11 Kalman Filtering and Certainty Equivalence

We presents the important concepts of the Kalman filter, certainty-equivalence and the
separation principle.

11.1 Preliminaries

Lemma 11.1 Suppose = and y are jointly normal with zero means and covariance
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Then the distribution of x conditional on y is Gaussian, with
E(x|y) = VayVyy'y (11.1)

and
cov(z | y) = Var — meVyleym . (11.2)

Proof. Both y and = — wa%zlly are linear functions of z and y and therefore they are
Gaussian. From E [(z — nyVy;ly)yT} = 0 it follows that they are uncorrelated and
this implies they are independent. Hence the distribution of z—V,, Vygly conditional on
y is identical with its unconditional distribution, and this is Gaussian with zero mean
and the covariance matrix given by (11.2) B

The estimate of x in terms of y defined as £ = Hy = waVygly is known as the
linear least squares estimate of z in terms of y. Even without the assumption that
x and y are jointly normal, this linear function of y has a smaller covariance matrix
than any other unbiased estimate for = that is a linear function of y. In the Gaussian
case, it is also the maximum likelihood estimator.

11.2 The Kalman filter

Let us make the LQG and state-structure assumptions of Section 10.4.
Ty = A{E,gfl + B’U,t,1 + € 5 (113)
Yy = Copq + 11, (11.4)

Notice that both z; and y; can be written as a linear functions of the unknown noise
and the known values of ug,...,u;_1. Thus the distribution of x; conditional on W; =
(Y;, U;—1) must be normal, with some mean Z; and covariance matrix V;. The following
theorem describes recursive updating relations for these two quantities.

Theorem 11.2 (The Kalman filter) Suppose that conditional on Wy, the initial
state xq is distributed N (&g, Vy) and the state and observations obey the recursions of

41

the LQG model (11.3)~(11.4). Then conditional on Wy, the current state is distributed
N (%, V). The conditional mean and variance obey the updating recursions

ii?t = Aii?t,1 + But,1 + Ht(yt - Cii?tfl), (115)

Vi=N+ AV, AT — (L+ AV, O )Y (M 4+ CV, 1 CT)y N LT + OV, A7), (11.6)

where
Hy = (L+ AV, .C")(M +CV,_,CT)L, (11.7)

Proof. The proof is by induction on ¢. Consider the moment when u;—; has been
determined but y; has not yet observed. The distribution of (z¢,y;) conditional on
(Wi—1,us—1) is jointly normal with means

E(z | Wi—1,up—1) = AZr—1 + Bug—1,
E(y: | Wi—1,up—1) = CZp—1 .

Let Ay_1 = &4—1 — x4—1, which by an inductive hypothesis is N (0, V;_1). Consider the
innovations

& =ar— E(xy | Wimi,ui—1) = 2y — (A + Buy—1) = ¢, — AN,
G=y—Ey | Wi, us—1) =9y —Cy_y =1 — CAy_1 .

Conditional on (W;_1,u;—1), these quantities are normally distributed with zero means
and covariance matrix

cov e —AN1] [N+ AV, AT L+ AV, 1CT | [Vee Vi
n—CA_1| LT+OthlAT M—I—CthlCT o Vee Veel ™

Thus it follows from Lemma 11.1 that the distribution of & conditional on knowing
(W1, ui—1,¢t), (which is equivalent to knowing W;), is normal with mean V‘écqulct
and covariance matrix Vee — VggV&lVgg. These give (11.5)-(11.7). W

11.3 Certainty equivalence
We say that a quantity a is policy-independent if E;(a | Wp) is independent of 7.
Theorem 11.3 Suppose LQG model assumptions hold. Then (i)

F(Wy) = &) Ty + - -- (11.8)

where Ty is the linear least squares estimate of x; whose evolution is determined by the
Kalman filter in Theorem 11.2 and + - - -’ indicates terms that are policy independent;
(i1) the optimal control is given by

up = Kidy,
where Iy and K are the same matrices as in the full information case of Theorem 7.2.
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It is important to grasp the remarkable fact that (ii) asserts: the optimal control
ug 15 exactly the same as it would be if all unknowns were known and took values equal
to their linear least square estimates (equivalently, their conditional means) based upon
observations up to time t. This is the idea known as certainty equivalence. As we
have seen in the previous section, the distribution of the estimation error Z; — z; does
not depend on U;_;. The fact that the problems of optimal estimation and optimal
control can be decoupled in this way is known as the separation principle.

Proof. The proof is by backward induction. Suppose (11.8) holds at ¢. Recall that

Ty = AZy—1 + Bug—1 + Hy Ay =Tpo1 — Ty—1.

Then with a quadratic cost of the form c(x,u) = " Rz 4+ 2u' Sz + u ' Qu, we have
F(Wt_l) =min F [C(,Tt_l,’ut_l) + :ﬁtﬂt:ﬁt + - | Wt—l, ut_l]
Ut—1

=min F [¢(F1-1 — A¢p—1,Ut—1)
Ut—1

+ (A1 + Buyg—1 + HyG) "I (A%y—y + Bug—1 + Hi () | Wie1, ue—1]

= qr}tlirll [C(ft_l, ut_l) + (A,ft_l + But_l)THt(Aft_l + But—l)] +oe
where we use the fact that conditional on W;_1,u;—1, both A;_; and {; have zero
means and are policy independent. This ensures that when we expand the quadratics
in powers of A;_; and Hy(; the expected value of the linear terms in these quantities
are zero and the expected value of the quadratic terms (represented by + - - - ) are policy
independent. W

11.4 Example: inertialess rocket with noisy position sensing

Consider the scalar case of controlling the position of a rocket by inertialess control of
its velocity but in the presence of imperfect position sensing.
Ty = Te—1 + U1, Yt = Te + M,

where 7; is white noise with variance 1. Suppose it is desired to minimize

h—1
E Z uj + Dz},
t=0

Notice that the observational relation differs from the usual model of y; = Czi_1 + 7.
To derive a Kalman filter formulae for this variation we argue inductively from scratch.
Suppose &;—1 — x4—1 ~ N(0,V;—1). Consider a linear estimate of x;,

Tp =T 1 + w1+ He(ye — Tp—1 — us—1) .
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(The relevant innovation process is now g, = y¢ — &¢—1 — us—1.) Subtracting the plant
equation and substituting for xz; and y, gives

Ay =01+ Hy(ne — A1)
The variance of A; is therefore
varAy = Vioy — 2H Vg + HE(1+ Viq) .

Minimizing this with respect to H; gives H;y = Vi1 (1 + thl)*l, so the variance in the
least squares estimate of z; obeys the recursion,

Vi=Vier = V2 (14 Vi) =V /(1 + Vi)

Hence
Vit=vli41= =Vl +t.

If there is complete lack of information at the start, then VO_1 =0,V, =1/t and

Vic1(ye — &p—1 — us—1) _ (t—=1)(Tp—1 +us—1) + ye
14+ Vi t '

T = By +up—1 +

As far at the optimal control is concerned, suppose an inductive hypothesis that
F(W;) = 22I1; + - - -, where ‘- -’ denotes policy independent terms. Then

F(Wiy) = inf {v’ + El#—1 +u+ Hi(yr — G401 —w))’I + - }
= inf {u? + (Z-1 +u)’ Ty + B[H(ne — A1) + -+ ]
Minimizing over u we obtain the usual Riccati recursion of
M =10, — 107 /(1 + 1T,) =10, /(1 + 1T,)..

Hence II; = D /(14 D(h—t)) and the optimal control is the certainty equivalence control
us = =D& /(1 4+ D(h —t)). This is the same control as in the deterministic case, but
with z; replaced by ;.
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