration x € R!? is given, into complementary
sub-configurations x7 = (7;)jes and xgc = (7;);e[,n)\7> With @ # J C [[1, N]].
Next, define the distance between x 7 and xe:

(1.8) dist(x7,X7¢) := min |:|,’,Ui—xj|: ieJ,jeT.
We say that the interaction has range 1o € (0, 00) if, for all n € [[2, N]] and x € R,
(1.9) dist(x7,x7¢) > 19 = Ux) =U(xy) + U(xge).

Observe that the finite range condition does not impose restrictions on one-particle
potential U(z) for z € R9.

1.5. Assumptions.

(E1) The interaction has a finite range ro > 0 and all functions z € R"? — U(x),
n € [[1, N]], are non-negative and bounded.

(E2) There exists a constant v € (0, 00) such that
(1.10) P{0<Vy<v}=L
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(E3) The marginal distribution of random variables Vy is uniformly Hélder-continuous:
Ja, b > 0 such that for all e € [0, 1],

(1.11) supP(t <V, <t+e) <ae.
teR

(E4) The function ¢: R? — R is nonnegative, bounded and compactly supported:
(1.12) diam(supp ¢) <11 < 00.

(E5) VL >1andue Z,

(1.13) > @ —y) = 1o, w (@)

y€CL (u)

1.6. The main result. Let E° denote the lower edge of H((JN) (w), where operator
HE)N)(w) is given by

N
(1.14) H" () = —%A—FZU(:@)
j=1

and defined uniquely as the self-adjoint extension from the set C2(RN?) of compactly
supported twice-differentiable functions on RY%. Due to nonnegativity of summands
U(x;), the value E° is nonnegative.

Theorem 1.1. Assume conditions (E1)— (E5) and let operator HN) (w) be as in Eqn
) (defined formally as a unique self-adjoint extension from the domain C3(RN)).
Then 3 nonrandom constants n* > 0 and m* > 0 such that, with P-probability one,
either the spectrum of operator HN) (w) in the interval I°(n*) := [E°, EC4+n*] is empty
or the following localization properties hold true.
(i) The spectrum of HN)(w) in I°(n*) is pure point, and the eigenfunctions ¥ ;(x;w)
of HM) (w) with eigenvalues E;(w) € I°(n*) satisfy exponential bounds

(1.15) 1o ®;( - sw)| < ¢j(w)e ™ M, uezN

(i) V s > 0 and any compact subset K C RN?, there exists a number C = C(s,K) €
(0, 4+00) such that the following bound holds:

(1.16) E [sup HX eTHM WP HO) () 1KM <,
teR
where P[O(n*)(H(N)(UJ)) stands for the spectral projection of the operator HY) (w)
to I°(n*).

Remarks. 1. In assumption (E1), we can relax the boundedness condition by
allowing ‘hard-core interactions> 3 do € (0,rg) such that ¥V n € [[2,N]] and x =
(xlv s ,iUn) € ]Rnd,

min_ |z; —z;| <dy = U(x) = +o0,
1<i<j<n

and U(x) is uniformly bounded from above when min |z; —z;| > do.
1<i<j<n
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2. The possibility that the spectrum of H in I°(n*) is empty can be excluded by
more specific conditions in assumption (E1) and (E2). Viz., if, in addition to (CI0),
we suppose that V ¢ > 0 the probability P(0 < V; < €) > 0 then with P-probability
one, the spectrum of operator H in I°(n*) is non-empty. Hence, by Theorem [l
under this additional assumption, the spectrum of H in I°(n*) is pure point, and the
corresponding eigenfunctions are exponentially localized.

If, furthermore, we set U(x) = 0 (no background potential) then the value E°
becomes 0.

3. In assumption (E3), Holder continuity can be relaxed to a form of log-Holder
continuity.

4. A direct application of general results on local regularity of (generalized) eigen-
functions of Schrédinger operators, (cf. Theorem 2.4 from [I0]; see also [, [T9]) leads
to the following property. The eigenfunctions ¥;(x;w) with eigenvalues E° < E;(w) <
E° 4 n* satisfy the bounds:

(1.17) W (x;w)| < G(w)e ™ K x e RN
with m* > 0 and random constants ¢;(w) € (0, +00).

5. Theorem [Tl addresses the spectrum of operator H in the whole Hilbert space
Ly(RN9). This, of course, covers subspaces Ly (RV9) and Ly™™ (RN ?) formed by sym-
metric and antisymmetric functions (bosonic and fermionic subspaces, respectively).

6. As can be seen from bounds used in the proof of Theorem [, when we in-
crease the number of particles IV, keeping fixed the assumptions on U(x) and V(z,w)
and preserving the upper bound on U(x) and the range of interaction rq, the width n*
guaranteed in Theorem [Tl tends to 0 (in fact, rather rapidly, which is somewhat disap-
pointing). This can be formally attributed to insufficiencies of the version of MPMSA
developed in the current paper, but in fact the roots of the prooblem are deeper and
stem from the situation occurring already in the SPMSA (when the dimension d in-
creases). We refer the reader to [] and [d] for more details.

2. THE MPMSA ESTIMATE AND SPECTRAL LOCALIZATION

2.1. Hamiltonians in finite cubes. In the proof of Theorem [l we will focus on
properties of finite-volume versions He = H(CN)(w) of Hamiltonian H. More precisely,

let C = C™)(u) be an N-particle box and consider the operator HE:N)(w) in L%(C),
(referred to as the Hamiltonian of the N-particle system in C), of the same structure

as in Eqn ([I):
1
(2.1) HY () = ~3Ac+U+V(w).

Here A¢ stands for the Laplacian in C with Dirichlet’s boundary conditions on 0 C.
The spectrum of He will be denoted by o(Hc).
Under conditions (E1)—(E5), for for P-almost all w € Q, operator He is correctly
defined in Lo(C), as a self-adjoint extension from the domain C3(C). Moreover, Hc
has a discrete spectrum, since its resolvent

(2.2) Geo(E) = (Hg— E)™', for E € R\ o(Hg),
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is a compact integral operator; properties of G¢(E) will be at the centre of our atten-
tion. The integral kernel

(2.3) CxC> (x,x)— Gec(x,x;E), x,x' €C,

is known as the Green function of Hc.
The MPMSA is based on an asymptotical analysis of resolvent Gg(E) as C / RV,
More precisely, cubes C will have the form

C=Cp, (u),uez k=01,...,

where positive integers Ly (called length-scales or briefly scales) are determined by a
recurrence involving a starting value Ly and a parameter o > 1:

(2.4) Ly =[L¢ ] +1~ (L™, k>1.

Here [-] stands for the integer part. In future, we will take ov = 3/2. Nevertheless, to
keep a connection with earlier references, we will continue using symbol «. A similar
agreement will be applied to the parameter § > 0 appearing below (see Eqn @BI)):
we will set 3 = 1/2. The integer Ly > 0 will be eventually assumed to be sufficiently
large.

Summarising, for future references,

(2.5) a=3/2, B=1/2, Lo is a positive integer, large enough.

Consequently, in the course of the argument, we will often work with n-particle
Hamiltonians H(cn) = Hg)(w), of the same form as in 1)), withn = 1,..., N. Mutatis
mutandis, definitions and facts introduced/noted for an N particle system will be used
for a system of n particles as well.

For a concise summary of the MPMSA as an inductive process in n and L; we
refer the reader to [I3], [I4]; in the present paper we follow the same principal steps
(modified by the transition from a lattice to a continuous-space model). Specifically,

to derive the crucial MPMSA estimate (ZI4) for the Hamiltonian Hg\i) , We assume
k

that these estimates are established for Hamiltonians HgLL)l (i) Vn e [[1,N —1]] and
length scale L;, I > 0, and (ii) for n = N and L; with 0 < < k — 1; we then aim to
reproduce this estimate for n = N, at scale L. The basic tools in the case n = 1 are
provided by the SPMSA (cf. the monograph [20]] where the continuous-space version
of the SPMSA is presented in detail, along with an extensive bibliography). Next, the

scale induction for operators ngL)
k

e initial Lg-scale MPMSA bounds;
e derivation of the bounds at scale Ly, assuming that that they are established
at the scale Ly_1.

with n > 1 includes two principal components:

These components require distinctive arguments and use different properties from as-
sumptions (E1)- (E5).

2.2. Separable cubes and Wegner-type bounds. As was commented on in [7]
and [9] (and earlier in [12], [13], [T4] and [§] in the context of tight-binding models),
the principal difficulty encountered while attempting to extend the SPMSA to the

N
MPMSA is that for N > 1 the random field x € RN? — Y~ V(z;;w) features a ‘strong
i=1

dependence’ at distance even when the underlying potential z € R? — V(x;w) is
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generated by IID variables V,(w). To this end, in paper [5] we introduced the concept
of separable pairs of multi-particle cubes for which we establish the so-called Wegner-
type bounds. For reader’s convenience, we reproduce the result of [3] in this subsection.

Definition 2.1. Let n =1,..., N and assume J is a non—empty subset in {1,...,n}.
We say that a cube C(”)( ) is J separable from cube C ( ) if

(2.6) (Ume,»)N (U mcy, wmJnell, ) =2,
JjET

where R is the constant from condition (E3).
Next, a pair of cubes C(L") (x), C(L") (y) is said to be separable if dist (C(L”) (x), C(L”) (y)) >
2N(L +r1) and, for some non-empty set J C [[1,n]],
o cither C\"(y) is J-separable from C!™ (x),
e or C(L")( ) is J-separable from C(”)( ).

Fix an interval I C R. Givenn=1,...,N, ¢ > 0 and Ly > 2, define the following
property W2(n)(=W2(n, Lo, 3)), for random n-particle Hamiltonians H(cn) where C =
Cc™(x) and | > L.

W2(n): For all ] > L and any separable pair of cubes C(n)( ), CEn) (¥),
27 P { JE €1 neither C™(x) nor C"(y) is E-CNR} <e

Theorem 2.1. For any q¢ > 0 and a bounded interval I C R, there exists Ly, =
L3 (g, 1) € (0, +00) such that W2(n) holds true for alln=1,...,N and Lo > L.

Proof. See [f). O
The following Lemma Il and Corollary 21 give useful insight into the property of
separability. For the proofs, see [7].

Lemma 2.1. Given n > 2, set k(n) = n".

(A) For any L > 1 and n-particle configuration x € Z"?, there exists a collection
of n-particle cubes Craw(x), 1 = 1,..., K(x,n), with K(x,n) < s(n) and LV <
2n(L + 1), such that if a vector 'y € Z"? satisfies

K(x,n)

(2.8) yé J CroE"),
=1

and dist (C(”) (%), C(Ln) (y)) > 2n(L+r1), then the pair (C(Ln) (x), C(Ln) (y)) is separable.
(B) A pair of cubes of the form C(Ln) (x), C(Ln)(O) is separable, provided that
(2.9) x| > 2(n + 2)(L +11).

Corollary 2.1. Fiz two integers, n > 2 and L > 1, and let k(n) < oo be the number
defined in Lemma Bl Set B =4n(L +11) 4+ 1 and consider an n-particle cube Cr(x)
and 2k(n) + 1 disjoint concentric annular sets Ay(x), ..., Aggn)+1 around Cr(x):

Aj(X) = CL+J‘B(X) \ CL+(j—1)B(X)7 j=1,.. .,2E(TL) + 1.

Then at least one of the annuli Agj_1(x), 1 < j < k(n) + 1, contains no cube Cr(y)
not separable from Cr(x).
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2.3. Singularity and double singularity. The crucial bound in the MPMSA is an
upper-bound for the probability of the so-called double singularity [ZId). It is based
on the following concept.

Definition 2.2 ((E, m)-singularity and nonsingularity). Let £ € R and m > 0. We
say that cube C(L”)(u) c RY 1 <n < N, is (E,m)-nonsingular ((E,m)-NS) if
E € R\ 0(Hg, (w) and for any y € Cr(u)9**(u) N Z"?, the Ly-norm of the operator
1c, () Gep(u)(E) 1¢, (y) satisfies the bound

(2.10) [ 1c, ) Gey @) (B) Lo, y) || < e 7 mlm),

where the quantity v(m, L,n) ( = yn(m, L,n)) is defined by

) N—-n+1

(2.11) ~(m, L,n) :=mL (1—|—L_1/8 1<n<N.

Otherwise, Cr(u) is called (E, m)-singular ((E,m)-S).

Observe that e~ 7(™Em) < e=™L for any L > 0 and n € [1, N].
Given an integer N > 2 and numbers pg,b > 0, introduce a sequence of positive
numbers,

(212) P(na kvpo):p0(1+b)k4N_n) n= 17"'5N'
The only restriction upon the parameter pg is that
(2.13) po > Nda.

For notational brevity, the argument py of the function P will sometimes be omitted,
unless its value is to be specified explicitly.

The value of parameter b can be specified as b = 1/3 but the only place where it mat-
ters is Eqn ([@4)). Therefore, we will keep symbol b to make the algebraic manipulations
more transparent.

Further, given an interval I C R, numbers m > 0, n € [[1, N]] and k > 0, consider
the following property.

DS(m, po, k, I,n): For all separable pairs of cubes C(Li)(u), C(LZ) (v)
(2.14) P{ JEel: C”(u) and C(v) are (E,m)—S } < L 2Pukpo),

Recall: Ly stands for an integer of the form (Z4l), with o = 3/2 as in ([ZH). The
abbreviation DS means ‘double singularity’.
As was mentioned before, property DS(m, po, k&, I, N) (which addresses Hamilto-

: (n) (n)
nians HCLk(u)("") and HCL,C(V)

Theorem below, establishing connections with the spectrum of the Hamiltonian
H®)(w). Once this property is verified for all k¥ > 0 (at the end of Section {), it will
mark the end of the proof of assertion (i) of Theorem [T

(w)), is critical for the N-particle MSA scheme; see

Theorem 2.2. Let I C R be an interval. Assume that for some m > 0, Ly > 2,
po > Nda and for any k > 0, property DS(m,po, k, I, N) holds true, with Ly as in

Eqns Z4), &3H).

Then, with P-probability one,

(1) The spectrum of operator HN)(w) in I is pure point.
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(ii) The eigenfunctions W;(x;w) of HW™)(w) with eigenvalues E;(w) € I satisfy the
exponential bounds similar to Eqn ([LIH):

(2.15) Lo ®;( - sw)|| < ¢j(w)e™™M, uezM

Theorem represents an ‘analytic’ part of the MPMSA. (Probability plays a sub-
ordinate role here, reduced merely to the Borel-Cantelli lemma, which is guaranteed by
the fact that p > Nda.) The proof of Theorem follows the same line of arguments
as in previous publications and is omitted; cf. [I3], [I4]. (In fact, the idea of the proof
has not changed since [T5].)

In view of Theorem EZ2 assertion (i) of Theorem [l can be deduced from the
following Theorem

Theorem 2.3. Under assumptions of Theorem [, there exist n* > 0 sufficiently
small, p* > Nda, and m* > 0 such that, for an integer Lo > 1 large enough, property
DS(m, po, k, I, N) holds for all k > 0, with pg = p*, m = m™, interval I of the form
I°(n*) = [E°, E° 4+ n*] and length-scale Ly as in Eqns &34), 3).

Sections BHAl are devoted to the proof of Theorem This theorem represents a
‘probabilistic’ part of the MPMSA; unlike Theorem 22 its proof is quite sensitive to
particulars of a given model. Nevertheless, we will follow the same logical scheme as
in [T4, Theorem 3].

Assertion (ii) of Theorem [Tl is established in Section [

3. THE N-PARTICLE MSA INDUCTION SCHEME

In view of Theorem 22 our aim is to check property DS(m, po, k, I, n), i.e., EId),
for n = N. As was mentioned before, it is done by means of a combined induction, in
both k£ and n. Consequently, in some definitions below we refer to the particle number
parameter n, whereas in other definitions - where we want to stress the passage from
N — 1 to N - we will use the capital letter.

The reader may assume from the start that the interval I is of the form I°(n*).

3.1. The initial scale. The initial step of the MPMSA induction consists in estab-
lishing properties DS (m, pg, k, I, n), for k=0 and forn =1,..., N.

Lemma 3.1. Fiz any po > 0 and integers N,d > 1. There exists ng > 0 such that
DS (m, po,0,1,n) holds true for all n € [[1, N]] with the interval I°(n*).

The assertion of Lemma B follows directly from [20, Theorems 2.2.3, 3.3.3] and
is omitted from the paper. It is instructive to observe that the proofs in [20] do not
rely upon a single-particle structure of the potential and can be easily adapted to
multi-particle Hamiltonians.

3.2. The scaling step inequality. Lemma below is based on a construction al-
ternative to [I5, Section 4, Lemma 4.2] but uses the same basic idea and serves the
same purpose. The proof can be found in [1].

Definition 3.1 (E-complete non-resonance). Given E € I and v € Z"¢, the n-particle
cube Cyp(v) is called

(i) E-nonresonant (E-NR) if
(3.1) dist (B, 0(He, v) > e X",
and E-resonant (E-R) if the opposite inequality holds;
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(ii) E-completely non-resonant (E-CNR) if Cr(v) is E-NR and does not contain any
E-resonant cube Cén) (w) with £ > LY/,

Definition 3.2 (Discretized Green function). Given cubes C = Cpr(u), value E €
R\ o(Hc) and vectors v, w € B := CNZN¢ we now denote

(3.2) Dru(v,w; E) = [[1c,(v) Ge(E) 1c, (w)ll-

We call function B x B 3 (v,w) +— Dy (v, w; E) the discretized Green function for
Hc. The same definition is applicable for C;(u) yielding a function

B(u) x By(u) 3 (v,w) — Dy yu(v,w; E), where B,(u) := Cy(u) N ZN4,

Lemma 3.2. Givenn =1,...,N, m > 0, M > 0 and integer J > 1, consider an
n-particle box Cr(u). There exists an integer L., = L. (m, M, J) with the following

scal scal

property. Suppose that the conditions (A)—(C) are satisfied:
(A) Cr(u) is E-CNR;
(B) there exists a family {A;} of at most J disjoint annuli A; = Cy, 4, (u) \ Cy, (u) of
total width 3" r; < MLY® such that any box C¢(v) C Cr(u) \ (U;A;) is NS;
(C) L > L:cal'
Then box Cr(u) is NS:
: D LE)| < ev(milin),
(3:3) \xf{ﬂ?zl/a yeC°L£I°1(atl}§ﬁzf\’d| Crw (XY E)[ <e
3.3. The inductive step. The inductive step of the MPMSA induction consists in
deducing, for a given value k > 0, property DS(m,po,k + 1,1, N) from properties
DS(m,po, k,I,n) assumed for all n = 1,..., N and properties DS(m,po,k + 1,1,n)
assumed for all n =1,..., N — 1. Let us summarise:

Theorem 3.1. Fiz any integers N,d > 1. There exist values L > 0, n7 > 0 and two
functions

(34) m: (Oa 77*] - R-ﬁ-a Po : (Oa 77*] - R-H with p0(77) / +00 asn— 0;

with the following property:
Set 1°(n) = [EY, E° + n] with n € (0,n3) and suppose that for some k > 0 and
Lo> L%

o property DS(m(n), po(n), k. I°(n),n) holds for all n € [[1, N];
o property DS(m(n),po(n), k + 1,1°(n),n) holds for all n € [[1, N — 1]].

Then DS(m(n), po(n), k +1,1°(n), N) also holds.

The rest of the Sections BHAl is devoted to the proof of Theorem Bl Observe that
once this proof is completed, Theorem 23 and hence assertion (i) Theorem [l will be
established.

From now on, parameter py will be considered as depending on 7, but for simplicity
of notation, the argument 1 will be omitted when it does not cause confusion.

3.4. Interactive cubes. The assertion of Theorem Bl i.e., the deduction of property
DS(m,po,k + 1,1, N) from DS(m,po,k,I, N) and DS(m,po,k + 1,1,n) with n =
1,..., N —1is done separately for the three types of pairs of separable boxes C(L]Zil (u),
c)

Lk+1(v)7 according to their position relative to the ‘interaction strip’ in RV¢.
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Recall: 19 € (0,+00) is the interaction radius (cf. (E1)). Consider the following
subset in R™ n=1,...,N:

n nd
(3.5) D™ — {x=(21,...,2,) eR™: 1§§n1,8;§§n|le — zj,| < Nro}

It is plain that

(36)  VxeR"\D™ 3 (2 AJ ¢ [[1,N]: min min |z;, — 2| > ro.
J1E€ET j2&J

Definition 3.3 (Interactive cubes). Let C(L") (u) be an n-particle cube. We say that
C(L”)(u) is fully interactive (FI) when C(L") (u) N D™ # @, and partially interactive
(PI), otherwise.

The term ‘fully interactive’ simply means that the respective n-particle system can-
not be decomposed into a union of two or more non-interacting subsystems, while such
a decomposition is guaranteed for the ‘partially interactive’ cubes. It will be conve-
nient to fix one such decomposition (referred to as canonical), for each PI
box:

37 M) = uy) x M (uge), n' =T > 1, 0" =T > 1.

(The actual choice is irrelevant for our arguments.)
The three types of pairs of separable boxes considered below are as follows.

(I) Both cubes ctv) (u), C(L]Zil(v) are PL.

Ly

(I1) Both CY) (u), CYY (v) are FIL.

k41

(I11) One of CYY (u), CP) (v) is FI, while the other is PL

L1
These three cases are treated in Sections Hl Bl and B, respectively. The end of proof of
Theorem Bl is achieved at the end of Section Bl
Throughout Sections BHA , we work with a fixed bounded interval I C R and variable
n=1,..,N.
We conclude this section by describing one of important technical tools used below.

3.5. Resolvent inequality. Using the so-called Geometric Resolvent Inequality for
Schrédinger operators in Euclidean spaces, one can establish the following statement:

(DGRI) Discretized geometric resolvent inequality: Given cubes Cy(v) C Cp_3(u),
vy € CiM(u) and E € I\ (0(He,w) Uo(Ho,w)),

(3.8) Dy w(v,y;E) <C® Y Dyy(v,w; E)Dpu(w,y; E).
weCt (v)NZN4d
Our task in the remaining part of the paper will be essentially reduced to the analysis
of decay of functions Dy, u(v,w; E) for E € R\ o(Hg,, (u)), when vectors v and w

are distant apart (viz., v is ‘deeply’ inside Cy, (u) whereas w is near the boundary of
Cy, (u); see below).

4. CASE I: PAIRS OF PARTIALLY INTERACTIVE SINGULAR CUBES

In this section, we will be able to derive property DS(m,po, k + 1,1, N) for a pair

(L]\Ql(u), C(L]ZL(V) without referring to DS(m,pg, k, I, N).

However, we will use properties DS(m,pg,k + 1,I,n) forn=1,..., N — 1.

of PI separable cubes C
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Let C = C(LJZL( ) be a PI-cube where u = (u1,...,ux) € ZV%. Let J C {1,..., N}
be a proper subset figuring in Eqn (BH). Write u = (u',u”) where v = uy =
(uj)jes € (247 and "’ = uge = (uj);¢s € (Z*)7 are the corresponding sub-
configurations in u. Let n’ = |J| be the cardinality of J and n” = N —n’. We write
the respective cube C as the Cartesian product

C=C'xC", where C' =C{")

L1

(W), ¢’ =cy) ().

Liy1

The Hamiltonian H' (1)\,)

Lk+1

(4.1) HY) B o107 + 100 o B,

. can be represented as

Here 1) and I"") are the identity operators on Ly(C') and Ly(C"), respectively.

Definition 4.1 ((I, m)-partial tunneling). Fix a number m > 0 and an interval I C R.

(i) An n-particle cube C(L’;)H(u), with n < N, is (I, m)-tunneling ((I,m)-T) if there

exists £ € I and two separable n-particle cubes C(L"k) (vj) C C(Lk)+1( ), j=1,2
which are (E, m)-S.

(ii) An N-particle PI cube C(N) [(u) is (I,m)-partially tunelling ((I,m)-PT) if at

least one of the cubes C(Lkil(u 7), C(L’i)l (uge) figuring in its canonical decom-
position

cY) () =cy) (ug) x C" (uge),

Lyt Ly
is (I, m)-tunneling. Otherwise, it is called (I, m)-non-tunneling ((I,m)-NT).

Lemma 4.1 (Cf. Lemma 5.2 from [7]). Fiz an interval I C R and consider an N-
particle cube ctV (u). Assume that cM (u) is PI, (I,m)-NT for some m >0, and

L1 Liy1

E-CNR for some E € I. Then, for Lo large enough, the cube C(L]Zil(u) is (E,m)-NS.
The proof can be found in [7].

Lemma 4.2. Given m > 0, pg > 0, a bounded interval I CR andn=1,...,N —1,
suppose that property DS(m,po, k + 1,1,n) holds for some k > 0. Then, for any
uczn,

—2P(n,k, 1 _opP(n,k,po)/at+2Nd
O T A

Lyt1

(4.2) 11»{ c” (u) is m- PT} —|c

Proof. Combine DS(m, po, k+1,I,n) with a straightforward upper bound 3 |C(L’:+1( )2

for the number of pairs of cubes C(Lfv (y;) C C(Lkﬂ( ), 7 = 1,2, centered at lattice

points. [l

Lemma 4.3. Suppose m > 0 and a bounded interval I C R have been given. Let
C= C(L]ZL(U) be an N -particle PI-cube. Then for any po > Nda there exists npr €
(0,+00) and b > 0 such that if n € (0,np7), then

1
(4.3) P{C ism-PT} < Lkiﬁ’(’“*b)"“

Proof. By Definition B, C with canonical decomposition C = C’ x C” of the form
@) is m-PT if and only if at least one of its canonical projections, C' = C(Ln )(u 7)
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or C" = C(L"”)(ujc), is m-T. By Lemma EE2A Eqn 2) holds for both n = n’ and
n =n', with the exponent in the RHS of Eqn [2) bounded as follows:
kgN—(N—1)
2P(N, k + 1,po) _oNd > 2po(1 + b)F4
a a
with b > 0, provided that

—2Nd > 2po(1 + b)F+,

Nd 4 — Nd
(4.4) po(1+b)* > po > “ob< ——

4—a« @ Po
The left-hand group of inequalities in Eqn 4] follows from the condition py > Nda
while the right-hand group holds by inspection for b = 1/3 and a = 3/2 (again with
the help of pg > Nda). O

Lemma 4.4. Given Ly > 1, m >0, ¢ > 0, pop > Nda and a bounded interval I C R,
assume that

the bound (E3)) holds true,

foralln=1,...,N — 1 the bound 2 holds,

the bound ) with n = N (i.e., property W2(N)) is satisfied,
Ly is sufficiently large.

Then, for any k > 0 and any pair of separable, PI cubes C(L]Z)(u) and C(L]Z)(v),
N N 1 _opatnyr | _po/2
(4.5) ]P’{EIE er: ) (w),c) (v) are (E,m)-s} < Lpgmeet L oud

Proof. Set C(u) = C(LJZL(U) and C(v) = C(LJZL(V). Lemma BTl implies
(4.6)
P{3IFE e€I: C(u)and C(v) are (E,m)-S }
<P{C(u)or C(v)is-PT} +P{3IE €I: C(u)and C(v) are not E-CNR }.
The assertion now follows from the assumptions of Lemma EE4l and from the statement
of Lemma O

Theorem 4.1. Given p* > Nda, there exist mp; > 0, npp > 0 and a positive Ly <
+oo with the following property. Take Lo > L. Then, V k > 0, DS(m,po, k+1,1,N)
holds for all separable pairs of N -particle PI-cubes C(LJ\Qrl (u), C(L]Zil(v) with m = mpy,

po = p* and the interval I of the form I°(np;) = [E°, E° + 0%,
Proof. The claim is an immediate corollary of Theorem Bl and Lemma B4 d

For future use, consider the following

Definition 4.2. Given an E-CNR N-particle cube C = Cp,,(u), introduce the
following quantities:

e vp(C; E) = the maximal number of pairwise separable (E,m)-S PI cubes
CL,(x) C C,x € ZNY

e Upi(C; E) = the minimal number of cubes of radius 4N (L +r1) needed to cover
all PI (E,m)-S cubes Cy, (x) C C, x € ZN4;

e vp(C; E) = the maximal number of pairwise separable FI (E,m)-S cubes
C.,(x) C C,x e zZN

e 15(C; E) = the minimal number of cubes of radius 4N (L +1r1) needed to cover
all (E,m)-S cubes Cr, (x) C C, x € ZN.
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Clearly,
(47) l/s(C;E) < gpI(C;E)—FVFI(C;E).

It is worth noting that there might be several families of pairwise separable cubes
in C (resp., PI pairwise separable, or FI pairwise separable) which are (E,m)-S for
a given E. By vpi(C; E) and vpi(C; E) we mean the maximal cardinalities of such
collections of cubes. These maxima are well-defined since diam C < co.

Lemma 4.5. Given 0 < 1 < min [775,77;1}, Lo>1,q>0, po > Nda and a bounded
interval I C R, assume that

the bound (E3) holds true,

forallm=1,...,N — 1 the bound [Z) holds,

the bound ) with n = N (i.e., property W2(N)) is satisfied,
Ly is sufficiently large.

Then the following inequality takes place:
1 _
(18)  F{3ECl:vpi(CiB)>2) < jIpVie (it y ool

Proof. If wvpr > 2, then there exist at least two separable singular cubes Cyr, (x),

CL,(y). The number of possible pairs (x,y) is bounded by %Liﬁf, while for a given

pair Cr, (x), Cr, (y) LemmaE A applies. This leads to the assertion of Lemmalll O

5. CASE II: PAIRS OF FULLY INTERACTIVE SINGULAR CUBES

Recall, the definition of an FI-cube was related to ry € (0,+00), the range of in-
teraction. Further, the notion of a separable cubes Cr(u), Cr(v) was related to the
constant r1, the diameter of support of the bump functions, and included the condition

dist (Cr(u),Cr(v)) > 2N(L +11)

(see Definition ZTI). Before we proceed further, let us state a geometric assertion (see
the proof in Appendix A):

Lemma 5.1. Let L > rg be an integer. Let Cp(u’) and Cr(u”) be two separable

N-particle FI-cubes, where v’ = (uf,..., uy), '’ = (uf,...,u%). Then

(5.1) MCryr, (0)NIICryy, (0") = 2.

Lemma Bl is used in the proof of Lemma 22 which, in turn, is a part of the proof
of Lemma B4 instrumental in establishing Theorem Bl

Let an interval I C R and a number m > 0 be given. Consider the following assertion
which is a particular case of DS(m, po, k, I, N) (cf. Eqn EZTd):

FIS(k,po, N, I): For any pair of separable N-particle FI-cubes C(L]Z)(u) and C(L]Z) (v)
(5.2) i { 3EeT: ¢V () and ¢V (v) are (E,m)-S } < [P kpo),

Lemma 5.2. Let k > 0 be given. Assume that property FIS(k,po, N, I) holds true.
Let C = C(LJZL(U) be an N -particle cube. Then, for any £ > 1,

(5.3) P{3IEcI: vp(C;E) > 20} < [FTe) . p2P(Nkpo)
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The proof can be found in []; it is fairly straightforward and based on the indepen-
dence of the operators Hc¢ relative to separable FI-cubes.

In the proof of Lemma [l we use the following simple geometric fact which follows
from Lemma 1

Lemma 5.3. Let n € [[1, N]] and consider an n-particle cube C = Cyg,_, (u). If, for a
given E € R, vp1(C, E) < 2 then there exist a collection of cubes CgN(LHl)(x(i)), 1=
1,...,J, where J < k(n) + 1 such that any PI cube Cr, (y) C Cr,,,(u) disjoint from
all CQN(LHH)(X(“) is (E,m)-NS. Consequently, vp1(C, E) < k(n) + 1. Respectively,
if all (E,m)-S PI cubes cannot be covered by a family of k(n) + 1 cubes of radius
2N(Ly +11), then vp1(C, E) > 2.

Lemma 5.4 (Cf. Lemma 6.3 from [7]). Given k > 0, let C = C(L]Zil(u) be an N-
particle cube. Consider a bounded interval I C R and assume that the conditions of
Lemma [[-3 are fufilled and property FIS(k,po, N, I) holds true. Then, for any £ > 1,

P{IFel:v(C;E)>20+kr(N)+1}
(5.4) < LiNda . LIZ?P(NJ’C,PO) + LZZ(2+d0¢) .L;%P(J\Ckmo).
Proof. Suppose that vg(C; E) > 20+ k(N) + 1. Then, owing to Lemma B3 either
vp1(C; E) > 2 or vp1(C; E) > 2¢. Therefore,

P{IEecl:vg(C;E)>20+kr(N)+1}
<P{3Eel:vp(C;E)>2}+P{3EE: vpi(C;E) > 20}
< Lszoz . LIZQP(N’k’pO) +Li£(2+da) . LIZQEP(NJC,PO)

by virtue of @R) and E3). O

An elementary calculation gives rise to the following

Corollary 5.1. Under assumptions of Lemma B4, with £ > 2, po(n) large enough and
for Lg large enough, we have, for any integer k > 0,

(5.5) P{3IFel:vs(C;E)>20+2} < L];if(f\ﬂkmo)fl.

Now, if two N-particle cubes C(L]\Ql (u’) and C(L]Zil (u”) are separable, then property
W2(N) (i.e., Eqn 1) with n = N) implies the following bound:

P { VE € I, either YY) (w) or CY) (u”) is E-CNR}
> 1 LPNfoe te > 1 —e B0 /2,
The main result of this section is the following

Theorem 5.1. For any p* > Nda, there exist mjy > 0, nji; > 0 and Ly € (0,+00)
such that the following property holds true. Given Lo > Ly and k > 0, assume that
property FIS(k,po, N,I) holds with m = m}y, po = p* and the interval I°(nf;) =
[EY, E® + n;]. Then property FIS(k + 1,po, N,I) also holds, again with m = m}y,
po = p* and the interval I = I°(nfy).

Proof. Let m > 0, u,v € ZN? and assume that C(LJQ1 (u) and C(L]Zil (v) are separable
Fl-cubes. With an interval I°(n) of the form [EY, E° + 7], consider the following two
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events:

B— {EIE eI'(m): ) (w) and C) (v) are (E,m)-s},

Lit1

D= {HE € I : neither C(L]Z) (u) nor C(LNL(V) is E—CNR}.

+1 k

The argument that follows assumes that parameters m, 1, p and Lg are adjusted in
the way specified in the conditions of Theorem Bl Owing to property W2(N) (cf.
Eqn &), with n = N), we have: P{D} < e~LY /2 Moreover, P{B} <P{D} +
P{BnN D°}. So, it suffices to estimate the probability P{ B8N D°}. Within the event

BN De, for any E € I, either C(L]Zil(u) or C(LJZL(V) must be E-CNR. Without loss

of generality, assume that for some E € I, C(L]ZL(U) is E-CNR and (E,m)-S. By
Lemma B3 if Ly (and, therefore, any L) is sufficiently large, for such value of E,
VS(C(L]ZL(U);E) > K + 1, with K as in Lemma B2 Now let K = k(N), where x(N)
is the constant from Lemma Il We see that

BND°C{3Eel: vs(CY) (u)E)>r(N)+1}

Lyt

and, therefore, by Lemma 4] and Corollary B

Liy1

(5:6) P{BN D°} <P{IE e |vs(C)) (wiE) > r(N)+1 < L2 O

6. MIXED SEPARABLE PAIRS OF SINGULAR CUBES

It remains to derive property DS(m, pg, k+1, I, N) in case (III), i.e., for mixed pairs
of N-particle cubes (where one is FI and the other PI).
A natural counterpart of Theorem Bl for mixed pairs of cubes is the following

Theorem 6.1. For any p* > Nda, there exist m¥y > 0, niy > 0 and Ly € (0, +00)
guaranteing the following property. Given Ly > Ly and k > 0, assume that property
DS(m,po, k,I,N) holds, with m = m3y, po = p* and the interval I of the form
() = [E°, E° + iy,

e for any pair of separable PI-cubes C(LJZ) (x), C(LJZ) (y), x,y € ZN4,

e for any pair of separable FI-cubes C(LJZ) (%), C(LJZ) (y), %,y € ZN4,
Then property DS(m, po, k + 1,1, N) holds for all mized pairs (of separable cubes).

(N)

Proof. Assume that cM (u), cM (v) is a separable pair where cube C} *

Lyt1 Lit1
FI and C(L]Zil (v) PI. Consider the following three events:

(u) is

B={3Eel: CY) (u)and C{) (v)are (B,m)S},
T ={Cpr,,,(v) is (I,m)-PT},
D={3Eel: neither C{") (u)nor C{) (v)is B-CNR}.
By virtue of E3),
1 _opn,k,
P{T}< L),
and by Theorem 211

1 B/2 17B/2
]P){D} < Li]-i\-[fe Liia <e 2Lk+17
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provided that L is large enough. Further,
c 1 —op(Nk, c
P{B}<P{T}+P{BNT}< ZLM( ) L P{BNT}.
Thus, we have
P{BNT}Y<P{D}+P{BNT°ND}<e sl 4y P{BN TN D).
Next, within the event BN 7°NDe, either C(L]Z) (u) or C(LN) (v) is E-CNR. It must be
+1 k41
the FI-cube C\) (u). Indeed, by Lemma ETl had cube cv (v) been both E-CNR

Lk+1 Lk+1
and (I,m)-NT, it would have been (E,m)-NS, which is not allowed within the event

B. Thus, the cube C%) (u) must be E-CNR, but (E, m)-S. Hence,

Ly
BNT°nD°c{3Eel:CY) (u)is (B,m)-S and E-CNR}.
However, applying Lemma B2, we see that

{3Ee1: CY) (u)is (E,m)-S and E-CNR}
c{3EBel: us(CY) (u);B) > 20+ K(N)+1}.

Therefore,
P{BN TN D} < ]P’{EIE eI: ws(CYY) (u);E) > 20+ w(N) + 1}
(6.1) <Ll Lty .

Finally, we get for sufficiently large Lg:
P{B}<P{BNT}+P{D}+P{BNT°N D}

1 _ B8/ _ _
(6.2) < 5ijf(mmo) 1 slid n 2L;Z+11Lkif(N7k7p0) < ka};(N’k’pO)v
This completes the proof of Theorem O

Therefore, Theorem Bl and the assertion (i) of Theorem [l are also proven.

7. FrRoM MPMSA BOUNDS TO DYNAMICAL LOCALIZATION

In this section we establish assertion (ii) of Theorem [Jl To this end we adapt a
well-known scheme used earlier in the single-particle context; cf. the original papers
16,17 and the monograph [20]. Recall again that all cubes appearing in our arguments
are centered at lattice points u € ZN?: this makes it possible to use some standard
combinatorial estimates.

7.1. Step 1. Probability of ‘bad’ samples. In thsi subsection we assume the prop-
erty DS(m, po, k, I,n) proven for a given N > 1 and a given ???bounded??? interval
I C Rand all K> 0. 777 Interval I for the time being can be general, but in due
course will take form I°(n) assumed in Theorem [l ??? Parameter P(N, k,po) grows
with k, therefore for k large enough, we can make the value of P(N,k,pg) arbitrarily
large. Hence, changing if necessary the scales by setting Ly = Ly, with ko large
enough, we can use the bound DS(m, po, k, I,n) for the new scales Lj and with an
arbitrarily large po > 0l For notational brevity, we set below p = P(N,0,pg) = po.
Recall that the assertion (ii) of Theorem [l (see Eqn ([CIH)) is claimed for any s > 0.

LThis is the main place where we benefit from making parameter P(n,k,po) growing with k.
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To prove this fact, we first fix a value s > 0 for which we want to establish (CIH) and
then choose p obeying

(7.1) 2p > 3Ndo? + as,
changing the scales Ly if necessary. Next, for each j > 1 consider the event

Sj={w:3FEel3Jy,zecCyr,, (0)such that

Cr, ,(y),Cyr, ,(z) are separable and (m, E)-singular}.
Further, for £ > 1 denote
Qb _ U s;.
Jj=k
Lemma 7.1. 3 a constant ¢V = ¢ (d, N, p) € (0,400) such that ¥V k > 1:
P { QI(Cbad) } < C(l)L;(prNdag).

Proof. The total number of pairs of cubes centered at lattice points, of radius L;, inside
Cy,.,(0) (including separable ones) is, obviously, bounded by |Cp,,,(0)[>/2, so that
we can apply the bound [ZT4) and write

where ¢ and ¢ are constants depending on d, N and p. Therefore,

Q) < L]:2p+2Nda2 Z (Lk+i

—2p+2Nda2
L )
i>0 k

By assumptions, 2p — Nda > 0 and Lo > 2, so that the assertion of Lemma [Tl follows
from the inequality Ly 'Ly > 9ot —a® (where o = 3/2). O

7.2. Step 2. Centers of localization. Denote by @; = ®;(w) the normalized eigen-
functions of operator HV)(w), for w € Qy, for which the corresponding eigenvalues
E, =E(l,w) el l=1,2,... with, say, By < Ey < .... For each [ and w € ; we
call a center of localization for function @; any point z; = z;(w) € Z¥? such that

H ]'CI(ZL) @lH = yrg%z,(d ” 101()’) @lH'

Since @; € L2(RN?), such a center always exists. Moreover, owing to the normalization
|2:]| = 1, the number of centers of localization for a given [ must be finite. We will
assume below that for each considered eigenfunction ®@;, precisely one center
of localization z; has been chosen (in a unique, but otherwise arbitrary way).

Lemma 7.2 (Cf. Sect. 3.4 from [20]). Given m > 0, there exists ko with the following
property. Let k > ko and suppose that for some l the center of localization z; lies in a
cube Cp, (x). Then the cube Cr,_, (x) is (m, Ep)-S.

7.3. Step 3. Annular regions. Fix ky from the Step 2 and set Q,(CgOOd) =0\ Q,(Cbad).

Lemma 7.3. There exists jo = jo(m,a,d) large enough such that for j > jo, j > k
and z; € Cr,;(0)

(1= 1c,,,, )Pl < 5.
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Proof. Let kg be the value from Lemma Fix 5 > ko and divide the complement
ZN4\ Cy,,(0) into annular regions

(72) M; = Ml(O) = ZNdﬂ (CL1+1 (0) \ CLi (0)) , 12> .7 + 2.

Thus, we have
I1=1c,, ,@l*= D It ®&l*< DY > lle, ,w@l*
i>j+2 i>j+2 weM,
By Lemma B (cf. 3)), any cube Cp, ,(w) C M, i > j + 2, is separable from
Cr,_,(0), since |[w| > 2(N 42)(L;—1 +11). Furthermore, x; € Cr,(0) C Cr,_,(0), and
by Lemma [[2 the cube Cp, ,(0) must be (m, E;)-S. The cubes Cp, ,(w),Cyr,_,(0)

are separable, so for any w € Q,(chOd), the cube Cyr, ,(w) is (m, E;)-NS. Therefore,

11,  w) Bil? < e ?mh
Since the cardinality of annulus M; grows polynomially in L;, the assertion follows. [
7.4. Step 4. A combinatorial bound.

Lemma 7.4 (Cf. Sect. 3.4 from [20]). There exist ¢ € (0,+00) and ¢? € (0,400)
such that V 222k > 1972, w € Q](fOOd) and j > k:

(7.3) card{l: z; € Cp,,,(0)} < @ L?‘fff.
7.5. Step 5. The bound for ‘good’ samples of potential.

Lemma 7.5. Given Lo large enough and m > 0, 3 an integer k1 = ki(m, Ly) such

that V k > ki, w € Q](Cgo‘)d) and x from the annular region Myi1 (¢f. Eqn [Z2)) the
following bound holds true:

(7.4) Iey, 00 EHW)) 1y, 0 | < e H2)1€]| o
Here € is a (measurable) bounded function R — R.

Proof. Tt suffices to prove () in the particular case where ||€||cc < 1, which we
assume below. First, the operator norm [|1¢, (x) {(H(w)) 1c,, (o) || in the LHS of
[C3) is upper-bounded by

> EE) e, 0 @il | e, o i
E el
< > e, ®llllc,, o ol
(75) Eel

ZLGCLk+1

+ >0 > e, @il o @l

i>k+1 Eel
z;EM;
Observe that if point x lies in the annulus M1 = Z¥*( (Cy,.,(0) \ Cr,,,(0)), then
|x| > 2(N + 2)(Lk +11), and by Lemma Tl (cf. @3)), cubes Cp, (x) and Cp,(0) are
separable. In turn, this implies that one of these cubes has to be (m, F;)-non-singular,
SO we can write

ald —m
S e, 00 Pl 1oy, () Bill < DL e Ex,

E el
ZzECLk_H
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taking into account the upper bound for the number of points z; obtained in Step 4.

If zz € M; with j > k£ + 1, then by Lemma [ Cr; (z) is (m, E;)-S. Since
|zi| > 2(N +2)(Lj—1 + 1), the cube Cp,_,(0) must be (m, E;)-NS. Consequently, we
have the upper-bounds for the norms:

H chk(O) @lH < H ]'CL,-71(0) @lH < c(B)eiijfl

where ¢®) € (0, +00) is a constant, ¢®) = ¢®)(d, N). Using again Lemma [ we see
that for k& > k1,

v 1
Cr, (x) ®1 c. (0Pl =sc e THITILT < cen TTRA
> X Ien e Billl loy, @il < @ 37 gt < gemmi
§>k+1z €M, k41
Combined with ([Z3), this estimate gives the assertion of Lemma [Z3 O

7.6. Step 6. The overall bound.

Lemma 7.6. 3 a constant ¢ = 0(4)(d, N,p) € (0,400) with the following property.
Let ky be as in Step 5. Then for k > ki1 and x € M1, we have:

— a2
E [[| 1oy, 00 SH®)) Loy, @ ] < e gLy 2V

Proof. For w € Q,(Cbad) we can estimate the norm by [|¢]|s < 1, while for w € Q,(fOOd)

we apply Lemma [LH Using Lemma [l we see that the above expectation is bounded
by

(P{Q](Cbad) } 1 e~mIi/2p { Q](food) }) < C(a,d,p)LE2p+2Nda2 (1+o(1)
[l

7.7. Step 7. Conclusion. Fix a compact K ¢ RN? and find k¥ > k; such that
K c Cr,_,(0). Then

E[||X®&(H W) 1k ] < cali + > E[|X* 1n, §(H(w)) 1k |[]
j>k

<clk)+ Y cali Y E [l 1oy, m EHW) 1oy, o ]

>k weM,;
Nda j —2p+2Nda®
<C 14> Ly LY*L; < o0,
Jj>k
since 2p — 3Nda? — as > 0 by assumption (), and L; = (Lo)aj grow fast enough.

This completes the proof of dynamical localization. 77?7 Vitya: at what point
in Section 7 do we have to assume that [ is of the form I°(n)???

APPENDIX. GEOMETRIC SEPARABILITY.

In physical terms, the condition of separability can be elucidated as follows: let cube
C(Ln) (x) be J-separable from C(L") (y) and consider two quantum n-particle systems, in
C(Ln) (x) and C(Ln) (y) (i.e., with Hamiltonians Hc<n)(x) and Hc<n)(y)). Then the first
system contains a ‘detached’ subsystem, formed b}Lf particles Witfl labels from J, with
the following property. ¥V u = (ug,...,up) € C(Ln) (x) and v = (v1,...,v,) € C(Ln) (¥),
the collection of random variables Vg from the random field V contributing to the
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external potential sum ) V(z;;w) is disjoint from similarly defined collections, for
JET
sums ) V(zj;w)and . V(2};w). This implies independence of sum > V(z;;w)
J¢T 1<j<n JjeT
and the pair of sums ) V(zj;w)and > V(2};w) and provides enough ‘randomness’
VNS 1<j<n
to produce satisfactory estimates.

Proof of Corollary 2l Assume that the assertion is wrong and consider k(n)+1 cubes
Cr(yj) C Azj—1(x), 1 < j < k(n) + 1, which are not separable from Cp,(x). Since

dist(CL(yj), CL(yj+1)) Z diSt(Aj (X), Aj+1 (X)) — 2(L + 1‘1) > 47’L(L + 1‘1),

these k(n) 4+ 1 cubes cannot be enclosed in k(n) cubes of radius 2n(L + r1), in contra-
diction to the first assertion of Lemma Tl g

Proof of Lemma Bl If Cp(u’) is FI, then there exists a permutation o of order N
such that, forall j = 1,..., N —1, [u} —u/ ;| < ro. Otherwise, the set {u}}1<j<n C Z
could be decomposed into two or more non-interacting subsets. Therefore,

diam{u} }1<j<n < (N — 1)ro; similarly, diam{u}}1<j<n < (N — Dro.
Further, suppose that for some 7,5 € {1,...,n}, we have
11, CL+T1 (u/) n Hj CL+T1 (u//) 75 g.
Then |u} — u;'| < 2(L + 1), and, therefore, for any k =1,...,n
o~ ) < I — o+ ]
< (N —=1)rg+2(L+11)+ (N = 1Drg <2N(L +13).

This is incompatible with the inequality dist(Cr(u’), Cr(u”)) > 2nN(L +11), since in
the latter case there must exist some k such that |uj, — u}| > 2(L +11). O
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