Lent 2000 version of February 11, 2000 Richard Weber

C11: STATISTICS

Contents

Aims of this course . . . . . . . . . . . . . . . . . . . . . . . . . . . . iv Schedules . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iv Recommended books . . . . . . . . . . . . . . . . . . . . . . . . . . . iv Keywords . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . v Notation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . vii

1 Parameter estimation 1 1.1 What is Statistics? . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 1.2 RVs with values in R^n or Z^n . . . . . . . . . . . . . . . . . . . . . . . 2 1.3 Some important random variables . . . . . . . . . . . . . . . . . . . . 4 1.4 Independent and IID RVs . . . . . . . . . . . . . . . . . . . . . . . . 5 1.5 Indicating dependence on parameters . . . . . . . . . . . . . . . . . . 5 1.6 The notion of a statistic . . . . . . . . . . . . . . . . . . . . . . . . . 5 1.7 Unbiased estimators . . . . . . . . . . . . . . . . . . . . . . . . . . . 6 1.8 Sums of independent RVs . . . . . . . . . . . . . . . . . . . . . . . . 6 1.9 More important random variables . . . . . . . . . . . . . . . . . . . . 7 1.10 Laws of large numbers . . . . . . . . . . . . . . . . . . . . . . . . . . 7 1.11 The Central Limit Theorem . . . . . . . . . . . . . . . . . . . . . . . 8 1.12 Poisson process of rate λ . . . . . . . . . . . . . . . . . . . . . . . . . 8

2 Maximum likelihood estimation 9 2.1 Maximum likelihood estimation . . . . . . . . . . . . . . . . . . . . . 9 2.2 Sufficient statistics . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

3 The Rao-Blackwell theorem 13 3.1 Mean squared error . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13 3.2 The Rao-Blackwell theorem . . . . . . . . . . . . . . . . . . . . . . . 14 3.3 Consistency and asymptotic efficiency^∗ . . . . . . . . . . . . . . . . . 16 3.4 Maximum likelihood and decision-making . . . . . . . . . . . . . . . . 16

4 Confidence intervals 17 4.1 Interval estimation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17 4.2 Opinion polls . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18 4.3 Constructing confidence intervals . . . . . . . . . . . . . . . . . . . . 19 4.4 A shortcoming of confidence intervals* . . . . . . . . . . . . . . . . . 20

5 Bayesian estimation 21 5.1 Prior and posterior distributions . . . . . . . . . . . . . . . . . . . . . 21 5.2 Conditional pdfs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22 5.3 Estimation within Bayesian statistics . . . . . . . . . . . . . . . . . . 24

6 Hypothesis testing 25 6.1 The Neyman–Pearson framework . . . . . . . . . . . . . . . . . . . . 25 6.2 Terminology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26 6.3 Likelihood ratio tests . . . . . . . . . . . . . . . . . . . . . . . . . . . 27 6.4 Single sample: testing a given mean, simple alternative, known variance (z-test) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

7 Further aspects of hypothesis testing 29 7.1 The p-value of an observation . . . . . . . . . . . . . . . . . . . . . . 29 7.2 The power of a test . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29 7.3 Uniformly most powerful tests . . . . . . . . . . . . . . . . . . . . . . 30 7.4 Confidence intervals and hypothesis tests . . . . . . . . . . . . . . . . 31 7.5 The Bayesian perspective on hypothesis testing . . . . . . . . . . . . 32

8 Generalized likelihood ratio tests 33 8.1 The χ^2 distribution . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33 8.2 Generalised likelihood ratio tests . . . . . . . . . . . . . . . . . . . . 33 8.3 Single sample: testing a given mean, known variance (z-test) . . . . . 34 8.4 Single sample: testing a given variance, known mean (χ^2-test) . . . . 35 8.5 Two samples: testing equality of means, known common variance (ztest) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35 8.6 Goodness-of-fit tests . . . . . . . . . . . . . . . . . . . . . . . . . . . 36

9 Chi-squared tests of categorical data 37 9.1 Pearson’s chi-squared statistic . . . . . . . . . . . . . . . . . . . . . . 37 9.2 χ^2 test of homogeneity . . . . . . . . . . . . . . . . . . . . . . . . . . 38 9.3 χ^2 test of row and column independence . . . . . . . . . . . . . . . . 40

10 Distributions of the sample mean and variance 41 10.1 Simpson’s paradox . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41 10.2 Transformation of variables . . . . . . . . . . . . . . . . . . . . . . . 41 10.3 Orthogonal transformations of normal variates . . . . . . . . . . . . . 42 10.4 The distributions of X̄ and S_{XX} . . . . . . . . . . . . . . . . . . . . . 43 10.5 Student’s t-distribution . . . . . . . . . . . . . . . . . . . . . . . . . . 44

11 The t-test 45 11.1 Confidence interval for the mean, unknown variance . . . . . . . . . . 45 11.2 Single sample: testing a given mean, unknown variance (t-test) . . . . 46 11.3 Two samples: testing equality of means, unknown common variance (t-test) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47 11.4 Single sample: testing a given variance, unknown mean (χ^2-test) . . . 48

12 The F -test and analysis of variance 49 12.1 F -distribution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49 12.2 Two samples: comparison of variances (F -test) . . . . . . . . . . . . . 49 12.3 Non-central χ^2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50 12.4 One way analysis of variance . . . . . . . . . . . . . . . . . . . . . . . 50

13 Linear regression and least squares 53 13.1 Regression models . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53 13.2 Least squares/MLE . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53 13.3 Practical usage . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54 13.4 Data sets with the same summary statistics . . . . . . . . . . . . . . 55 13.5 Other aspects of least squares . . . . . . . . . . . . . . . . . . . . . . 56

14 Hypothesis tests in regression models 57 14.1 Distributions of the least squares estimators . . . . . . . . . . . . . . 57 14.2 Tests and confidence intervals . . . . . . . . . . . . . . . . . . . . . . 58 14.3 The correlation coefficient . . . . . . . . . . . . . . . . . . . . . . . . 58 14.4 Testing linearity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59 14.5 Analysis of variance in regression models . . . . . . . . . . . . . . . . 59

15 Computational methods 61 15.1 Analysis of residuals from a regression . . . . . . . . . . . . . . . . . 61 15.2 Discriminant analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . 62 15.3 Principal components / factor analysis . . . . . . . . . . . . . . . . . 62 15.4 Bootstrap estimators . . . . . . . . . . . . . . . . . . . . . . . . . . . 64

16 Decision theory 65 16.1 The ideas of decision theory . . . . . . . . . . . . . . . . . . . . . . . 65 16.2 Posterior analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67 16.3 Hypothesis testing as decision making . . . . . . . . . . . . . . . . . . 68 16.4 The classical and subjective points of view . . . . . . . . . . . . . . . 68

Aims of the course

The aim of this course is to aquaint you with the basics of mathematical statistics: the ideas of estimation, hypothesis testing and statistical modelling. After studying this material you should be familiar with

1. the notation and keywords listed on the following pages;

2. the definitions, theorems, lemmas and proofs in these notes;

3. examples in notes and examples sheets that illustrate important issues concerned with topics mentioned in the schedules.

Schedules

Estimation Review of distribution and density functions, parametric families, sufficiency, Rao- Blackwell theorem, factorization criterion, and examples; binomial, Poisson, gamma. Maximum likelihood estimation. Confidence intervals. Use of prior distributions and Bayesian inference. Hypothesis Testing Simple examples of hypothesis testing, null and alternative hypothesis, critical region, size, power, type I and type II errors, Neyman-Pearson lemma. Significance level of outcome. Uniformly most powerful tests. Likelihood ratio, and the use of likelihood ratio to construct test statistics for composite hypotheses. Generalized likelihood-ratio test. Goodness-of-fit and contingency tables. Linear normal models The χ^2, t and F distribution, joint distribution of sample mean and variance, Student’s t-test, F -test for equality of two variances. One-way analysis of variance. Linear regression and least squares Simple examples, *Use of software*.

Recommended books

M. H. De Groot, Probability and Statistics, 2nd edition, Addison-Wesley, 1986. J. A. Rice, Mathematical Statistics and Data Analysis, 2nd edition, Duxbury Press, 1994.

G. Casella and J. O. Berger, Statistical Inference, Brooks Cole, 1990. D. A. Berry and B. W. Lindgren, Statistics, Theory and Methods, Brooks Cole, 1990 (out of print).