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Consider the linear model Y = β01n+Xβ+ǫ, where the columns of the deterministic design
matrix X = (x1, . . . , xp) ∈ R

n×p are centred and have ‖xj‖2
2 = n for j = 1, . . . , p, and where

ǫ ∼ Nn(0, σ2I). Recall that the Lasso estimator of β with regularisation parameter λ > 0
is β̂L

λ , where (β̂0, β̂
L
λ ) minimises

Q1(β0, β) =
1

2n
‖Y − β01n − Xβ‖2

2 + λ‖β‖1

over (β0, β) ∈ R × R
p. Let S =

{

j ∈ {1, . . . , p} : βj 6= 0
}

, let N = {1, . . . , p} \ S, and
let s = |S|. Recall that for an arbitrary A ⊆ {1, . . . , p} and b ∈ R

p, we write bA for the
vector in R

|A| obtained by extracting the components of b that are in A. We will assume
the following compatibility condition:

(A1) There exists φ0 > 0 such that for all b ∈ R
p with ‖bN‖1 ≤ 3‖bS‖1, we have

‖bS‖2
1 ≤ s‖Xb‖2

2

nφ2
0

.

Theorem 1. Assume (A1) and let λ = Aσ

√

log p
n for some A > 0. Then with probability

at least 1 − p−(A2/8−1), we have

1

n
‖X(β̂L

λ − β)‖2
2 + λ‖β̂L

λ − β‖1 ≤ 16λ2s

φ2
0

=
16A2

φ2
0

σ2s log p

n
.

Proof. We write ǭ = n−1
∑n

i=1 ǫi, and note that β̂0 = n−1
∑n

i=1 Yi = β0 + ǭ. For convenience

drop the λ subscript in β̂L
λ . By definition of (β̂0, β̂

L), we have Q(β̂0, β̂
L) ≤ Q(β̂0, β), so

1

2n
‖Xβ + ǫ − ǭ1n − Xβ̂L‖2

2 + λ‖β̂L‖1 ≤ 1

2n
‖ǫ − ǭ1n‖2

2 + λ‖β‖1.

Thus
1

n
‖X(β̂L − β)‖2

2 + 2λ‖β̂L‖1 ≤ 2

n
ǫT X(β̂L − β) + 2λ‖βS‖1.

Define the event

Ω0 =

{

2

n
‖XT ǫ‖∞ ≤ λ

}

.
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It can be shown (see example sheet) that P(Ω0) ≥ 1 − p−(A2/8−1), so henceforth we work
on Ω0. Now

1

n
‖X(β̂L − β)‖2

2 + λ‖β̂L
N‖1 =

1

n
‖X(β̂L − β)‖2

2 + 2λ‖β̂L‖1 − 2λ‖β̂S‖1 − λ‖β̂N‖1

≤ 2

n
ǫT X(β̂L − β) − λ‖β̂L

N‖1 + 2λ‖βS‖1 − 2λ‖β̂L
S ‖1

≤ λ‖β̂L − β‖1 − λ‖β̂L
N‖1 + 2λ‖β̂L

S − βS‖1

= 3λ‖β̂L
S − βS‖1.

But

‖β̂L
N − βN‖1 = ‖β̂L

N‖1 ≤ 1

λ

{

1

n
‖X(β̂L − β)‖2

2 + λ‖β̂L
N‖1

}

≤ 3‖β̂L
S − βS‖1.

Hence, using the compatibility condition,

1

n
‖X(β̂L − β)‖2

2 + λ‖β̂L − β‖1 ≤ 4λ‖β̂L
S − βS‖1 ≤ 4λ

√
s‖X(β̂L − β)‖2√

nφ0

≤ 16λ2s

φ2
0

=
16A2

φ2
0

σ2s log p

n
,

as required.
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