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The problem

Let X1, . . . ,Xn be a random sample from a density f0 in
R
d.

How should we estimate f0?

Two main alternatives:

• Parametric models: use e.g. MLE. Assumptions often
too restrictive.

• Nonparametric models: use e.g. kernel density
estimate. Choice of bandwidth difficult, particularly
for d > 1.
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Is there a third way?

Nonparametric shape constraints are becoming
increasingly popular (Groeneboom et al. 2001, Walther 2002, Pal et al. 2007, Dümb gen

and Rufibach 2009, Schuhmacher et al. 2011, Seregin and Welln er 2010, Koenker and Mizera 2010 . . .).
E.g. log-concavity, r-concavity, k-monotonicity,
convexity.

A density f is log-concave if log f is concave.

• Univariate examples: normal, logistic, Gumbel
densities, as well as Weibull, Gamma, Beta densities
for certain parameter values.
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Characterising log-concave densities
Cule, S. and Stewart (2010)

Let X have density f in R
d. For a subspace V of Rd, let

PV (x) denote the orthogonal projection of x onto V .
Then in order that f be log-concave, it is:

1. necessary that for any subspace V , the marginal
density of PV (X) is log-concave (Prékopa 1973) , and the
conditional density fX|PV (X)(·|t) of X given PV (X) = t

is log-concave for each t

2. sufficient that, for every (d− 1)-dimensional
subspace V , the conditional density fX|PV (X)(·|t) of
X given PV (X) = t is log-concave for each t.
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Unbounded likelihood!

Consider maximizing the likelihood L(f) =
∏n

i=1 f(Xi)

over all densities f .
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Existence and uniqueness
Walther (2002), Cule, S. and Stewart (2010)

Let X1, . . . ,Xn be independent with density f0 in R
d, and

suppose that n ≥ d+ 1. Then, with probability one, a
log-concave maximum likelihood estimator f̂n exists and
is unique.
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Sketch of proof

Consider maximizing over all log-concave functions

ψn(f) =
1

n

n
∑

i=1

log f(Xi)−

∫

Rd

f(x) dx.

Any maximizer f must satisfy:

1. f(x) > 0 iff x ∈ Cn ≡ conv(X1, . . . ,Xn)

2. Fix y = (y1, . . . , yn) and let h̄y : Rd → R be the smallest
concave function with h̄y(Xi) ≥ yi for all i. Then
log f = h̄y∗ for some y∗

3.
∫

Rd f(x) dx = 1.
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Schematic diagram of MLE on log scale
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Computation
Cule, S. and Stewart (2010), Cule, Gramacy and S. (2009)

First attempt: minimise

τ(y) = −
1

n

n
∑

i=1

h̄y(Xi) +

∫

Cn

exp{h̄y(x)} dx.
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Computation
Cule, S. and Stewart (2010), Cule, Gramacy and S. (2009)

First attempt: minimise

τ(y) = −
1

n

n
∑

i=1

h̄y(Xi) +

∫

Cn

exp{h̄y(x)} dx.

Better: minimise

σ(y) = −
1

n

n
∑

i=1

yi +

∫

Cn

exp{h̄y(x)} dx.

Then σ has a unique minimum at y∗, say, log f̂n = h̄y∗ and
σ is convex . . .
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Computation
Cule, S. and Stewart (2010), Cule, Gramacy and S. (2009)

First attempt: minimise

τ(y) = −
1

n

n
∑

i=1

h̄y(Xi) +

∫

Cn

exp{h̄y(x)} dx.

Better: minimise

σ(y) = −
1

n

n
∑

i=1

yi +

∫

Cn

exp{h̄y(x)} dx.

Then σ has a unique minimum at y∗, say, log f̂n = h̄y∗ and
σ is convex . . . but non-differentiable !
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Log-concave projections
Cule and S. (2010), Dümbgen, S. and Schuhmacher (2011)

Let P be the set of all probability distributions P on R
d

with P (H) < 1 for all hyperplanes H. Let

Pr =

{

P ∈ P :

∫

Rd

‖x‖r P (dx) <∞

}

, r = 1, 2.

The condition P0 ∈ P1 is necessary and sufficient for the
existence of an a.e. unique log-concave density f∗ that
maximises

∫

Rd log f dP0 over all log-concave densities.
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One-dimensional characterisation
Dümbgen, S. and Schuhmacher (2011)

Let P0 ∈ P1 have distribution function F0. Let

S(f∗) = {x ∈ R : log f∗(x) > 1
2 log f

∗(x−δ)+1
2 log f

∗(x+δ) ∀δ > 0}.

Then the distribution function F ∗ of f∗ is characterised
by

∫ x

−∞
{F ∗(t)− F0(t)} dt







≤ 0 for all x ∈ R

= 0 for all x ∈ S(f∗) ∪ {∞}.
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Example 1

Suppose f0(x) =
1
2(1 + x2)−3/2. Then f∗(x) = 1

2e
−|x|.
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Example 2
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Log-concave projections preserve
independence Chen and S. (2011)

Suppose P ∈ P1 can be written as P = P1 ⊗ P2, where P1

and P2 are probability measures on R
d1 and R

d2 , with
d2 = d− d1. If f∗ is the log-concave projection of P and
f∗ℓ is the projection of Pℓ (ℓ = 1, 2), then

f∗(x) = f∗1 (x1)f
∗
2 (x2)

for x = (xT1 , x
T
2 )

T ∈ R
d.

This makes log-concave projections very attractive for
independent component analysis (S. and Yuan, 2012) .
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Convergence of log-concave densities
Cule and S. (2010)

Let (fn) be a sequence of log-concave densities on R
d

with fn
d
→ f for some density f . Then:

(a) f is log-concave

(b) fn → f almost everywhere

(c) Let a0 > 0 and b0 ∈ R be such that f(x) ≤ e−a0‖x‖+b0 . If
a < a0 then

∫

ea‖x‖|fn(x)− f(x)| dx → 0 and, if f is
continuous, supx e

a‖x‖|fn(x)− f(x)| → 0.
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Theoretical properties
Cule and S. (2010), Dümbgen, S. and Schuhmacher (2011)

Now let X1, . . . ,Xn
iid
∼ P0 ∈ P1, and let f∗ denote the

log-concave projection of P0. Taking a0 > 0 and b0 ∈ R

such that f∗(x) ≤ e−a0‖x‖+b0 , we have for any a < a0 that
∫

Rd

ea‖x‖|f̂n(x)− f∗(x)| dx
a.s.
→ 0,

and, if f∗ is continuous, supx e
a‖x‖|f̂n(x)− f∗(x)|

a.s.
→ 0.
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Fitting finite mixtures of log-concave
densities

Chang and Walther (2007), Cule, S. and Stewart (2010)

Now suppose

f(x) =

p
∑

j=1

πjfj(x),

where the weights πj are positive and sum to one, and
each fj is log-concave on R

d.

We can combine the algorithm for finding the
log-concave MLE with the EM algorithm to fit such a
mixture.
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Smoothed log-concave density estimator
Dümbgen and Rufibach (2009), Cule, S. and Stewart (2010), Ch en and S. (2011)

Let

f̃n = f̂n ∗ φÂ,

where φÂ is a d-dimensional normal density with mean
zero and covariance matrix Â = Σ̂− Σ̃. Here, Σ̂ is the
sample covariance matrix and Σ̃ is the covariance matrix
corresponding to f̂n.

Then f̃n is a smooth, fully automatic log-concave
estimator supported on the whole of R

d which satisfies
the same theoretical properties as f̂n.

It offers potential improvements for small sample sizes.
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Smoothed estimator in classification
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Smoothed log-concave MLE theory
Chen and S. (2011)

Let X1, . . . ,Xn
iid
∼ P0 ∈ P2, let µ =

∫

x dP0(x), and
Σ =

∫

(x− µ)(x− µ)T dP0(x).

Let f∗∗ = f∗ ∗ φA∗ , where A∗ = Σ− Σ∗ with
Σ∗ =

∫

(x− µ)(x− µ)T f∗(x) dx. Taking a0 > 0 and b0 ∈ R

such that f∗∗(x) ≤ e−a0‖x‖+b0 , we have for all a < a0 that
∫

Rd

ea‖x‖|f̃n(x)− f∗∗(x)|
a.s.
→ 0.
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Testing for log-concavity Chen and S. (2011)

Suppose P0 ∈ P1. Then tr(A∗) = 0 if and only if P0 has a
log-concave density.

We can therefore use Â as a test statistic, and generate a
critical value from bootstrap samples drawn from f̂n.

This test is consistent: if P0 is not log-concave, then the
power converges to 1 as n→ ∞.
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Classification problems

Let (X,Y ), (X1, Y1), . . . , (Xn, Yn) be i.i.d. pairs in
R
d × {1, . . . ,K}, with P(Y = r) = πr and (X|Y = r) ∼ Pr,

for r = 1, . . . ,K.

A classifier is a function C : Rd → {1, . . . ,K}.

We aim to minimise the misclassification error rate or
risk :

Risk(C) = P
(

C(X) 6= Y
)

.
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Smoothed log-concave and Bayes
classifiers

Suppose each class distribution Pr has a (Lebesgue)
density fr. The smoothed log-concave classifier is

ĈSLC
n (x) = argmax

r∈{1,...,K}
Nrf̃n,r(x),

where Nr =
∑n

i=1 1{Yi=r} and f̃n,r is the smoothed
log-concave estimate based on {Xi : Yi = r}.

The Bayes classifier is

CBayes(x) = argmax
r∈{1,...,K}

πrfr(x).

Its risk is optimal . . .
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Smoothed log-concave and Bayes
classifiers

Suppose each class distribution Pr has a (Lebesgue)
density fr. The smoothed log-concave classifier is

ĈSLC
n (x) = argmax

r∈{1,...,K}
Nrf̃n,r(x),

where Nr =
∑n

i=1 1{Yi=r} and f̃n,r is the smoothed
log-concave estimate based on {Xi : Yi = r}.

The Bayes classifier is

CBayes(x) = argmax
r∈{1,...,K}

πrfr(x).

Its risk is optimal . . .but it can’t be used in practice !
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Theory for smoothed log-concave
classifiers

Chen and S. (2011)

The smoothed log-concave Bayes classifier is

CSLCBayes(x) = argmax
r∈{1,...,K}

πrf
∗∗
r (x).

Let X ∗∗ = {x ∈ R
d : | argmaxr πrf

∗∗
r (x)| = 1}. Then

ĈSLC
n (x)

a.s.
→ CSLCBayes(x)

for almost all x ∈ X ∗∗, and

Risk(ĈSLC
n ) → Risk(CSLCBayes).
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Breast cancer data
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Classification boundaries
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Regression problems
Dümbgen, S. and Schuhmacher (2011)

Consider the regression model

Yi = µ(xi) + ǫi, i = 1, . . . , n,

where ǫ1, . . . , ǫn are i.i.d., log-concave and E(ǫi) = 0. In
both of the cases i) µ is linear and ii) µ is isotonic, we
can jointly estimate µ and the distribution of ǫi.

Significant improvements are obtainable over usual
methods when errors are non-normal.
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Summary

• The log-concave MLE is a fully automatic,
nonparametric density estimator

• It has several extensions which can be used in a wide
variety of applications, e.g. classification, clustering,
functional estimation and regression problems.

• Many challenges remain: faster algorithms, dependent
data, further theoretical results, other applications
and constraints,...
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