A theorem on the estimation and prediction properties of
the Lasso

Comments and corrections to r.samworth@statslab.cam.ac.uk

Consider the linear model Y = Gy1,,+ X 3+¢, where the columns of the deterministic design
matrix X = (z1,...,7,) € R™? are centred and have ||z;]|3 = n for j = 1,...,p, and where
€ ~ N,(0,02I). Recall that the Lasso estimator of 3 with regularisation parameter A\ > 0
is ﬂAf, where (ﬂAO, Bf ) minimises

1
Q1(Bo,B) = %HY — Boln — XBI5 + N8Il

over (Bo,3) € R x RP. Let S = {j e{l,....,p}: B # 0}, let N ={1,...,p}\ S, and
let s = |S|. Recall that for an arbitrary A C {1,...,p} and b € RP, we write by for the
vector in RI4! obtained by extracting the components of b that are in A. We will assume
the following compatibility condition:

(A1) There exists ¢ > 0 such that for all b € RP with ||by |1 < 3||bs|1, we have

S| X3

bslF <
nqb%

Theorem 1. Assume (A1) and let A = Ao 10% for some A > 0. Then with probability
at least 1 — p*(AQ/gfl), we have
1625 B 1642 o2slog p
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X (3 - B)I3 + AIBE - Bl <

Proof. We write € =n~1 3" | ¢, and note that By =n"1 Yo, Y; = Bp+é. For convenience
drop the A subscript in B)]f. By definition of (3, %), we have Q(fy, B%) < Q(fo, 3), so
1 _ A A 1 _
— || XB+e—el, — XG55+ A1 < 5=lle — 1,13 + AllS]1-
2n 2n
Thus ) 5
LI (3" = B)I3 + 203 s < ZTX(F" - B) + 208 .

Define the event 0
Q= {EHXTeHOO < )\}.



It can be shown (see example sheet) that P(€) > 1 — p~(4*/8=1) 50 henceforth we work
on 2. Now
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Hence, using the compatibility condition,

ANE)|X(BE = B)l2

L1 (B" — 81 + AIB" — Bl < 4N|B — sl <

Vo
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as required. O



