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SUPPLEMENTARY MATERIAL TO ‘GLOBAL RATES OF
CONVERGENCE IN LOG-CONCAVE DENSITY
ESTIMATION’

By ARLENE K. H. Kim" AND RICHARD J. SAMWORTH*T

University of Cambridge'

This is the supplementary material for Kim and Samworth (2016), here-
after referred to as the main text.

1. Proof and auxiliary result for Theorem 1 in the main text.
We recall that the Kullback—Leibler divergence between two densities f and
g on R? is given by

f

2 . J
dalfog) = [ Flox?.

Given € > 0 and p € {dkr, h}, we write V (e, Fg, p) for the e-covering number
of F; with respect to p; thus V (e, Fy, p) is the minimal N € N with the
property that there exist densities f1,..., fnv such that for any f € Fy,
we can find j* € {1,..., N} with p(f, fj=) < e. We also write N(e, Fg, h)
for the e-packing number of F; with respect to h; thus N(e, Fy, h) is the
maximal N € N with the property that there exist densities fi,..., fy €
Fq with h(fj, fr) > € for j # k. Finally, given 0 < ¢ < €' < 00 and a

compact interval I C R, we write F7Z¢ for the set of univariate upper semi-

continuous densities f that are concave on I, and satisfy ¢ < f(z) < C for
x €I, and f(z) =0 for ¢ I. Note that FLBG C A

PROOF OF THEOREM 1. The case d = 1: There exist 0 < ¢ < C' < o0,
c; € (0,00), a compact interval I C R and €y > 0 such that, given € € (0, €],
we can find a subfamily 7y = {f1,...,fn.} C fCCOCPCI with the following
properties:

(i) log N, > cie /2,
(ii) h(fj, fi) > € for all j # k.
Such a construction can be obtained, for instance, by adapting the convex

densities of Devroye and Lugosi (2001, Lemma 15.1); alternatively, details
can be found in the arxiv version of this paper (Kim and Samworth, 2015,
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2 A. K. H. KIM AND R. J. SAMWORTH

Theorem 1). We therefore have that log N (e, FL55, h) > cte~ /2, Moreover,

we can recall that %
di.(f,9) < —h*(f.9)

for f,g € ]-';OCE‘CI We deduce that, for some K I > 1,
V fCOl’lC d < N Q1/2€ FCOHC h < V 21/26 ‘FCOI’IC h
(6, Feeup k) < 20127 O ) =V \ 51727 e O

< exp(K|e 1/?),

where the final claim follows because square roots of densities that are con-
cave on I are concave on I, so we can apply the La-covering number bounds
of Guntuboyina and Sen (2013, Theorem 3.1), or Proposition 4 below. It
follows from Yang and Barron (1999, Theorem 1), restated as Lemma 1
below for convenience, that we can take ¢, = (KI)Q/Sn_2/5 and €, , =

(¢)? . —2/5

————MN
36(K])3/5

there to conclude that for n large enough that €, , < €,

. 3 (CT)4 —4/5
inf  sup E; {h*(fn, fo)} > n=45.
fn€Fn foEF1 fo{ ( O)} 8 x 362(KI)16/5

The case d > 2: As mentioned in Section 2 in the main text, F; contains the
class of uniform densities on closed, convex sets. The result therefore follows
by slight modifications of the arguments in, for example, the proof of Brunel
(2013, Theorem 5); see also Brunel (2016); Korostelev and Tsybakov (1993);
Mammen and Tsybakov (1995). O

The following lemma is a special case of Yang and Barron (1999, Theo-
rem 1).

LEMMA 1 (Yang and Barron (1999), Theorem 1). Suppose that €, >
0 is such that 6721 > nillog V(en, Fa,dgr) and that Enp > 0 s such that
log N (€., Far h) > 4ne2 + 21log2. Then

' ~ 1
inf  sup Ep {h*(fa, fo)} > <
fne}—n foe]:d 8

2. Auxiliary results for the proof of Theorem 4 in the main text.
We first provide the following entropy bound for convex sets, which is a minor
extension of Dudley (1999, Corollary 8.4.2). For a d-dimensional, closed,
convex set D C RY, we write Ay (D) for the class of closed, convex subsets of
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LOG-CONCAVE DENSITY ESTIMATION 3

D. Further, and in a slight abuse of notation, we let N (e, Aq(D), L1) denote
the e-bracketing number of {14 : A € A4(D)} in the L1 = Lj(pq)-metric.
Recall also that we write log, , () = max(1,logx).

PROPOSITION 2. For each d € N, there exists Kq € (0,00), depending
only on d, such that

o Ny e A D), 1) < R, (#402), (1242401}

€

for all e > 0.

PrROOF. By Fritz John’s theorem (Ball, 1997; John, 1948, p. 13), there
exist A € R? and b € R? such that D’ := AD + b has the property
that d~1B4(0,1) C D' C By(0,1). Let aq := pa(Bq(0,1)) = 7¥2/T(1 +
d/2). Now, by Dudley (1999, Corollary 8.4.2) and the remark immediately
preceding it, there exists ez 4 € (O, min(e™!, ad)) and Ky € (0, 00) such that

log Ny (e, Aa(D'), L1) < log Ny (e, Aa(Ba(0,1)), L1)
< Ky max{log(1/e), e (4=1/2}
for all € € (0, €20,4]. Now set

. + max{log(1/ez0.q), 6270(271)/2}

K;:= Ky —(d—1)/2}'
d

max{log,  (1/aq),a
Then, for € € (€204, aq),
logNj (€, Aa(D'"), L1) < log Nyj(e20,4;Aa(D"), L1)
< Ky max{log(1/€0.4), 62_0(’2_1)/2} = Kymax{log, . (1/a),a
< Kymax{log , (1/¢),e "D/7).

—(d—-1)/2
d( )/}

For € > ay, we can use the single bracketing pair {1/, 9V} with % (z) := 0
and ¢V (x) := 1 for x € D', noting that Li(yY,¢") = ug(D’) < ag. Thus,
for € > agy,

log Nj (e, Aa(D'), Ln) = 0 < Kymax{log , (1/e), e =1/},

We can therefore construct an e-bracketing set in L for {14 : A € A4(D)}

as follows: first find an dd;Z?D)—bracketing set {[ij,w]U] :j=1,...,N} for

{14: A€ Ay(D")}, where

ddud(D)>7 (ddp,d(D))(dl)/?}.

log N < Kdmax{log++( cay cay
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4 A. K. H. KIM AND R. J. SAMWORTH

Now define ngL, gbgj : D — R by qﬁf(x) = d)jL(A:B—I—b) and qﬁg](az) = T/JJU(A$—|—
b). Then
Lo} 0f) = [ 10 (A 1) = 0 (Ao -+ B) disa)

< €ayq . €yq < €aq
- \det A\dd,ud(D) N dd,ud(D’) B dd,ud(dled(O,l))

Since log, | (a/€) < {2+ 1ilgof’;r%é(/Uba))}log;JrJr(l/e) for all a,e > 0, the result
therefore holds with

. 21 4 d(d—1)/2
Kg .= Ky max{ (2 + og++( /ad)> , d }

log_ , (eaq/d?) aﬁld—l)/2
O

We now provide a bracketing entropy bound for classes of uniformly
bounded concave functions on arbitrary d-dimensional, convex, compact do-
mains in R? when d = 1,2, 3. These results build on the work of Guntuboyina
and Sen (2013), who study covering (as opposed to bracketing) numbers and
rectangular domains, and a recent result of Gao and Wellner (2015), who
study various special classes of domains, including d-dimensional simplices.
For convenience, we state the result to which we will appeal below.

Recall that we say S C R? is a d-dimensional simplex if there exist affinely

independent vectors ug, ui, . .., uq € R% such that
d d
S= {UO+Z>\jUj : >\17--~7)\d > 0, Z)\j < 1}.
j=1 J=1

A set D C R? can be triangulated into simplices if there exist d-dimensional
simplices S1,...,Sy C D such that Ué-V:lSj = D and if j # k then there
is a common (possibly empty) face F' of the boundaries of S; and Sj with
S; NSy = F. For a d-dimensional, closed, convex subset D of R?, and for
B > 0, we define ®5(D) to be the set of upper semi-continuous, concave
functions ¢ with dom(¢) = D that are bounded in absolute value by B.

THEOREM 3 (Gao and Wellner (2015), Theorem 1.1(ii)). For eachd € N,
there exists Kj* € (0,00), depending only on d, such that if D is a d-
dimensional closed, convex subset of R that can be triangulated into m
simplices, then

Bui/%D))d/?

€

10g NH (26, (i)B(D), Lg) < K;lk*m<
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LOG-CONCAVE DENSITY ESTIMATION )
for all € > 0.
For any d-dimensional, compact, convex set D C R? and any n > 0, let
oD i={reD:weD forall |lw—=z|| <n}, and D" := D 4+ 1nBy(0,1).

We refer to Schenider (2014, Section 3.1) for basic properties of ,D and D
which we will use in Proposition 4 below.
We are now in a position to state our bracketing entropy bound.

PROPOSITION 4. There exists K3 € (0,00), depending only on d, such
that for all d-dimensional, convex, compact sets D C R? and all B,e > 0,
we have

) Koy (D)(B/e)'/? ifd=1
log N (2¢, 85(D), L2) < { K3ud/?(D)(B/e) log™? (Bus/*(D)/e) if d =2
K3u3(D)(B/)? if d=3.

PROOF. As a preliminary, recall that the Hausdorff distance between two
non-empty, compact subsets A, B C R? is given by

Haus(A, B) : max{gsﬁgg;lelg |z —yll, zlelgl}relgﬂx ?/H}
By the main result of Bronshteyn and Ivanov (1975), there exist dgrq > 0
and Cy > 0, both depending only on d, such that for every § € (0, gy q
and every d-dimensional convex, compact set D C By(0,1), we can find a
(convex) polytope P O D such that P has at most C;6~@=1/2 yertices and
Haus(P, D) < 6. (Throughout, we follow, e.g., Rockafellar (1997), and define
a polytope to be a set formed as the convex hull of finitely many points.)
Moreover, by Lemma 8.4.3 of Dudley (1999), there exists ¢o € (0,16dp1 4],
depending only on d (though this dependence is suppressed for notational
simplicity), such that for any d-dimensional, closed convex set D C By(0, 1)
and any § > 0, we have uq(D \ . ;D) < 6/16.

We now begin the main proof in the case B = 1, and handle the general
case at the end of the whole argument. Fix a d-dimensional, convex, com-
pact set D C R? and, as in the proof of Proposition 2, apply Fritz John’s
theorem to construct an affine transformation D’ := AD + b of D such that
d 1B4(0,1) € D' C B4(0,1). We initially find bracketing sets for ®;(D’),
and consider different dimensions separately.

The case d = 1: This is an extension from metric to bracketing entropy
of Theorem 3.1 of Guntuboyina and Sen (2013), and can be found in Doss
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6 A. K. H. KIM AND R. J. SAMWORTH

and Wellner (2016, Proposition 4.1). In particular, these authors show that
there exist €] € (0,1) and K7, > 0 such that, when d =1,

log N}y (26, 1(D'), Ly) < K{ e 2

for all € € (0, €7].

The case d = 2: Set €5 := 1/8, and fix € € (0, €3], noting that ua(D’" \
weD') < €2/16. Applying the result of Bronshteyn and Ivanov (1975), we
can find a polytope P; 2 cOeQD/ such that P; has at most 02061/26_1 ver-
tices and Haus(Pi, ., 2D’) < coe?. We deduce that P; C (CO€2D,)0062} -
D’. Applying the result of Bronshteyn and Ivanov (1975) recursively, with
M := |log(-)/log2]| (the condition that e < 1/8 ensures that M € N), for
each ¢ = 2,3,..., M, there exists a polytope P; D 0041-62(Pi_1) with at most

02051/22*i6*1 vertices such that Haus(B, 6041-62(132'_1)) < ¢pd'e®. Observe
that the Bronshteyn—Ivanov result can be applied in each case, because for
1=2,3,..., M,
, ¢
604162 < 604M62 < T% < (5]3172.
Note moreover that the Bronshteyn—Ivanov construction yields P; C P;_;.

We claim that Pjs is a two-dimensional polytope, by our choice of M. In
fact,

M
p2(Prr) = pa(D') = pa(D'\ P1) = > pa(Pi1 \ Py)
i=2
- M
> 5~ Ha(D"\ Pr) = > na(Pia\ qi2(Pic1))
=2
T_¢ gi>T yM-125 T
4 164 — 4 - 8
=1
For i =2,3,..., M, we now describe how to construct a finite set of sim-
plices (triangles) S;1,...,S; N, that cover Pi71\004i52(PfL'71), so in particular,

they cover P;_1\P;. Since , 4i2(P;—1) is a two-dimensional polyhedral convex
set, we can pick two distinct vertices in this set. The line L passing through
these two points forms the boundary of two closed halfspaces Hi and Ho;
we show how to triangulate Hq N (f)i—l \ codie? (3;1)), with the triangulation
of HaN (Pi—l \ e (Pi—l)) being entirely analogous. We claim that, in the
terminology of Devadoss and O’Rourke (2011), H1 N (Py—1 \ co4ie2(Pi—1)) is
a polygon, i.e. a closed subset of R? bounded by a finite collection of line
segments forming a simple closed curve.
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LOG-CONCAVE DENSITY ESTIMATION 7

HiN (Pt \ i (Piad)
T2 o

.xg

Fic 1. Illustration of triangulation construction when d = 2.

To see this, observe that the line L intersects bd(P;_;) at precisely two
points; let £y € L N bd(P;—1) denote the point that is larger in the lexico-
graphic ordering (with respect to the standard Euclidean basis); see Fig-
ure 1. Let m; € N denote the number of vertices of H; N P,_;. Now,
for j = 1,...,m1 — 1, let ; € H;1 N bd(P—1) denote the vertex of the
polyhedral convex set H; N P;_; that is the unique neighbour of z;_1 not
belonging to {zo,...,xj—1}. Note here that x,,,—1 is the other point in
LNbd(P;—1). Let x,,, denote the closest point of L N 0041'62(]31-_1) t0 Ty, —1
(so the line segment joining ,,—1 and z,,, is a subset of L). Let ma € N
denote the number of vertices of H1 M 4i2(Pi—1). For j =1,...,ma—1, let
Tmi4+j € H1 N bd(004i€2(Pi_1)) denote the vertex of the polyhedral convex
set Hi N c04i52(Pi*1) that is the unique neighbour of z,,,+;_1 not belong-
ing to {zm,,...,Tm,+j—1}. Finally, let @y 4m, = xo. Let 0 = g < 1 <

. < tmy+m, = 1. The boundary of the set H; N (f)i—l \ 0042‘52(3;1)) is
parametrised by the closed curve v : [0,1] — R? given by

i1 —t t—t;
(®) ti+1 — 1 ! tit+1 —t; a

for t € [tj,tj41]. In fact, we claim that v is a simple closed curve. To see
this, note that Py and , ;i2(Fi-1) are polyhedral convex sets in R?, so
their (disjoint) boundaries are simple closed curves; v(t) € bd(P;—1) for t €
[0, tmy—1] and () € bd(,gi2(Pim1)) for t € [ty , tmy 1my—1]- Moreover, 7(t)
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8 A. K. H. KIM AND R. J. SAMWORTH

belongs to the interior of the line segment joining x;,, 1 and x,,, (and hence
to the interior of P;—1\ , 4i2(Pi-1)) for t € (£, -1, tm, ) and to the interior of
the line segment joining 'y, +m,—1 and Ty +my 0T t € (tmy+ma—1, tmy+ms);
these two line segments are themselves disjoint. This establishes that v is a
simple closed curve, and hence that H; N (-Pifl \ 004162(3‘71)) is a polygon.
Note, incidentally, that our reason for introducing the line L was precisely to
ensure this fact. We can therefore apply Theorems 1.4 and 1.8 of Devadoss
and O’Rourke (2011) to conclude that there exist simplices Sj1,...,Sin,
that triangulate P;_1 \ c04ie2(Pi—1)v where N; < 402681/22_i€_1.
Fori=2,3,...,Mand j=1,...,N;, let

U i ( p2(Si) )1/2
MY\ (P \ ggie(Pic1)))

By Theorem 3, there exists a bracketing set {[¢ iLj o qﬁ[{j Jdil=1,...,n;;}for
D (S;, i), where logn; ; < K**(“2 i(_”)), such that Lg(qﬁ”e,qﬁ ,j£> < o je.

JE
Moreover, by another application of Theorem 3, there exists a bracketing
set {[¢M+1 T,ngJrLT] cr = 1,...,np41} for ®1(Py), where lognpryr <

8K5*Cyc, 1/2(#), such that L2(¢%4+1,r7¢%4+1,r) < €. This last state-
ment follows, because 2~ Me~1 < 8.

We can therefore define a bracketing set for ®;(D’) as follows: first, for
t=2,....,Mand j=1,..., N, let

) i—1 N j—1
Sij =S\ {(U U Sk,m) U( U Si,m) },
k=2m=1 m=1
) M Ny
Py =Py \ | J U Sem.
k=2m=1

Now, for the array € = (¢; ;) where i € {2,...,M}, j € {1,...,N;} and
lije{l,...,n;;}, and for r =1,... ,np41, let

wg,r(x) = ]l{mED’\Pl}_‘_ZZgb,]fZ] {mGS }+¢M+17"( ) {IEPM}’

=2 j=1

Ibér(@ = _]l{xGD’\Pl} + Z Z¢ 1.7, ew {;pgs 5} + ¢M+1 (7)1 {zePy}

=2 j=1

imsart-aos ver. 2012/08/31 file: LCRatesAoSSuppFinal.tex date: May 27, 2016



LOG-CONCAVE DENSITY ESTIMATION 9

for x € D’. Observe that

N;

M
L3 g,) < 4ua(D'\ PO+ 0N L3745 0F 0, )
=2 1

J]=

20 U L
+ Ly (Arrs1.0 Phrs1r)
M N;

<dps(D'\ D) + € Z ZO‘?J + €2 < 4é%
i=2 j=1

Moreover, the logarithm of the cardinality of the bracketing set is

1/2

¥k 1/2
ZZlogn” +lognpr1 < K2 ZZ Ho ’J 8K2 6;2/32 (Pyr)

(67813
=2 j=1 1=2 j=1 bJ

16K3*Cycy /?

€

K**2 1/2M1/2 Z

€ l/’LQ Z_l \ co4i62Pi_1) +

=2
_ K3*Cocy P32 | 16K3*Cacg 07 82Ky Cocy M

€ € - €
sk oy —1/2
< 32K57Cacy 52200 e log?/? (i)
log 129 4
. o ._ 32K3*Cy .
Defining K7, := TogilZ2 0 e have therefore proved that when d = 2,

log N (2¢, ®1(D'), Lz) < KT, 6_11°g3/2<4e>

for all € € (0, €5].

The case d = 3: The proof is similar in spirit to the case d = 2, so we
emphasise the points of difference, and give fewer details where the argument
is essentially the same.

Set €3 :=1/8, and fix € € (0, €5]. The Bronshteyn-Ivanov result once again
yields a polytope Py with D" C Py C (,2D")%° * C D’ such that Py has
at most Cscy 'e~2 vertices and Haus(P, weD') < coe?. Applying the result
of Bronshteyn and Ivanov (1975) recursively, with M := |log(L)/log2],
for each i = 2,3,..., M, there exists a polytope , 4i2(Fi-1) € P, C Py
with at most 03051472‘672 vertices such that Haus (PZ-, codie? (Pi_1)) < codle?.
Again we claim that Py, is a three-dimensional polytope, since

ps(Par) = ps(D') — ps(D'\ Pr) Zﬂs -1\ Pi) >
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10 A. K. H. KIM AND R. J. SAMWORTH

We can now appeal to the construction of Wang and Yang (2000) (cf. also
Chazelle and Shouraboura (1995)), which yields, for each i = 2,3,..., M,
simplices S; 1,..., 5 n,, where IV; < 16C36614_i€_2 that triangulate P;_j \

004162< ) Set

< 9—(i—2)/2 )1/2( 13(S:.) )1/2
Q4 1= ‘
! Zé\iz 2-k/2 :U3(Pifl \ 0041'62(P2;1))

Applying Theorem 3 again, there exists a bracketlng set {[¢F g N pig)
/2
¢ =1,...,n;;} for ®1(S;;), where logn;; < K**(“3 ( ”))3/2, such that

oy €

Lg(gbZUj e,qﬁfj s) < o je. Moreover, the same result also yields a bracketing
set {[¢LM+17"7¢][\]4+1 oo =1, ,nyp} for @1(Pyr), where lognyq <

64Cscy K5 (B0YY2 such that Lo(@y,1 0 0p41,) < €.
Defining brackets wﬁ,r and wér as in (1) and (2), we find again that
L%(ngr, wér) < 4€%, where we have used the fact that

Moreover, the logarithm of the cardinality of the bracketing set is

M N;

D logni + lognasia
i=2 j=1
M N; 1/2
** M3 J) 3/ Kk M3 (PM)
<a )3 (ML) oo (M)

o B (S 2N s 256 K5 Cyel
> 63/2 Z( (i—2)/2 Nng (Pi—l \ Co4i62F)i—1> + T

3/2

4K3*Caey i, 266K3*Csept _ 512K Cacy !
< €2 22 + €3/2 < €2

i=2
Defining K 13 = D12K, 37C3cy ! we have therefore proved that when d = 3,
log Njj (2¢, ®1(D"), L) < K7 g€

for all € € (0, €3].
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LOG-CONCAVE DENSITY ESTIMATION 11

For the final steps, we deal with the cases d = 1,2, 3 simultaneously. Let

e 1/2 when d =1
ha(e) == ! logj_/i(i) when d = 2
e 2 when d = 3.

(Thus hy is defined in almost the same way as hg from the proof of Theorem 4
in the main text, except for the 4 inside the logarithm when d = 2.) Set

K3 4= Kfvdﬁd(eZ)/fzd(ui/Q(D’)). Then, for € € (e‘é,,u;/Q(D’)], we have

log Njj (2¢, ®1(D'), La) < log Njj(2¢, ®1(D'), La) < K7 jha(€j)
= K3 gha(i*(D")) < K3 gha(e).

On the other hand, for € > u;/ 2(D’ ), it suffices to consider a single bracketing
pair consisting of the constant functions ¢V (z) := 1 and *(x) := —1 for
z € D'. Note that L3 (¥, ¢1) = 4p4(D"), so that log Ny (2¢, @p(D’), Ly) = 0

for e > u(lj/ 2(D’ ). We conclude that when D’ is a d-dimensional closed, convex
subset of R? with d=154(0,1) C D' C By(0,1),

log Ny (2¢, ®1(D"), Ly) < K3 jha(e)

for all e > 0.

Finally, we show how to transform the brackets to the original domain
D and rescale their ranges to [—B, B]. Recall that D’ = AD + b. Sim-
plifying our notation from before, given ¢ > 0, we have shown that we
can define a bracketing set {[ij,wy] :j = 1,...,N} for ®&1(D’) with
L%(z/)gj,z/)f) < 4€%|det A|/B? and log N < Kg}dﬁd(ddet A|Y?/B). We now
define transformed brackets for ® (D) by

PY(2) == ByY (A2 +b) and PF(z) = Byl (Az +b).

Then
L3V b = B2 /D {00 (Az 1 b) — $F(Az + )} dpualz)
- B Ly b)) < 4€°
T |det A2 =
Now
~15 —d_d/2
dot Al = HaAD +b)  pa(d 'Bq(0,1)) _ d"“m .
et Al="20D) T D) L+ 4/2)a(D)
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12 A. K. H. KIM AND R. J. SAMWORTH

It is convenient for the case d = 2 to note that

- (€| det A|'/? - erl/? 2 €
ho\| ——FH——) < h 1/2 < 1/2h2 1/2 :
B 2Buy""(D) T Buy'"(D)
The final result therefore follows, taking K7 := K35,, K3 = WIQ/Q K3, and
K3 :=32K3,. O

3. Auxiliary result for the proof of Theorem 5 in the main text.

THEOREM 5 (van de Geer (2000), Theorem 7.4). Let F denote a class
of (Lebesque) densities on R?, let X1, Xo, ... be independent and identically

~

distributed with density fo € F, and let f, denote a maximum likelihood
estimator of fo based on Xy,...,X,. Write F := {(#) :fe .7:}, and let

o
J[](&,ﬁ,h) = max{/ \/logN[](u,]?,h)du,é}.
§2/213

If W(8) > Jy(6, F,h) is such that W(5)/6* a non-increasing function of &
and (8,) is such that 2~ 16n1/252 > Jy (6, F, h), then for all t > 6y,

Po{h(f S 91/241 < 913/2 - 2% nt?
foth(fns fo) = < Sz%eXp ~ 5 )
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