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In the context of linear regression, we construct a data-driven convex
loss function with respect to which empirical risk minimisation yields opti-
mal asymptotic variance in the downstream estimation of the regression coef-
ficients. At the population level, the negative derivative of the optimal convex
loss is the best decreasing approximation of the derivative of the log-density
of the noise distribution. This motivates a fitting process via a nonparametric
extension of score matching, corresponding to a log-concave projection of the
noise distribution with respect to the Fisher divergence. At the sample level,
our semiparametric estimator is computationally efficient, and we prove that
it attains the minimal asymptotic covariance among all convex M -estimators.
As an example of a non-log-concave setting, the optimal convex loss func-
tion for Cauchy errors is Huber-like, and our procedure yields asymptotic
efficiency greater than 0.87 relative to the maximum likelihood estimator of
the regression coefficients that uses oracle knowledge of this error distribu-
tion. In this sense, we provide robustness and facilitate computation without
sacrificing much statistical efficiency. Numerical experiments using our ac-
companying R package asm confirm the practical merits of our proposal.

1. Introduction. In linear models, the Gauss—Markov theorem is the primary justifica-
tion for the use of ordinary least squares (OLS) in settings where the Gaussianity of our error
distribution may be in doubt. It states that, provided the errors have a finite second moment,
OLS attains the minimal covariance among all linear unbiased estimators; recent papers on
this topic include Hansen (2022), P6tscher and Preinerstorfer (2024) and Lei and Wooldridge
(2022). On the other hand, it is now understood that biased, nonlinear estimators can achieve
lower mean squared error than OLS (Stein (1956a), Hoerl and Kennard (1970)), especially
when the noise distribution is appreciably non-Gaussian (Zou and Yuan (2008), Diimbgen,
Samworth and Schuhmacher (2011)). However, it remains unclear how best to fit linear mod-
els in a computationally efficient and adaptive fashion, that is, without knowledge of the error
distribution.

Consider a linear model where Y; = X lT Bo+ & fori =1,...,n. Recall that an M-
estimator of By € RY based on a loss function £: R — R is defined as an empirical risk
minimiser

. 1
(1) B € argmin =" €(Y; — X/ B),
perd T
provided that this exists. If £ is differentiable on R with negative derivative ¢ = —{', then
B = By solves the corresponding estimating equations

1 A
@ -2 Xy (Yi— X[ By) =0

i=1
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and is referred to as a Z-estimator. We study a random design setting in which the pairs
(X1,Y1),...,(X,,Y,) are independent and identically distributed, with X1, ..., X, being
R%-valued covariates that are independent of real-valued errors 1, ..., &, with density po.
Suppose further that E{X 1y (¢1)} = 0. This means that ,3,/, is Fisher consistent in the sense
that the population analogue of (2) is satisfied by the true parameter Sy, that is, E{X ¢ (Y] —
X lT,Bo)} = 0. Then under suitable regularity conditions, including i being differentiable and
E(X1X IT) € Raxd being invertible, we have

1By — Bo) > Na(0, V() - [E(X1XT)} )
A3) Ey2(e1)

as n — oo, where V, (V) == ————
7 {Ey’(en)?

(e.g., van der Vaart (1998), Theorems 5.21, 5.23 and 5.41). Since the covariates and errors

are assumed to be independent, they contribute separately to the limiting covariance above (a

special case of the “sandwich” formula (Huber (1967), Young and Shah (2024))): the matrix

{(E(X1X IT)}_1 depends only on the covariate distribution, whereas the scalar V), () depends

on the loss function £ (through v = —£) and on the error distribution.
If the errors €1, &2, ... have a known absoluAtely continuous density po on R, then we
can define the maximum likelihood estimator BME by taking £ = —log po in (1). In this

case, Y = —{’ is the score function (for location)' Vg := ( 2o/ Po)L{py>0y- Under appropriate
regularity conditions (e.g., van der Vaart (1998), Theorem 5.39), including that the Fisher

information (for location) i (po) := [ 1//(%]70 = f{p0>0}(p6)2/p0 is finite, we have

{E(XIXD}—I)

4 AMLE _ gy 4 v (0,
@) JR(BME gy 4 d( ol

as n — 0o. The limiting covariance matrix {IlE(X{X IT)}_l /i(po) constitutes the usual effi-
ciency lower bound (van der Vaart (1998), Chapter 8). In fact, it can be seen directly that
1/i(po) is the smallest possible value of the asymptotic variance factor V,, () in the limit-

ing covariance of \/n (51/, — Po) in (3). Indeed, by the Cauchy—Schwarz inequality,

Jr ‘/fZPO _ Jr 1ﬂzpo > 1 _
(Jr ¥’ po)? (Jr 1//19(/))2 B f{po>o} (P6)2/P0 i1(po)

whenever the integration by parts in the second step is justified, and equality holds if and only
if there exists A 7% 0 such that ¢ (e1) = Ayo(e1) almost surely. This leads to an equivalent vari-
ational definition of the Fisher information; see Huber and Ronchetti (2009), Theorem 4.2,
which we restate as Proposition S25 in Section S4. Thus, when (4) holds, BMLE has mini-
mal asymptotic covariance among all Z-estimators ﬁw for which (3) is valid, with the score
function vy being the optimal choice of .

Our goal in this work is to choose ¥ in a data-driven manner, such that the correspond-
ing loss function £ in (1) is convex, and such that the scale factor V() in the asymptotic
covariance (3) of the downstream estimator of By is minimised. Convexity is a particularly
convenient property for a loss function, since for the purpose of M-estimation, it leads to
more tractable theory and computation. Indeed, the empirical risk in (1) becomes convex
in B, so its local minimisers are global minimisers. In particular, when ¢ is also differen-
tiable, ,31// is a Z-estimator satisfying (2) if and only if it is an M-estimator satisfying (1).

®) Vo (¥) = € (0, 00)

IThe score is usually defined as a function of a parameter 6 € R as the derivative of the log-likelihood; the link
with our terminology comes from considering the location model {po(- + 0) : 6 € R}, and evaluating the score at
the origin.
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The existence, uniqueness and /n-consistency of /§1/, are then guaranteed under milder con-
ditions on ¢ than for generic loss functions (Yohai and Maronna (1979), Maronna and Yohai
(1981), Portnoy (1985), Mammen (1989), Arcones (1998), He and Shao (2000)); see Proposi-
tion S24. Furthermore, an important practical advantage is that we can compute Bw efficiently
using convex optimisation algorithms with guaranteed convergence (Boyd and Vandenberghe
(2004), Chapter 9).

In view of the discussion above, our first main contribution in Section 2 is to determine
the optimal population-level convex loss function in the sense described in the previous para-
graph. For a uniformly continuous error density pg, this amounts to finding

(6) Vg € argmin V), (¥),
Yev, (po)

where W (po) denotes the class of decreasing, right-continuous functions v satisfying
Ir W2 po < oo. We will actually define the ratio Vo (¥) in a slightly more general way than
in (5) to allow us to handle nondifferentiable functions . This turns out to be convenient
because, for instance, the robust Huber loss £x given by

2 .
/2 if |z] < K,
™ Q= ki~ k22 if)z) > K,
for K € (0, c0) has a nondifferentiable negative derivative g := —{} satisfying Yy (z) =

(—K)V (—z2) AK forz e R.
In Section 2.1, we show that minimising V/,,(-) over W (po) is equivalent to minimising
the score matching objective

(8) Dy () :=E{y?(e1) +2¢ (1)},

over ¥ € W (po), provided that we take appropriate care in defining this expression when
is not absolutely continuous. This observation allows us to obtain an explicit characterisation
of the solution to the optimisation problem as a “projected” score function /j in terms of po

and its distribution function Fp. Indeed, to obtain ¥/ at z € R, we can first consider pg o F;” !
(whose domain is [0, 1]), then compute the right derivative of its least concave majorant,
before finally applying the resulting function to Fo(z). The negative antiderivative £; of v;
is then the optimal convex loss function we seek. An important property is that Ey/g (Y —
X IT Bo) = 0, which ensures that £ correctly identifies the estimand By on the population level;

equivalently, B%« is Fisher consistent.

Note that 3MLE is a convex M -estimator if and only if £ = —log pg is convex, that is, pg
is log-concave, in which case 5 = ¥ by (5). We will be especially interested in error den-
sities po that are not log-concave, for which the efficiency lower bound in (5) cannot be
achieved by a convex M-estimator corresponding to a decreasing function . We interpret
the minimum ratio V), (¥}) as an analogue of the inverse Fisher information, serving as the
crucial part of the efficiency lower bound for convex M-estimators. To reinforce the link
with score matching, we will see in Section 2.2 that the density proportional to e~ is the
best log-concave approximation to pg with respect to the Fisher divergence defined formally
in (22) below. This is typically different from the well-studied log-concave projection with
respect to Kullback—Leibler divergence, and indeed the latter may yield considerably subopti-
mal covariance for the resulting convex M -estimator; see Proposition 7. In concrete examples
where pg has heavy tails (e.g., a Cauchy density) or is multimodal (e.g., a mixture density),
we compute closed-form expressions for the projected score function and the optimal convex
loss function in Section 2.3. In particular, £ turns out to be a robust Huber-like loss function
in the Cauchy case. Figure 1 presents plots of v/ and £; for three other distributions. More



OPTIMAL CONVEX M-ESTIMATION 411

10
L
4
L

T T T T T T T T T T T
-10 =5 0 5 10 -10 =5 0 5 10 —4 -2 0 2 4

z z

FIG. 1. Top row: Plots of the score function y (green) and projected score function 1//6k (blue); Bottom row:
their respective negative antiderivatives, namely the negative log-density —1og pq (green) and optimal convex loss
Sfunction 68 (blue), for each of the following non-log-concave distributions (from left to right): (a) Student’s ty; (b)
symmetrised Pareto (S25) with 0 =2 and o = 3; (c) Gaussian mixture 0.4N(—2,1) + 0.6N (2, 1).

generally, when the errors are heavy-tailed in the sense that their (two-sided) hazard func-
tion is bounded, Lemma 5 shows that the projected score function v/ is bounded, in which
case the corresponding convex loss £ grows at most linearly in the tails, and hence is robust
to outliers; see the discussion immediately preceding Lemma 5. A major advantage of our
framework over the use of the Huber loss is that it does not require the choice of a transition
point K (see (7) above) between quadratic and linear regimes (which in a regression context
amounts to a choice of scale for the error distribution). In fact, our antitonic? score projection,
and hence the Fisher divergence projection, is affine equivariant (Remark 9), which reflects
the fact that we optimise V), (-) in (6) over a class W (po) that is closed under multiplication
by nonnegative scalars.

In Section 3, we turn our attention to a linear regression setting where the error density pg
is unknown. We aim to construct a semiparametric M-estimator of By that achieves min-
imal covariance among all convex M-estimators, but since the optimal loss function £f is
unknown, we seek to estimate Sy and v simultaneously. Our alternating optimisation pro-
cedure starts with a nonadaptive initialiser 8, and computes a kernel density estimate of the
error distribution based on the residuals. We can then apply the linear-time Pool Adjacent
Violators Algorithm (PAVA) to obtain the projected score function of the density estimate,
before minimising its negative antiderivative using Newton-type optimisation techniques to
yield an updated estimator. This process could then be iterated to convergence, but if we ini-
tialise with a /n-consistent pilot estimator f,, then one iteration of the alternating algorithm
above suffices for our theoretical guarantees and, moreover, it ensures that the procedure
is computationally efficient. When pq is symmetric, we prove that a three-fold cross-fitting
version of our algorithm (with the different steps computed on different folds) yields an esti-
mator Bn that is 4/n-consistent and asymptotically normal, with limiting covariance attaining
our efficiency lower bound for convex M -estimators; see Theorem 13 in Section 3.3. We de-
velop analogous methodology and theory for the setting where an explicit intercept is present
in the linear model, and where the errors are appropriately centred though not necessarily
symmetric; see Theorem 14 in Section 3.4. Consistent estimation of the limiting covariance

2 Antitonic means decreasing, in contrast to isotonic (increasing) (Groeneboom and Jongbloed (2014), Sec-
tion 2.1).
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matrices is straightforward using our nonparametric score matching procedure, so combining
this with our asymptotic distributional results for B, we can then perform inference for By
(Section 3.5).

Section 4 is devoted to a numerical study of the empirical performance and computational
efficiency of our antitonic score matching estimator, which is implemented in the R package
asm (Kao et al. (2024)), and whose output is designed to mimic that of the standard existing
1m function in several aspects so as to appear familiar to practitioners. These corroborate
our theoretical findings: our proposed approach achieves (sometimes dramatically) smaller
estimation error compared with alternatives such as OLS, the least absolute deviation (LAD)
estimator, a semiparametric one-step estimator and a semiparametric M -estimator based on
the log-concave MLE of the noise distribution. Moreover, the corresponding confidence sets
for By are smaller, while retaining nominal coverage. Finally, we perform a runtime analysis
to show that the improved statistical performance comes without sacrificing computational
scalability.

The proofs of the results in Sections 2 and 3 are deferred to Sections S1 and S3, respec-
tively, of the Supplementary Material (Feng et al. (2026)). This also contains additional ex-
amples and background for Sections 2 and 3 together with further simulation results. All
labels and headings in the supplement are prefixed with the letter “S”.

1.1. Related work. Score matching (Hyvirinen (2005), Lyu (2012)) is an estimation
method designed for statistical models where the likelihood is only known up to a normali-
sation constant (e.g., a partition function) that may be infeasible to compute; see the recent
tutorial by Song and Kingma (2021) on “energy-based” models. Instead of maximising an ap-
proximation to the likelihood, score matching circumvents this issue altogether by estimating
the derivative of a log-density, that is, the score function. More precisely, given a differen-
tiable density po on R¢ with score function v := (V po/ P0)1{py>0, the population version
of the procedure aims to minimise

©) E(|v(e) — wo(e)])

over a suitable class W of differentiable functions ¥ = (Y1, ..., ¥g): RY — R4, where & ~
po. Hyvirinen (2005) used integration by parts to show that it is equivalent to minimise

(10) Dy () :=E{ | () |* +2(V - ¥)(e)}

over ¥ € W, where V - ¢ = Z?:l 0vj/dx;. The score matching estimator based on

data €1,...,&, in R? is then defined as a minimiser of the empirical analogue Dn W) =
n1 Z,’le{llx//(si)n2 + 2(V - ¥)(e;)} over ¥ € W; see also Cox (1985). Such estimators
are important in the context of Langevin Monte Carlo (Parisi (1981), Roberts and Tweedie
(1996), Betancourt et al. (2017), Cheng et al. (2018)) and diffusion models (Li et al. (2024)).
The appearance of the score function in the (reverse-time) stochastic differential equations
governing the Langevin and diffusion model dynamics can be related to Tweedie’s formula,
which underpins empirical Bayes denoising (Efron (2011), Derenski et al. (2023)).
Likelihood maximisation corresponds to distributional approximation with respect to the
Kullback-Leibler divergence. On the other hand, score matching seeks to minimise the Fisher
divergence (Johnson (2004), Section 1.3) from a class of densities to the target pg, in view of
the equivalence between the optimisation objectives (9) and (10); see (20) below. Sriperum-
budur et al. (2017) studied infinite-dimensional exponential families indexed by reproducing
kernel Hilbert spaces, and proposed and analysed a density estimator that minimises a pe-
nalised empirical Fisher divergence. Koehler, Heckett and Risteski (2022) used isoperimetric
inequalities to investigate the statistical efficiency of score matching relative to maximum
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likelihood, thereby quantifying the effect of eliminating normalisation factors. Lyu (2012) ob-
served that Fisher divergence and Kullback-Leibler divergence are related by an analogue of
de Bruijn’s identity (Johnson (2004), Appendix C; Cover and Thomas (2006), Section 17.7),
which links Fisher information and Shannon entropy. From an information-theoretic perspec-
tive, Johnson and Barron (2004) proved central limit theorems that establish convergence in
Fisher divergence to a limiting Gaussian distribution. Ley and Swan (2013) extended Stein’s
method to derive information inequalities that bound a variety of integral probability dis-
tances in terms of the Fisher divergence.

Score matching has been generalised in different directions and applied to a variety of sta-
tistical problems (e.g., Hyvérinen (2007), Vincent (2011), Lyu (2012), Mardia, Kent and Laha
(2016), Song et al. (2020), Yu, Gupta and Kolar (2020), Yu, Drton and Shojaie (2022), Led-
erer and Oesting (2023), Benton et al. (2024), Ghosh et al. (2025)), where it exhibits excellent
empirical performance while being computationally superior to full likelihood approaches.
In particular, score-based algorithms for generative modelling, via Langevin dynamics (Song
and Ermon (2019)) and diffusion models (Song et al. (2021)), have achieved remarkable suc-
cess in machine learning tasks such as the reconstruction, inpainting and artificial generation
of images; see, for example, Jolicoeur-Martineau et al. (2020), De Bortoli et al. (2022) and
many other references therein. In these applications, score matching is applied to a class of
functions parametrised by the weights of a deep neural network. On the other hand, different
statistical considerations lead us to develop a nonparametric extension of score matching in
Section 2, which we use to construct data-driven convex loss functions for efficient semi-
parametric estimation. We see that it is by minimising the Fisher divergence instead of the
Kullback-Leibler divergence to the error distribution that one obtains a convex M -estimator
with minimal asymptotic variance.

The framework in Section 3.3 includes as a special case the classical location model in
which we observe Y; = 0p + ¢ for i = 1,...,n, where 6y € R is the parameter of inter-
est and ¢1,...,¢&, are independent errors with an unknown density po that is symmetric
about 0. Starting from the seminal paper of Stein (1956b), a series of works (e.g., van Eeden
(1970), Stone (1975), Beran (1978), Bickel (1982), Schick (1986), Faraway (1992), Dalalyan,
Golubev and Tsybakov (2006), van der Vaart and Wellner (2021), Gupta, Lee and Price
(2023)) showed that adaptive, asymptotically efficient estimators of 6y can be constructed;
see also Doss and Wellner (2019) and Laha (2021) for approaches based on the further as-
sumption that pg is log-concave. Many of these traditional semiparametric procedures have
drawbacks that limit their practical utility. In particular, the estimated likelihood may have
multiple local optima and it may be difficult to guarantee convergence of an optimisation al-
gorithm to a global maximum (van der Vaart (1998), Example 5.50). This is one of the reasons
why prior works often study a one-step estimator resulting from a single iteration of Newton’s
method (Bickel (1975), Jin (1990), Mammen and Park (1997), Laha (2021)), rather than full
likelihood maximisation, though finite-sample performance may remain poor and sensitive
to tuning (see Section 4). By contrast, our focus is not on classical semiparametric adaptive
efficiency per se; instead, we directly study the theoretical properties of a minimiser of the
empirical risk with respect to an estimated loss function, whose convexity ensures that the
estimator can be computed efficiently by iterating gradient descent or Newton’s method to
convergence.

Recently, Kao, Xu and Zhang (2024) constructed a location M -estimator that can adap-
tively attain rates of convergence faster than n~!/? when the symmetric error density is com-
pactly supported and suitably irregular (e.g., discontinuous at the boundary of its support).
They considered ¢4-location estimators 6, := argming g Y7_, |¥; — 6|9 based on univari-
ate observations Y1, ..., Y,, and used Lepskl s method to select an exponent g € [2, oo) that
minimises a proxy for the asymptotic variance of 9 The resulting estimator QA is shown to
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be minimax optimal up to polylogarithmic factors, and the procedure is extended to linear
regression models with unknown symmetric errors. By comparison with Kao, Xu and Zhang
(2024), we study “regular” regression models where the Fisher information is finite and min-
imax rates faster than n~!/2 are impossible to achieve. We aim to minimise the asymptotic
variance as an end in itself, over the entire nonparametric class of convex loss functions rather
than £9-loss functions specifically.

Our work has connections with robust statistics, which deals with heavy-tailed noise dis-
tributions and data that may be contaminated by random or adversarial outliers. As men-
tioned previously, robust loss functions are designed to be tolerant to such data corruption;
examples include the Huber loss (7), a two-parameter family of loss functions considered
by Barron (2019) and the antiderivatives of Catoni’s influence functions (Catoni (2012)). The
Huber loss functions £ originally arose because they have the minimax asymptotic variance
property that for every € € (0, 1), there exists a unique K = K, > 0 such that

2
dP
Yk = —{} =argmin  sup wa;/,
Ve pepiig) JrY' AP
—_—

=:Vp(¥)

where W consists of all “sufficiently regular” ¢ : R — R, and the symmetric €-contamination
neighbourhood P (®) contains all univariate probability distributions of the form P =
(1 —€e)N(,1) + €Q for some symmetric distribution Q. The pioneering paper of Hu-
ber (1964) also developed variational theory for minimising supp.p Vp(-) more generally
when P is a convex class of distributions, such as an e-contamination or a Kolmogorov neigh-
bourhood of a symmetric log-concave density (Huber and Ronchetti (2009), Section 4.5).
See Donoho and Montanari (2015) for a high-dimensional extension of this line of work. An
alternative to the Huber loss that seeks robustness without serious efficiency loss relative to
OLS is the composite quantile regression (CQR) estimator (Zou and Yuan (2008), Yang and
Wang (2024)); in fact, our approach is always at least as efficient as CQR (see Lemma S23).
Other recent papers on robust convex M -estimation include Chinot, Lecué and Lerasle (2020)
and Brunel (2023); see also the notes on robust statistical learning theory by Lerasle (2019).

More closely related to our optimisation problem (6) is the work of Hampel (1974) on opti-
mal B-robust estimators, which have minimal asymptotic variance subject to an upper bound
on the gross error sensitivity (Hampel et al. (1986), Section 2.4). In our linear regression
setting with &1 ~ pg, this amounts to

(11)  minimising V), () over all “regular” ¢ such that A;{wpo =0and sup|y (2)| <b
zeR

for some suitable » > 0 (Hampel et al. (1986), p. 121 and Section 2.5d). In particular, when
po is a standard Gaussian density, ¥k is again optimal for some K = Kj > 0 that depends
nonlinearly on b. By contrast with (6) however, the Fisher consistency condition Eir(e1) =0
must be explicitly included as a constraint in (11) and, moreover, the L> bound on
means that the set of feasible i is not closed under nonnegative scalar multiplication. Conse-
quently, the resulting optimal location M -estimators are generally not scale invariant (Ham-
pel et al. (1986), p. 105). In robust regression, adaptive selection of scale parameters is a
nontrivial problem (e.g., van der Vaart (1998), Section 5.4; Huber and Ronchetti (2009), Sec-
tion 7.7; Loh (2021)); see also Figure 5 below.

Finally, we mention a different line of work on the performance of linear regression M-
estimators in a proportional asymptotic regime where n/d — x € (1, 0c0) and the covariates
are Gaussian. Bean et al. (2013) derived the unpenalised convex M -estimator with minimal
expected out-of-sample prediction error when the errors are log-concave. Here, the optimi-
sation objective is no longer V), (¢/) but instead the solution to a pair of nonlinear equations
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involving the proximal operator of the convex loss function (El Karoui et al. (2013), El Karoui
(2018)). For general error distributions with finite variance, Donoho and Montanari (2016)
established exact asymptotics for convex M -estimators by means of an approximate message
passing algorithm. Under prior structural information about the entries of By, Celentano and
Montanari (2022) obtained precise characterisations of the asymptotic £,-estimation error
of convex-regularised least squared estimators, Bayes-optimal approximate message pass-
ing and the Bayes risk, quantifying the gaps between computational feasible and statistically
optimal estimators.

1.2. Notation. Throughout this paper, we will adopt the convention 0/0 := 0 and write
n]:={l,...,n} for n € N. For a function f: R — R, let || fllco := sup,cg | f(z)|. Recall
that f is symmetric (i.e., even) if f(z) = f(—z) for all z € R, and antisymmetric (i.e., odd)
if f(z) =—f(—z) for all z € R. For an open set U C R, we say that f: U — R is locally
absolutely continuous on U if it is absolutely continuous on every compact interval I C U;
or equivalently, if there exists a measurable function g: U — R such that for every compact
subinterval I C U, we have [; |g] < oo and f(z2) = f(z1) + ZZ12 g forall z{,z2 € I. In this
case, f is differentiable Lebesgue almost everywhere on U, with f' = g almost everywhere.

Given a Borel probability measure P on R, we write L2(P) for the set of all Lebesgue
measurable functions f on R for which | fll 2p) = (Jr f2dP)!/? < co. Denote by

(f. &) 12p) = Jr fgdP the L?(P)-inner product of f, g € L*>(P).

For a function F: [0, 1] — R, we write F for its least concave majorant on [0, 1]. Denote
by F L) (w) and F® (n), respectively, the left and right derivatives of F at u € [0, 1], when-
ever these are well-defined. Given an 1ntegrable function f: (0, 1) — R with antiderivative
F:10,1] — R given by F(u) —fo f, deﬁneMRf [0, 1] = [—o0, 00] by

F® @) foruelo,1),

(MR Sf)(w) := :I:wL)(l) foru=1,

so that (MR HA) =lim, ~ (MR J)(u) by Rockafellar (1997), Theorem 24.1. Furthermore,
define MLf [0,1] = [—o0, 00] by (ML f)(u) := (MRg)(l — u) for u € [0, 1], where
g(u) := f(1 — u) for all such u.

2. The antitonic score projection.

2.1. Construction and basic properties. The aim of this section is to define formally
and solve the optimisation problem (6) that yields the minimal asymptotic covariance of a
convex M -estimator of By. Let Py be a probability measure on R with a uniformly continuous
density pg, which necessarily satisfies po(d00) :=lim,_, 1+, po(z) = 0. Letting supp pg :=
{z € R: pp(z) > 0}, define So = S(po) := (inf(supp po), sup(supp po)), which is the smallest
open interval that contains supp pg. We write W (po) for the set of all ¢ € L2(Py) that
are decreasing and right continuous. Observe that W (pg) is a convex cone, that is, ¢y +
Y2 € W (po) whenever Y, ¥ € W (po) and c1, ¢ > 0. Moreover, every ¥ € W (po) is
necessarily finite-valued on Sy, so the corresponding Lebesgue—Stieltjes integral |, s, Podv €
[—o0, 0] is well-defined.

For ¢ € W (po) with [ ¥2d Py > 0, let

Jr¥2dPy
(s, Pod)>
where we have modified the denominator in (5) to extend the original definition to nondif-

ferentiable functions in W (pg) such as z — —sgn(z). That V() is indeed the asymp-
totic variance factor for the corresponding convex M-estimator is justified formally by

12) Vo (¥) := € [0, o],
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Proposition S24. As a first step towards minimising V,,(¥) over ¥ € W (po), note that
Vo (c¥r) = Vp, (¥) for every ¢ > 0, so any minimiser is at best unique up to a positive scalar.
Ignoring unimportant edge cases where the denominator in (12) is zero or infinity, our opti-
misation problem can therefore be formulated as a constrained minimisation of the numerator
in (12) subject to the denominator being equal to 1. This motivates the definition of

(13) Dy () ::/vazdPOJFZ/S podir € [—o0, 00)
0

for ¥ € ¥ (po), which resembles a Lagrangian, though analogously to, for example, Silver-
man (1982), page 798 and Diimbgen, Samworth and Schuhmacher (2011), page 705, there is
no need to introduce a Lagrange multiplier. If v is locally absolutely continuous on Sy with
derivative " Lebesgue almost everywhere, then

(14)  Dy(y) = /R Y2dPy+2 /S W' po = /R (W2 + 29" dPy = E(¥2(e1) + 20 (e1))
0

when &1 ~ Py, which we recognise as the score matching objective (8) in the introduction.
The formal link between V), (-) and D, (-) is that for ¥ € W (po) with [ v2dPy >0,
we have fso podyr <0and ¢y € W (po) forall ¢ >0, so

CUs,pdv? 1
[ VZdPy V@)

Thus, minimising V,,,(-) over ¥ (po) is equivalent to minimising D, () up to a scalar mul-
tiple, but D, (-) is a convex function that is more tractable than V), (-).

By exploiting this connection with score matching together with ideas from monotone
function estimation, we prove in Theorem 2 below that the solution to our asymptotic variance
minimisation problem is the function v that we construct explicitly in the following lemma.

(15) inpoo(cw):inf(CZ/wzdPo—i-Zc/ podw>=
c>0 c>0 R So

LEMMA 1. Let Py be a distribution with a uniformly continuous density py on R. Let
Fo: [—o00, 00] — [0, 1] be the corresponding distribution function, and for u € [0, 1], define

Fy'(u) :=inf{z € [~00, 0] : Fo(z) = u} and Jo(u):=(poo Fy )(u).

Then both Jy and its least concave majorant jo on [0, 1] are continuous, with po = Jo o Fy
on R. Moreover,

v 0™ o Ry
is decreasing and right continuous as a function from R to [—o0, oo], provided that we set
JO(R)(I) :=limy, 7 J(gR)(u). We have Y5 (z) € R if and only if z € Sp.

We refer to Jy as the density quantile function (Parzen (1979), Jones (1992)). In the case
where po is a standard Cauchy density, Figure 2 presents a visualisation of Jo and its least
concave majorant Jo, as well as the corresponding score functions Yo = p;/po and /.

THEOREM 2. In the setting of Lemma 1, the following statements hold.

(@) Jr¥idPo=0.

(b) Let i*(po) := [p(¥)* d Po. Then infycw, (pg) Dpy(¥) = —i*(po).

(c) Suppose that i*(pg) < 0o. Then v is the unique minimiser of D p,(-) over W (po).
Moreover, for every ¥ € V| (po) such that [ V2d Py > 0, we have

1
(16) Vo (¥) = Vi (¥5) = (o) € (0, 00),

with equality if and only if ¥ = Ay for some A > 0.
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FIG. 2. Left: The density quantile function Jy and its least concave majorant f() for a standard Cauchy density.
Right: The corresponding score functions o and wg .

(d) Assume further that po is absolutely continuous on R with derivative p| Lebesgue
almost everywhere, corresponding score function® gy = po/ po and Fisher information

i(po):= fR ngo. Then
a7 v = Mr(Yoo Fy ') o Fy

and 0 < i*(po) < i(po), with equality if and only if pg is log-concave. In particular, if i (pg) <
00, then the conclusions of (c¢) hold.

Some remarks on the proof and implications of this result are in order. The least concave
majorant construction of v; in Lemma 1 is reminiscent of isotonic regression, where the least
squares estimator is the projection 6= argming v Y1 (Y; —6; )? of the response vector ¥ =
(Y1,...,Y,) € R" onto the monotone cone M :={0 =(61,...,6,):01<---<6,} CR". It
is well known that the entries of § are left derivatives of the greatest convex minorant of a
cumulative sum diagram, and other monotonicity-constrained estimators (such as the Grenan-
der estimator of a decreasing density) have similar explicit representations (e.g., Robertson,
Wright and Dykstra (1988), Chapter 1; Groeneboom and Jongbloed (2014), Chapter 2; Sam-
worth and Shah (2025), Chapter 9). An equivalent characterisation of the projection g of Y
onto the convex cone M is that

(18) (Y—0)'0<0 foral@eM and (Y —0)'6=0.

To minimise the score matching objective D, (-) over our convex cone W (po) of antitonic
functions, the key step of the proof of Theorem 2 is to establish a similar first-order condition
on the population level, namely

(19) -. podyr = [ v dPo= {5 W2,

for ¥ € W (po), with equality when vy = /. Since both sides of (19) are linear in v, it suf-
fices to prove it for indicator functions of the form ¥ = 1(_ ;] for t € R, which generate the
cone W (po); see (S5). This relies on key properties of the least concave majorant. Taking
Y =1and ¥ = —1in (19) yields Ev;(e1) = (¥, 1>L2(P0) = 0. This is part (a) of the theo-
rem, and ensures the Fisher consistency of the regression Z-estimator /% defined in (2). The
optimality properties of ¥ in parts (b) and (c) follow readily from (19). In particular, com-
bining this with the Cauchy—Schwarz inequality shows that ¥ minimises the asymptotic

30ur convention 0/0 = 0 means that ¥ = (p(’)/po)ll{p0>0}.
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variance factor over W (po), similar to (5) in the introduction for the usual inverse Fisher
information lower bound.
The parallels between (18) and (19) can be seen when pg is absolutely continuous with

score function g satisfying i (po) = || o ||ZL2 (Py) < 0O In this case, integration by parts yields

— Js, Pod¥ = [g Yo po, and hence (19) states that (Yo — ¥, V) 12(p,) < 0 for yr € ¥, (po)
and (Yo — ¥§, V) 12(p,) = 0. Consequently,

Dy, () = /R W —vo)2d Py — A; Yo dPo= ¥ — Yoll 72, — i (P0)
for all ¥ € W (po), soif i(pg) < oo, then

(20) Y € argmin Dy () = argmin | — Yol2, -
Yew, (po) Yev (po)

Thus, in the terminology of Section S5, v/ is a version of the L2(Py)-antitonic projection
of o onto ¥ (po). Indeed, the explicit representation (17) of ¥ as a “monotonisation” of yrg
(see the right panel of Figure 2) is consistent with that given in Proposition S33 for a general
L?(P)-antitonic projection, where P is a univariate probability measure with a continuous
distribution function.

The inequality i *(pg) = fR(l//(’)")2 dPy < Jp 1//8 d Py = i(po) in Theorem 2(d) follows from
the fact that the L2 ( Py)-antitonic projection onto the convex cone W (po) is 1-Lipschitz with
respect to [|-[12(py); see (S102) in Lemma S34. A statistical explanation of this information
inequality arises from the fact that 1/i(pg) is the infimum of the asymptotic variance factor
Vo (¥) in (5) over all sufficiently regular v : R — R; see Proposition S25. On the other
hand, by (16), 1/i*(po) is the minimum value of V,,(-) over the restricted class W (po), so
in view of our discussion in the introduction, it can be interpreted as an information lower
bound for convex M -estimators. When i*(pg) < 0o, the antitonic relative efficiency

i*(po)
i(po)

therefore quantifies the price we pay in statistical efficiency for insisting that our loss function
be convex. By Theorem 2(d), ARE*(pg) < 1 with equality if and only if py is log-concave, so
we can regard 1 — ARE*(po) as a measure of departure from log-concavity; see Section 2.2
below. Example 12 shows that ARE*(pg) ~ 0.878 when pg is the Cauchy density, whereas
Example S7 in Section S2 yields a density po for which ARE*(pg) = 0. More generally, in
Lemma 8 below, we provide a simple lower bound on ARE*(po) that is reasonably tight for
heavy-tailed densities pg.

When pg is only uniformly continuous but not absolutely continuous, the score function
and Fisher information cannot be defined as above, but we nevertheless refer to 5 and i*(po)
as the antitonic projected score function (see Lemma 6 below) and antitonic information (for
location), respectively.

ARE"(po) :=

REMARK 3. Since Fy is continuous, we have (Fp o Fgl)(u) =u for all u € (0, 1). The
concave function fo is therefore absolutely continuous on [0, 1] with derivative f()(R) =15 o
FO_1 Lebesgue almost everywhere (Rockafellar (1997), Corollary 24.2.1), so

1 1,
i*(P0)=fR(1/f6k)2dP0:/0 (‘/,gopo—l)2:/0 (R)2.

When pg is absolutely continuous on R, a straightforward calculation (e.g., (S11) in the
proof of Theorem 2) shows that the density quantile function Jo = pg o Fy Uis absolutely
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continuous on [0, 1] with derivative Jé =1go FO_1 Lebesgue almost everywhere. Therefore,

7(R)

Vg o FO_1 =J) = Mg o FO_I) almost everywhere and

1 1
i(po>=wa§dPo=fo (wooFo‘1)2=f0 ().

It is well known that the map pg > i (po) is convex on the space of absolutely continuous
densities on R (e.g., Huber and Ronchetti (2009), Section 4.4, p. 78). The following corollary
of Theorem 2(b) establishes that the analogous property holds for antitonic information.

COROLLARY 4. The map po +— i*(po) is convex on the space of uniformly continuous
densities on R.

Finally, in this subsection, we define the two-sided hazard function hy: R — [0, 00) of pg
by

po(2) _ | Po@)/Fo(z) if Fo(z) <1/2,
Fo(m) A(1 = Fo(z)) | po()/(1 — Fo(z)) if Fo(z) > 1/2,

where in accordance with our convention 0/0 = 0, we have hg(z) = 0 whenever Fy(z) €
{0, 1}. The following simple lemma provides a necessary and sufficient condition on the two-
sided hazard function for ¥/j to be appropriately bounded, which means that any negative
antiderivative £§ grows at most linearly in the tails. This is relevant because v/ is bounded
if and only if the corresponding M -estimator is robust in the sense of having positive finite-
sample breakdown point and uniformly bounded influence function, that is, finite gross error
sensitivity (Hampel et al. (1986), Sections 2.2 and 2.3).

2h ho(2) :=

LEMMA 5. In the setting of Lemma 1, define Zmin := inf(supp po) and Zmax =
sup(supp po). Then

(a) lim;— 0o ¥5(2) < 00 if and only if limsup, . . ho(z) < 00, in which case Zmin =
(b) lim,_, ¥ (z) > —o0 if and only if lim sup, s, ho(z) < 00, in which case Zmax =
Q.

Recall that a Laplace density has a constant two-sided hazard function, as well as a
score function whose absolute value is constant. Roughly speaking, the conditions on hg
in Lemma 5 are satisfied by densities whose tails are heavier than those of the Laplace den-
sity (Samworth and Johnson (2004)), for which it is particularly attractive to have bounded
projected score functions.

2.2. The log-concave Fisher divergence projection. Let Py and P be Borel probability
measures on R such that Py is absolutely continuous with respect to P;. Write supp Py for the
support of Py (i.e., the smallest closed set S satisfying Py(S) = 1), and Int(supp Pp) for its
interior. Suppose that there exists a Radon—Nikodym derivative d Py/d P; that is continuous
on Int(supp Pyp), and also strictly positive and differentiable on some subset E C Int(supp Pg)
such that Py(E€) = 0.* The Fisher divergence (also known as the Fisher information dis-
tance’ ) from Pj to Py is defined to be

(22) 1(Py, P)) ::/E<<log Z—i’))zdpo.

4This condition precludes Py from having any isolated atoms, so in particular, Py cannot be a discrete measure.
S5This is not to be confused with the Fisher information (or Fisher—Rao) metric (Amari and Nagaoka (2000),
Chapter 2), a Riemannian metric on a manifold of probability distributions.
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If Py, P1 do not satisfy the assumptions above, then we define I (Py, P;) := 00. In the case
where Py, P1 have Lebesgue densities pg, p1, respectively, which are both locally absolutely
continuous on R, we have

po\'\?
lo —)) o if supp po C supp pi,
I(po, p1)=1(Py, P) = ./{‘p0>0}<< gpl p Pp P ppp
S otherwise.

For further background on the Fisher divergence, see Johnson (2004), Definition 1.13, Yang,
Martin and Bondell (2019), Section 2 and references therein.

The following lemma establishes the connection between the projected score function and
the Fisher divergence.

LEMMA 6. In the setting of Lemma 1, there is a unique continuous log-concave density
P on R such that supp pg = So and log pg has right derivative 5 on So. In particular, Y5 =
(log p})’ Lebesgue almost everywhere on Sy. Furthermore, if po is absolutely continuous,
then pg minimises I (po, p) over the class Pyc of all univariate log-concave densities p, and
if po € PLc, then pg = po.

Even when py is only uniformly continuous, we refer to p as the log-concave Fisher di-
vergence projection of pg. In contrast, the log-concave maximum likelihood projection pg’ﬂ‘
of the distribution Py (Diimbgen, Samworth and Schuhmacher (2011), Barber and Samworth
(2021)) can be interpreted as a minimiser of Kullback—Leibler divergence rather than Fisher
divergence over the class of upper semicontinuous log-concave densities. By Diimbgen, Sam-
worth and Schuhmacher (2011), Theorem 2.2, pg’ﬂ“ exists and is unique if and only if Py is
nondegenerate and has a finite mean (but not necessarily a Lebesgue density). On the other
hand, moment conditions are not required for p(j to exist and be unique, but pg is only de-
fined in Lemma 6 when Py has a uniformly continuous density on R. As we will discuss in
Section 3.1, the nonexistence of the Fisher divergence projection for discrete measures Py
has consequences for our statistical methodology.

When py is not log-concave, pg/ﬂ“ usually does not coincide with p; even when both exist
and, moreover, the associated regression M -estimators

n n
(23) B,m €argmax Y log pM(Y; — X7 B) and Bv,* € argmax Y log pi(Yi — X, B)
Yo SeRd ; ! l 0 BeRd ; t i
are generally different; see Examples S8 and S10 in Section S2. In fact, the following result
shows that there exist error distributions Py for which the asymptotic covariance of ,B%\AL is

arbitrarily large compared with that of the optimal convex M -estimator ﬁwg , even when the
latter is close to being asymptotically efficient in the sense of (4).

PROPOSITION 7. For every € € (0, 1), there exists a distribution Py with a finite mean
and an absolutely continuous density po such that i (pg) < oo, and the log-concave maximum
likelihood projection gy = pg/IL has corresponding score function wév[L = q(()R) /q0 € ¥ (po)
satisfying

v ES
24) VW0 _ g ARE*(po) > 1 —e.

Vi (')

The idea for the proof of Proposition 7 is to construct an absolutely continuous density pg
whose score function is constant on each of (—oo, —1), (—1,0), (0, 1) and (1, 0c0); see Fig-
ure 3. The key point is that the log-concave maximum likelihood projection is constant on
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F1G. 3. [llustration of the construction in the proof of Proposition 1. Left: Plot of the density pq (black) together
with its log-concave maximum likelihood projection p(l;/IL (red) and Fisher divergence projection p(”)‘ (blue). Right:
Plot of the corresponding score functions.

[—1,1] and exactly matches the true density in the tails, so in order for pg’[L to integrate
to 1, the densities and score functions can only agree on (—oo, —(1 + §)) and (1 + §, 00)
for some § > 0. On the other hand, the log-concave Fisher divergence projection matches
the score ¥y on the whole of [—1, 1]¢ by merely being proportional to the true density
in the tails. The main contribution to the Fisher information of pg arises from the region
(—(1+6),—1) U (1,14 3), on which the antitonic score function approximation is exact
but 1//(1)\/[L is equal to 0. This means that the antitonic relative efficiency is close to 1, while
the log-concave maximum likelihood projection incurs a considerable relative efficiency loss
over this region.
Our next result provides a simple lower bound on the antitonic information.

LEMMA 8. Suppose that po is an absolutely continuous density on R with i(pg) < 00.
Then pg is bounded with i*(pg) > 4||p0||go, S0

2
4l pollze

ARE*(po) > —
i(po)

Equality holds if and only if pj is a Laplace density, that is, there exist ju € R and o > 0 such
that p§(z) = (o) lexp(—|z — p|/o) forall z € R.

REMARK 9. A reassuring property of the antitonic projection is its affine equivari-
ance: if po is a uniformly continuous density, then for ¢ > 0 and b € R, the density
Z = apo(az + b) =: pa p(z) has antitonic projected score function and log-concave Fisher
divergence projection given by

Vap(@) :=ayilaz+b) and py,(2) :=apylaz +b),

respectively, for z € R. It follows that 1/V,,, , (W% ,) = i*(pa.b) = [r (W} ,)* Pab = a*i*(po),
so because || pa.bllco = all polloo, both the antitonic relative efficiency and the lower bound in
Lemma 8 are affine invariant in the sense that they remain unchanged if we replace pg with
Pa,b-

Similarly, if Py has a finite mean, then by the affine equivariance of the log-concave max-
imum likelihood projection (Diimbgen, Samworth and Schuhmacher (2011), Remark 2.4),
pM () = apy™(az + b), and hence ¥} = ay{™(az + b) for z € R. Thus, V,, , (¥ M) =
Vo (W(I)VIL) /a2, so the first ratio in (24) is also affine invariant. Consequently, for any C €
(0,00), n € R and € € (0, 1), there exists a density pg satisfying (24) with i(pg) = C and

Jrzpo(z)dz = .
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The final result in this subsection relates properties of densities and their log-concave
Fisher divergence projections.

PROPOSITION 10. For a uniformly continuous density po: R — R, the log-concave
Fisher divergence projection p; and its corresponding distribution function FJ :
[—00, o0] — R have the following properties:

(a) Denote by T the set of z € Sy such that j is nonconstant on every open interval
containing z. For z € T, we have

Pé‘(z)<po(z) 4 P5(2) _ P

(25) — = an =< ,
Fy(z) = Fo(2) 1= Fy(z) ~ 1= Fo(2)

whence p(j(z) < po(z).
®) 1P5lloc = llPolloc and i(pg) = — fp P5dVs < — Jr Pod ¥ =i*(po).

We can define the two-sided hazard function A of the log-concave Fisher divergence pro-
jection pg analogously to Ag in (21). Since p; is log-concave, its density quantile function
Jg i==pjo (F(’)“)_1 has decreasing right derivative (J(;“)(R) =Yg o (Fé’ﬁ)_1 by (the proof of)
Lemma 6, so J6" is concave on [0, 1]. Thus,

0=J50) < JGw) —u(J)® @) and 0=JF1) < Jfw) + 1 —uw)(JH)® W)
for all u € [0, 1], so for z € T, Lemma 1 and (25) in Proposition 10(a) imply that

Jo (F§(2) _ r6(2) _
Ff) A1 —=Fj() Fi@)A1-=F§z)

s @I =106) " (Fs @) < (@)
po(z)
~ Fo() A (1= Fo(2)
Proposition 10(b) provides inequalities on the supremum norm and antitonic information

of the log-concave Fisher divergence projection. In particular, the Fisher information of the
projected density is at most the antitonic information of the original density.

=ho(2).

2.3. Examples.

EXAMPLE 11. First, let py be the Beta(a,b) density given by po(z) = z¢~'(1 —
Z)h_lll{ze((), 1)}/B(a, b) for a, b > 1, where B denotes the beta function. Then pg is uniformly
continuous and log-concave on R, so

a—1 b-—1

¥4 (2) = Yo(z) = (log po)'(z) =

l—z
for all z € (0, 1), while ¥j(z) = oo for z < 0 and Vj(z) = —oo for z > 1. We have i*(pg) =

i(po) = fol W(% po < oo if and only if @, b > 2, in which case the conclusions of Theorem 2(c,
d) hold.

EXAMPLE 12. Let pg be the standard Cauchy density given by po(z) = 1/(zw (1 + 72))
for z € R. Then pg is absolutely continuous on R with i(pg) = fR(pé)z/po = 1/2 and
lim, , +o0 ho(z) = 0. We will derive an explicit expression for 1, which is necessarily
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Po(2)
— p(2)
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FIG. 4. Left: The negative log-density £y = —log po and the optimal convex loss function £ = —log pE)" when
po is the standard Cauchy density. Right: The corresponding densities py and p(’g.

bounded by Lemma 5. In contrast to the previous example, pg is not log-concave, so ¥
does not coincide with Yo = p;/po: 2+ —2z/(1 + z?). Indeed,

1 arctan(z
Fo(z) = 5+T() forz € R,

Fy'lu) = tan(n <u — %)) = —cot(u) foru € (0,1),

1 . sin?(u) . 1 —cosQmu)

) = et = 7~

foru € [0, 1].

Let 1y ~ 2.33 be the unique ¢ eA(O, ) satisfying t = tan(z/2), and define uo = to/(2m) €
(0, 1/2). Then we can verify that Jy is linear on [0, ug] and on [1 — ug, 1], with Jo(u) = Jo(u)
for u € [ug, 1 — ugl U {0, 1}; see the left panel of Figure 2. It follows that

sin fg for u € [0, ug],
féR) (u) = {sinQRmu) foru € [ug, 1 — ugl,
—sinty  foru e[l —ugp, 1];

sintg = —2z0/(1 + z3) for z € (—o0, —z0l,
Y@ = J® (Fo(z)) = { — sinQarctan z) = —2z/(1 + 22) = o(z) for z € [—z0. 20].
—sinf for z € [z9, 00),

where zg := cot(mug) = cot(ty/2) ~ 0.43 € (0, 1) satisfies zgarctan(1/z9) = 1/2. Thus,
Vo (2) = Yo((z Azo) V (—20)) for z € R; see the right panel of Figure 2. An antiderivative ¢
of ¥ is given by

—log(m (1 +2%)) for z € [—2z0, zo],

Z
* = * —1 ==
¢ (2) /0 ¥ —logm {_(m — z0) sintg — log(w (1 4+ z3)) for z € R\ [—z0, 20].

As illustrated in the left panel of Figure 4, £ := —¢; is a symmetric convex function that
is approximately quadratic on [—zg, zo] and linear outside this interval, so in this respect,
it resembles the Huber loss function (7). This is significant as far as M-estimation is con-
cerned, since Huber-like loss functions are designed precisely to be robust to outliers, such
as those that arise in regression problems with heavy-tailed Cauchy errors. As discussed
in the introduction, £ is optimal in the sense that the resulting regression M -estimator

Bw;; € argmingcpd Y5 —X lT B) has minimal asymptotic covariance among all convex
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FI1G.5. Plot of the asymptotic relative efficiency r (K) of the Huber M -estimator B,/, x compared with the optimal
convex M -estimator.

M -estimators. By direct computation,

| 1 219cos(21p) — sin(24
. 0 cos(219) — sin( 0)%0.439,
) 2 4r
S
so ARE*(po) = P9 ~ 0,878
i(po)

in this case, meaning that the restriction to convex loss functions results in only a small loss
of efficiency relative to the maximum likelihood estimator. This may well be outweighed by
the increased computational convenience of optimising a convex empirical risk function as
opposed to a Cauchy likelihood function, which typically has several local extrema; see van
der Vaart (1998), Example 5.50, for a discussion of the difficulties involved. Lemma 8 yields
the bound ARE*(po) > 8|/ poll2, = 8/7% ~ 0.811.

For K > 0, the Huber regression M -estimator /%K € argminggpd Yok (Y — XiT,B)
defined with respect to (7) has asymptotic relative efficiency

() Voo (W) 4arctan® K
r = =
Vpo(Wk) 7w(wK?+2K —2(1 + K?)arctan K )i*(po)

compared with the optimal convex M -estimator ,3%*;; see Figure 5. The maximum value
SUpg ot (K) =~ 0.9998 is attained at K* =~ 0.394. Moreover,

lim r(K) = ———~0.922
K—0 w4i*(po)
is the asymptotic relative efficiency V), (¥5)/ Vp,(¥) of the least absolute deviation (LAD)
estimator ,BAV, € argminﬂeRd Yy — XiT,B|, for which ¥ (-) := —sgn(-) and V) (¢) =
1/(4po(0)%) = 72 /4. On the other hand, the Huber loss £x in (7) converges pointwise to
the squared error loss as K — 00, so limg o0 Vo (V&) = g zzpo(z) dz = 00, and hence
limg o0 7(K) = 0. Recall from the discussion in the introduction the difficulties of choos-
ing K, and its connection to the choice of scale.

The Cauchy density po and its log-concave Fisher divergence projection pg := % are
plotted in the right panel of Figure 4. Since po = pj on [—zo, z0] and ¥} is constant on
R\ [—z0, zo], it turns out that i*(po) = — [r podV§ = — [r PG AV = i(pf); so, both in-
equalities in Proposition 10(b) are in fact equalities in this example.

Section S2 characterises the antitonic score projection for a variety of other densities pg. In
Example S8, we take Py to be a scaled #, distribution, which has a finite first moment (unlike
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the Cauchy distribution in Example 12), and verify that /%gﬂ and ,év,(*; in (23) are different

convex M -estimators. Example SO features a symmetrised Pareto density with polynomially
decaying tails, where the optimal convex loss function £fj is a scale transformation of the
robust absolute error loss z — |z|. Moving on from heavy-tailed distributions, Example S10
considers a density pg that fails to be log-concave because it is not unimodal, while Proposi-
tion S11 is a general result about the log-concave maximum likelihood and Fisher divergence
projections of Gaussian mixtures.

3. Semiparametric M -estimation via antitonic score matching.

3.1. Warm-up: Estimation of the projected score function from direct observations. Sec-
tion 2 was concerned with the properties of the antitonic score projection on the population
level. Ultimately, our goal is to be able to incorporate these insights into a linear regression
setting, but in this subsection we address an intermediate aim. Specifically, we consider the
nonparametric estimation of the antitonic projected score function v; based on a sample
Ely .-+ En nd po- This is an interesting problem in its own right, but an idealised one for the
purposes of the regression setting that we have in mind, since there we do not observe the
regression errors €1, . .., &, directly, and instead will need to rely on residuals from a pilot fit
as proxies.

We first explain why a naive approach to antitonic score matching fails before describ-
ing our alternative solution. For a locally absolutely continuous function ¥: R — R with
derivative v/', the empirical analogue of Dy, (V) = ]E(l/fz(sl) +2v/(e1)) in (14) is

A A 1 &
(26) D) = Da(Wrs er, o en) = — 3 U (i) + 20 (e}
i=1
Recall from the introduction that score matching estimates a score function by an empirical
risk minimiser v, € argmin,, .y D, () over an appropriate class of functions W.

However, to obtain a monotone score estimate, we cannot minimise ¥ — D, (y) di-

rectly over the class \ch of all decreasing, locally absolutely continuous ¥ : R — R. Indeed,

infweq,iw bn(W) = —00, as can be seen by constructing differentiable approximations to a
decreasing step function whose jumps are at the data points ¢, ..., &,. To circumvent this
issue, we instead propose the following estimation strategy.

Antitonic projected score estimation: Consider smoothing the empirical distribution of
1, ..., &n, for example, by convolving it with an absolutely continuous kernel K : R — R to
obtain a kernel density estimator z — p,(z) := n-! "_1 Kn(z — &), where h > 0 is a suit-
able bandwidth and K;,(-) :=h~ 'K (- / h). We can then define the smoothed empirical score
matching objective

Pu(W) = Dy, (§) = /H; V2542 fs Fudy

for ¢y € W (py), which approximates the population expectation in the definition of D, ().
By Theorem 2,

27) J® o F, e argmin D, (¥),
Vew, (jn)

where F), denotes the distribution function corresponding to p,, and J, := p, o Fn_ ! This
is reminiscent of maximum smoothed likelihood estimation of a density or distribution func-
tion (e.g., Eggermont and LaRiccia (2000); Groeneboom and Jongbloed (2014), Sections 8.2
and 8.5). By evaluating the antiderivative of J,, on a suitably fine grid, we may obtain a
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FIG. 6. Kernel-based estimates of the projected score function and optimal convex loss function based on a
sample of size n = 2000 from the Cauchy distribution.

piecewise affine approximation to J, (and hence a piecewise constant approximation to its
derivative) using PAVA, whose space and time complexities scale linearly with the size of the
grid (Samworth and Shah (2025), Section 9.3.1).

More generally, we can use €1, ..., &, to construct a generic (not necessarily monotone)
score estimator J/n and an estimate ﬁ,, of the distribution function Fy corresponding to the
density po. By analogy with the explicit representation (17) of v, we then define the de-
creasing score estimate

(28) &n ::-A/ZR(&nOﬁn_l)Oﬁm

As explained above, (a numerical approximation to) ¥, can be computed efficiently using
isotonic regression algorithms. In particular, if F, is taken to be the empirical distribution
function of ¢1, ..., &,, then by Propos1t10n S33, 1//(L) ML(x//n o F ) o F 1S an antitonic
least squares estimator based on {(¢;, llrn (&i)) i € [n]}. Our decreasing score estimate can be
taken to be either @éL) or the closely related @n: for every z € R, we have @n () = @éL) (e(2)),
where ¢(z) is the smallest element of {ey, ..., &,} that is strictly greater than z (where such
an element exists) or equal to max;¢[,] & otherwise.

The transformation (28) may be applied to any appropriate initial score estimator v,,.
Since a misspecified parametric method may introduce significant error at the outset, we
seek a nonparametric estimator. For instance, we may take ¥, to be a ratio of kernel density
estimates of p( and po, which may be truncated for theoretical and practical convenience
to avoid instability in low- densuy regions; see (31) in Section 3.3. Observe that (27) is a
special case of (28) with Up = p./ Pn and F,=F,. Figures 6 and 7 illustrate the kernel-based

FIG. 7. Kernel-based estimates of the projected score function and optimal convex loss function based on a
sample of size n = 104 [from the Gaussian mixture distribution 0.4N (—2,1) +0.6N (2, 1).
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projected score estimate Y and its negative antiderivative 0y (subsequently used as a data-
driven proxy for the optimal convex loss £{j) based on samples from Cauchy and Gaussian
mixture distributions respectively.

3.2. Linear regression: Alternating algorithm outline. Suppose that we observe indepen-
dent and identically distributed pairs (X1, Y1), ..., (X,, Y,) satisfying

(29) Yi =X/ fo+ei
for i € [n], where X,..., X, are R9-valued covariates that are independent of errors
£1,...,&, with an unknown absolutely continuous (Lebesgue) density pg on R. A neces-

sary condition for By to be identifiable is that E(X{ X IT) is positive definite, since otherwise
there exists v € R? \ {0} such that X ZT v =0 for all i almost surely. In this case, the joint
distribution of our observed data is unchanged if we replace Sy with Sy + v. To accommo-
date heavy-tailed (e.g., Cauchy) errors, we do not necessarily insist that E(¢1) = 0, or even
suppose that ¢ is integrable, though see also the discussion at the start of Section 3.4.

As the regression coefficients By, the error density pg, and hence the antitonic score pro-
jected score v/ are unknown, a natural estimation strategy on the population level is to alter-
nate between the following two steps:

L. For a fixed B, minimise the (convex) score matching objective D, () based on the
density gg of Y1 — XIT,B.

II. For a fixed decreasing and right-continuous v, minimise the convex function g —
Ee(Y, — X 1T B), where ¢ is a negative antiderivative of .

This approach can be motivated by a joint optimisation problem over a set of pairs
(B, ¥); see Section S3.1. In an empirical version of this alternating algorithm based on
(X1,Y1),...,(X,, Yy), we can estimate ¥y in Step I by minimising a sample analogue of
Dy, () over . As discussed in Section 3.1, the unknown density of ¥; — X lTﬂ can be ap-
proximated by smoothing the empirical distribution of the residuals (¥; — X IT B);_, from the
current estimate of Bp. Step Il then involves finding an M -estimator (1) of S based on the
convex loss function induced by the current estimate of ;. In practice, we can apply any
suitable convex optimisation algorithm such as gradient descent, with Newton’s method be-
ing a faster alternative when the score estimate is differentiable. Steps I and II can then be
iterated to convergence.

The following two subsections focus in turn on linear regression with symmetric errors
and with an explicit intercept term. We will analyse a specific version of the above procedure
that is initialised with a pilot estimator ,B_n of Bo. Provided that (Bn) is /n-consistent, we
show that a single iteration of Steps I and II yields a semiparametric convex M -estimator of
Bo that achieves “antitonic efficiency” as n — oo.

3.3. Linear regression with symmetric errors. Under the assumption that pg is symmet-
ric, we first approximate 1 via antitonic projection of kernel-based score estimators. We do
not observe the errors €1, .. ., &, directly, so in view of the discussion above, in the algorithm
below we use the residuals from the pilot regression estimator to construct our initial score
estimators. Assume throughout that n > 3.

1. Sample splitting: Partition the observations into three folds indexed by disjoint subsets
I, I>, I3 C [n] such that |I1| = |I>| = |n/3] and |[3| =n — |I1]| — |I2], respectively. For
notational convenience, let ;13 := I for j € {1, 2}.
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2(J)

2. Pilot estimators: Fix a convex function L: R — R, and for j € {1, 2, 3}, let 8,’" be an

M -estimator

(30) BY) € argmin Z L(Y; — X/ B).
BeR? i€l

3. Antitonic projected score estimation: For j € {1,2,3} and i € I, define out-of-

sample residuals &; := Y; — Xl-T B,Ef ) Letting K : R — [0, 0o0) be a differentiable kernel and
h = h;,, > 0 be a (deterministic) bandwidth, define a kernel density estimator p, ; of po by

Z Kn(z _81

iel; j+1

Pn.j(2) =

" |1, 1l
for z € R, where K;(-) = h~'K(-/h). In addition, let S‘,,J ={zeR: |13;Z’J-(z)| < oy,
Dn,j(2) = ¥u}, where a, € (0,00] and y;, € (0,00) are truncation parameters, and define
lﬁn,j :R— R by

P, (@

I’Lj( ) {ZGSn,_;}'

(31) Un,j(2) =

ertmg Fn ,j for the distribution function corresponding to p, ;, let Wn j= MR(wn jo
F ) ) Fn’ ;j be an antitonic projected score estimate, in accordance with (28). Finally, de-

ﬁne an estimator 1/72“;1 € lllimi (po) of Y by

1//n j(Z) l;”n,j(_z)
2

for z e R.
4. Plug-in cross-fitted convex M-estimator: For j € {1, 2, 3}, let Zsy "': R — R be the in-

duced convex loss function given by Eny~ ():=—J 2“;1, and define

(32) B\ € argmin e*ym Y; — X B)

ﬂER lEIj+2

to be a corresponding M -estimator of By. Finally, let

5D, 5@ | a0)

In (32), ,B(J ) always exists because either 1/32““i =0 and any 8 € R? is a minimiser, or
otherwise inf,cR 1//*“1“(1) <0 <sup,cg wan“(z) and hence the convex function E y- is coer-

cive in the sense that E sy (z) — 00 as |z| — oo. Moreover, ,B(j ) is unique if lﬁan“ is strictly
decreasing and the des1gn matrix X has full column rank, which happens with probablhty
tendingto 1 asn — co if E(X1 X T) is invertible; see Proposition S24(a) for elementary justi-
fications of these claims. In practice, our antitonic score estimates may have constant pieces,
but the conclusion of Theorem 13 below applies to all sequences of minimisers (B,(/ )), S0 is
unaffected by nonuniqueness issues.

The above procedure uses the observations indexed by Iy, I2, I3 to construct the pilot esti-
mator ,Bn , antitonic score estimate am‘ and semiparametric M -estimator ,B respectively.
Since each fold (specifically the last one) contains only about one-third of all the data, sample
splitting reduces the efficiency of ,8(1) We remedy this by cross-fitting (van der Vaart (1998),
page 393; Chernozhukov et al. (2018), Section 3), which involves cyclically permuting the



OPTIMAL CONVEX M-ESTIMATION 429

folds to obtain ,8(2) (3) analogously to ﬂ and then averaging these three estimators. This
reduces the limiting covariance of ,3,, D by a factor of three in the theory below, where we
show that B,E“ , A,(,Z) (3) are “asymptotically independent” in a precise sense.

A different Version of cross-fitting (Chernozhukov et al. (2018), Definition 3.2) instead
averages the empirical risk functions across all three folds, and outputs a single estimator

(34) ﬂieargmmz Yo (- X[ B),

BeR? Jj=lieljis

whose existence is similarly guaranteed by the convexity of é;yjn for j €{1,2,3}.

To introduce our theoretical guarantees for this procedure, for a sequence of regression
models (29) indexed by n € N, we make the following assumptions on the model and the
parameters in our procedure.

(A1) po is an absolutely continuous density on R such that i(pg) < oo and
Ir 121° po(z) dz < oo for some § > 0.

(A2) There exists #op > 0 such that for ¢ € {—1y, fo}, the antitonic projected score function
Y satisfies [ ¥ (z + 1)?po(z) dz < .

(A3) The kernel K is nonnegative, twice continuously differentiable and supported on
[—1,1].

(Ad) a, — o0, Yy, hy — 0, nhnyn — oo and (h, vV n=2°/3)(a,/yn)* — 0 for some p €
(0,8/(8 + 1)).

(AS) E(X;X[) € R¥*4 ig positive definite and max;epn) | X; lotn/vn = 0p(n'/?) as n —
Q.

The conditions (A1) and (A2) are satisfied by a wide variety of commonly encountered
densities pg ranging from all #, densities with v > 0 degrees of freedom (including the
Cauchy density as a special case v = 1) to lighter-tailed Weibull, Laplace, Gaussian and
Gumbel densities. In particular, Py need not have a finite mean, and our procedure does
not require knowledge of the exponent § > 0 in (Al). By Lemma 1, {z e R: y5(2) e R} =
So = (inf(supp po), sup(supp po)), so if (A2) holds, then Sp = R and § must be finite-
valued on R. The truncation parameters o, ¥, and bandwidth £, can be chosen quite flex-
ibly; for instance, (A4) holds if o, = yn_l =logn and h, = n~? for some b € (0, 1/3). As
for (A5), the fact that || X1]|2, ..., || X,||* are identically distributed and integrable means
that max;cp, | X;ll = op (n'/2); see (S66). Our condition is slightly stronger than this to
account for the score estimators being uniformly bounded in absolute value by o, /v;.
In particular, if E(|1X1]1°) < oo, then max;epn |1 X;ll = op(n1/3), so under (A4), we have
o/ Vn =0p(hy 1/ 2) =0 ,,(nl/ 6, and hence (A5) holds automatically.

We also require the pilot estimators in Step 2 to exist and be /n-consistent for By. By a
classical result (see Proposition S24), this is guaranteed if the loss function L in this step has
negative right derivative ¢ satisfying both E¢(e1) = 0 and the following condition.

(B) ¢ is decreasing and right continuous with inf,cg ¢(z) <0 < sup,cg ¢(z). In addition,

fR@ Po
(Jr Pode)?

and there exists fo > 0 such that [ ¢(z + 1)?po(z)dz < oo for t € {—19, to}.

V(@) = € (0, 00)

In particular, if L is a symmetric and twice differentiable convex function whose derivative is
strictly increasing and bounded, then (B) holds and [ ¢po = 0 for all symmetric densities py.
Under the assumptions above, we first prove the LZ(PO)—consistency of the initial estimates
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1},,, ;j of the score function v/, from which it follows that the antitonic functions tﬂn j consis-
tently estimate the population-level projected score v/ in L?(Py); see Lemmas S13 and S14
in Section S3.2. This enables us to establish the following result.

THEOREM 13. Assume that (A1)—(AS) hold for the linear model (29) with symmetric er-
ror density po. If,g,gj) —Bo= 0, (n~1?) for j € {1, 2, 3}, then for any sequence of estimators
(ﬁzym) with ,3,Slym € {,3;, ,3,1;}f0r each n, we have

Tyl
psym _ d N (o {E(X1X))}
VP = fo) = d(’ *(po) )

as n — Q.

Theorem 13 reveals that our semiparametric convex M -estimators ﬁ; , /53,51F are /n-
consistent and have the same limiting Gaussian distribution as the “oracle” convex M-
estimator ,31/,3 '= argming pa i 5 =X lT B), where £ denotes an optimal convex loss
function with right derivative ;.

To understand the form of the asymptotic covariance matrix in Theorem 13, observe that
since X and ¢; are independent, (X, Y1) has joint density (x, y) — po(y — xT,Bo) with
respect to the product measure Px @ Leb on R? x R, where we write Py for the distribution
of X1, and Leb for Lebesgue measure on R. Therefore, in a parametric model where pg is
known, the score function £ Bo: R? x R — R4 for By is given by

Cpy(x, ) :=—xo(y —x " o),
where Yo = pé/po. If i(pg) = E(lﬁo(sl)z) is finite, then because Evg(e;) = 0, the Fisher
information matrix for Sy is
(35) Ig, == Covig, (X1, Y1) = Cov{X1yo(en)} = E(X1 X| )i(po) € R¥*“.

Since i(po) = i*(po) > 0 by Theorem 2(d), Ig, is positive definite if and only if E(XlXI) is
positive definite. In this case, the convolution and local asymptotic minimax theorems (van
der Vaart (1998), Chapter 8) indicate that \/n (,BMLE — Bo) in (4) has the “optimal” limiting
distribution
{E(XIXD}*)
i1(po)

among all (regular) sequences of estimators of fSy. By analogy with the previous display,
the limiting covariance in Theorem 13 can be written as the inverse (/ B‘O)_l of the anti-

tonic information matrix I;O = E(XlX;r)i*(po). By Theorem 2, 1/i*(po) = Vp,(¥) =
minyew, (pg) Vpo (¥), so by Proposition S24, (1 g‘o)*l is the smallest possible limiting covari-

Na(0.I5") = Ny (0,

ance among all convex M -estimators ,BAw based on a fixed ¥ € ¥ (po). We can therefore
interpret (/ g())*l as an antitonic efficiency lower bound.

3.4. Linear regression with an intercept term. For d > 2, now consider the linear model
(36) Yi=po+ X600 +e forieln],

where (o is an explicit intercept term, so that 8o = (6p, o) and X; = (5( i, 1) in (29) for
i € [n]. In the absence of further restrictions on the distribution of &1, the intercept term
in this model is nonidentifiable since we may add a scalar to g and make a corresponding
location shift to the distribution of £; without changing the distribution of (X, Y1). One could
restore identifiability by including an assumption that E(e1) = 0. However, to incorporate the
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potential for heavy-tailed error distributions without a finite first moment (such as the Cauchy
distribution), we instead impose a more general centring condition of the form [E¢(e;) =0
for some prespecified decreasing function ¢ : R — R that satisfies condition (B) with ¢ =¢.
In this case, define

Upg := Vp(¢) € (0, 00).

Naturally, taking ¢ to be the function z +— —z yields the usual mean-zero assumption on
the errors; on the other hand, for v € (0, 1), letting ¢(z) = 1{;<0) — 7 for z € R con-
strains the errors to have t-quantile equal to 0. In these two examples, v,, = E(E%)
and vy, =t(1 — 1)/ po(O)z, respectively, and when v, € (0, 00), we automatically have
Jr ¢z +1)?po(z)dz < oo for all t € R. In general, the fact that [ pod¢ € (—o0, 0) ensures
that E¢(e1 — ¢) = 0 if and only if ¢ = 0, and hence that p( is identified by the equation
E¢ (Y — o — X[ 6o) = 0; see (S69).

Similar to Section 3.3, we employ three-fold cross-fitting with the convention /3 = I;
for j € {1, 2}, and obtain pilot estimators B\ = (@, i) of Bo = (6o, j10) given by (30)
for j € {1, 2, 3} based on a fixed loss function L. We require the estimators 9_,21 ) to be /n-
consistent for 6y as n — oo. This is guaranteed by Proposition S24 if condition (B) is satisfied
by ¢ = —L®), 50 here we can either take L to be a twice differentiable convex loss function
with a strictly decreasing and bounded derivative, or let L be a negative antiderivative of ¢.

We make some modifications to subsequent steps of the previous antitonic score matching
procedure.

3'. Antitonic projected score estimation: For j € {1,2,3} and i € I;41, use the out-of-
sample residuals &; :=Y; — X lT ‘,§J ) to construct the initial kernel-based score estimator xﬁn, j
and its antitonic projection ¥, j := MRy, jo F,~ jl.) o F, ; as before. Since pg is not sym-
7 anti

nj:

4'. Plug-in cross-fitted convex M-estimator: For j € {1, 2,3}, let én,j: R — R be the
induced convex loss function given by én i@Q==J 1&,, j» and define

metric in general, we use v, ; instead of

(37) é,gj) € argmin Z lf,w-(Y,- — }?Ijé,g-/) —(X; — }_(n,j)TG),

feRd-1 i€ljn

where )_(n,j = |Ij+2|_l ZieIHz f(i. Finally, let é; = (é,ﬁ“ + é,Sz) + é,§3))/3. Alternatively,
define

3
é,f € argminz Z én,j(Y,- — X! 0V —(X; — )_(n,j)TG).

R~ i1 icT, e
€ ]—1l€lj+2

5'. Intercept estimation: Taking either 0, = é,j or, = é,f , let

n
(38) fi% € argmin L (Y; — X', — ),
neR
where L. is a negative antiderivative of ¢. Finally, output ,BA,s = (é,,, ,&,{1).

In summary, 6,, minimises an empirical risk based on centred covariates and an estimated
convex loss (via antitonic score matching), while ,lli is defined as a location M -estimator
with respect to the residuals from 6,, and the fixed loss function used to centre the regres-
sion errors. There exists a minimiser QA,EJ) in (37) if inf,cr I}n,j (z2) <0 < sup,cg @n’j (), and
A,(/ ) is unique if @n, j 1s strictly decreasing and the design matrix has full column rank; see
Proposition S24(a).
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Step 4’ can be motivated by semiparametric calculations that are summarised briefly below
and presented formally in Section S3.5. We verify in Proposition S22(a) that if o is viewed
as a nuisance parameter, then the efficient score function g, : R? x R — R4~ (van der Vaart
(1998), Section 25.4) for 6 is given by

(39) loy (x, y) 1= —(F —m)yo(y — x " o),

where m :=E(X;) € R, x = (x1,...,x4) and ¥ = (x1, ..., x4—1). This is the same re-
gardless of whether pg is known or unknown. The efficient information matrix for 6y is

(40) Tgy :=TE(Cgy (X1, Y1) oy (X1, Y1) ) = E(Yo(e1)?) Cov(X1) =i (po) T,

where X := COV(X 1) and the semiparametric efficiency lower bound (e.g., van der Vaart
(1998) p. 367) is I_ 1/1(p0) This is the top-left (d — 1) x (d — 1) submatrix of

1. /30 in (35), and is asymptotlcally attained by an adaptive estimator 6, of 6’ that solves
a version of the efficient score equations ) 7_, b5 (Xi,Yi) =0 with ¥y replaced with an
L2(Py)-consistent score estimate; see Bickel (1982), Example 3 and van der Vaart (1998),
Chapter 25.8. In (37), we instead target a surrogate of the efficient score £g, above with
replaced by . If Wn j 18 continuous, then any minimiser Q(J ) satisfies

Y (Xi=Xn ) v (Vi — X, 0 — (X — X, ) T0) =0,
iEI_/'+2
which is a variant of the efficient score equations for 6. Since we do not assume knowledge
of the population mean m = [£(X), we replace it with its sample analogue X, ; in each of

the three folds. The rationale for the final Step 5’ is that ,3,5 = (én, ,&,%) solves a version of the
efficient score equations for By when pg is regarded as a nuisance parameter; see (S84) in
Section S3.5.

Under the regularity conditions in Section 3.3, it turns out that, up to a translation by
o, the projected score functions @n, j are also L?(Py)-consistent estimators of ¥ in this
setting (Lemma S14). It follows that with probability tending to 1 as n — oo, we have
lim,_, 117,1, j(2) >0>1lim; 0 1/},,, j(2), and hence é;[ and é,jf exist. We can then adapt the
proof strategy for Theorem 13 above to establish the following main result.

THEOREM 14. Assume that (A1)-(AS) hold and, moreover, that (B) is satisfied by ¢ = ¢
in the linear model (36) with ¢ (e1) = 0. Suppose further that é,ﬁj) — 6y = Op(n_l/z) for
j €{1,2,3}. Then for any sequence of estimators Bﬁ = (é,,, [:L,%) such that én € {énT , é,f } for
each n, we have

(B — Bo) > Na(0. (T5)7"):

here,
x-! =
~ =

@1 (Igo)_lz i*(po) i*(po)  Réxd
mTe! mT = m

- VUpot —0
i*(po) " i*(po)
is the inverse of
fg = (i*(pO)E + it Jup, nﬁ/vp0>
0 i’ /vy, 1/Up,

1
= *(po)E(X1 XT) — <i*(po) - —>E(X1)E(X1)T-
Upo
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As an immediate consequence of Theorem 14,

A d »-!
42) G —0) S N (0, . )
i*(po)

as n — 00, and the proof reveals that this holds even without the centring constraint
[E¢ (e1) = 05 see also Proposition S22(a). Therefore, 6, is an data-driven convex M -estimator
of 6p whose limiting covariance > /i*(po) is identical to 19_0 Uin (40), except with i(po)
in place of i*(pg). Similarly, I EO is the antitonic analogue of the efficient information ma-

trix iﬂo for Bo; see (S81) in Proposition S22(b). Consequently, we can view Theorem 14 as
an “antitonic efficiency” result.

To interpret the bottom-right entry in (41), first suppose that 8y is known and pg is un-
known. Then the problem of estimating o reduces to one-dimension location estimation
based on 17,- =Y — XiTGO = ugo + ¢; for i € [n]. Since Eg“(ﬁ — o) = 0, the correspond-
ing semiparametric efficiency lower bound is v, which is the one-dimensional version
of (3); see van der Vaart (1998), Example 25.24, for the special case of mean estimation.
On the other hand, when 6 is also unknown, the efficiency lower bound for g is instead the
bottom-right entry (fﬁ_ol)d,d = Up, +m " X~ /i(po) in (S81). Therefore, it is strictly harder
to estimate po in our semiparametric setting unless m = 0, and the asymptotic variance of
our ﬁ,f, is the antitonic counterpart of (INﬁ_Ol)dyd. Observe also that i*(pg) > 1/v,, by (16),

so the limiting covariance matrices in Theorems 13 and 14 satisfy (/ /;!‘0)_1 < (I /;!‘0)_1 in the
positive semidefinite (Loewner) ordering <, with equality if and only if ¢ is proportional to
4.

Lemma S23 in Section S3.6 establishes that 6, always has asymptotic efficiency at least
that of the composite quantile estimator (Zou and Yuan (2008)), and also that there exist log-
concave densities pg for which the latter has arbitrarily low efficiency relative to the former.

3.5. Inference. To perform asymptotically valid inference for By based on Theorems 13
and 14 when po is unknown, we require a consistent estimator of the antitonic information
i*(po). This can be constructed using residuals &; :=Y; — Xl-T _,(,J) for j €{1,2,3} and i €

11> in place of the unobserved errors, where _,(,j ) are /n-consistent estimators of Bo given

by (30).

LEMMA 15. In the setting of Theorem 13, let &n,j € {&n,_,‘, 1&2??} forneNand j €
(1,2, 3). Then

L1 ;o
b= =0 Y U @D S (po).
nilliel
The same conclusion holds in the setting of Theorem 14 if instead &n,j(’) = lﬁn,j(- + ﬂ},j))
foralln, j.

Therefore, 1 EO =EX |1 X lT)i *(po) can be estimated consistently by
A n A
2 In T Wyt
I, = — X; X, =—X X,
" ; T n

where X = (X1---X,)" € R"*? has full column rank with probability tending to 1 un-
der (AS). When pg is symmetric, it follows from Theorem 13 and Lemma 15 that

2/2(4 d
BB — Bo) S N4 (0, I).
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Thus, writing B;y;n for the jth component of Y™ and § j= (IAn_ 1 jj for the jth diagonal
entry of /!, we deduce that

" Si A S;
sym J  5sym bi
[,3,1,/ ~Zo/2y[ 5 Byt ey ;]

is an asymptotic (1 — «)-level confidence interval for the jth component of By, where z4/2
denotes the (1 — «/2)-quantile of the standard normal distribution. Moreover,

A A

{beR?:n(BY™ —b) " 1,(BY™ — b) < x5 ()

n

is an asymptotic (1 — «)-confidence ellipsoid for Sy, where Xj(a) denotes the (1 — «)-
quantile of the x 5 distribution.
On the other hand, in the setting of Section 3.4, fn =n"! Z?=1 in(f(,- — )?n)(f(,- — f(n)T

is a consistent estimator of i*(pg) X, where )N(,, =n"! L f(i. In view of (42), we can

therefore construct asymptotically valid confidence sets for 6y and confidence intervals for
its components, as above. To obtain a sample approximation to the asymptotic variance of the
intercept estimate /15, we also require a consistent estimate 0, of v po = Vpo(¢). If the errors
are mean-centred via ¢ : z — —z, then a natural estimator of v,, = E(a%) is ! "l 512
On the other hand, if the T-quantile of the errors are centred via ¢ : z + L{;-o} — T for some
7 € (0, 1), then we can approximate vy, = t(1 — 7)/po (0)2 using a kernel density estimator
of po(0). The following lemma verifies that using the residuals &1, ..., &, is justified more
generally in this context.

LEMMA 16. Suppose that { = oc — Znﬁle Cmliz,,.00) for some M € Ny, where yc is
absolutely continuous on R, while ¢,, > 0 and z,,, € R for all m € [M]. Define p,,: R — R
by pn(z) :=n"" "_| Kn(z— &) for some square-integrable kernel K and bandwidth h = h,,
satisfying hy, — 0 and nh, — o0. If ¢ is continuous Lebesgue almost everywhere on R, then
under the hypotheses of Theorem 14,

- n Y0 (E)? 2
T T Y G — M B )P

Upg-

Now define
A S
=1, — (zn — T)XnXI,
Up

where X, :=n"! i—1 Xi, and denote by 5; the jth diagonal entry of (IA,f)_1 for j € [d]. We
deduce from Theorem 14 together with Lemmas 15 and 16 that

3t IS s S
|::3n,j_za/2 ;7 /gmj"'zcx/Z ;]

is an asymptotic (1 — «)-level confidence interval for the jth component of 8y, and
(43) (bR :n(B —b) I} (B] —b) < xi (@)

is an asymptotic (1 — o)-confidence ellipsoid for fy. Lemma 15 also ensures that standard
linear model diagnostics, either based on heuristics such as Cook’s distance (Cook (1977)),
or formal goodness-of-fit tests (Jankova et al. (2020)), can be applied.
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4. Numerical experiments. In our numerical experiments, we generate covariates

5(1, e f(n i Ng_1(14-1,15-1), where 1,;_1 denotes the (d — 1)-dimensional all-ones vec-

tor, and responses Y1, ..., Y, according to the linear model (36). Independently of the covari-
iid . .

ates, we draw errors €1, ..., &, ~ Py for the following choices of Py:

(i) Py is standard Gaussian.

(i1) Py is standard Cauchy.

(ii1) Gaussian scale mixture: Py = %N O, + %N (0, 16).

(iv) Gaussian location mixture: Py = %N (—%, 1%0) + %N (%, I!W). This distribution is
similar to the one constructed in the proof of Proposition 7 to show that log-concave maxi-
mum likelihood estimation of the error distribution may result in arbitrarily large efficiency
loss.

(v) Smoothed uniform: Py is the distribution of U + 11_02 , Where U ~ Unif[—1, 1] and
Z ~ N(0, 1) are independent.

(vi) Smoothed exponential: Py is the distribution of W — 1 + ‘/_Z where W ~ Exp(1)
V3

and Z ~ N(0, 1) are independent. We choose the standard deviation 5 for the Gaussian
component so that the ratio of the variances of the non-Gaussian and the Gaussian compo-
nents is the same as that in the smoothed uniform setting.

In cases (i), (v) and (vi), Py is log-concave, while for the other settings it is not. Since the OLS
and LAD estimators are targeting different population intercepts in cases where the mean and
median of Py are not equal (so at most one of these estimators can be Fisher consistent), we
focus on estimation of the (d — 1)-dimensional subvector 6y of B¢ in order to present a fair
comparison.

We compare the performance of two versions of our procedure with an oracle approach
and four existing methods. The first variant of our procedure, which we refer to as ASM (an-
titonic score matching) in all of the plots, is as described in Section 3.4, except that we do
not perform sample splitting, cross-fitting or truncation of the initial score estimates. These
devices are convenient for theoretical analysis but not essential in practice. More precisely,
ASM first constructs a pilot estlmator Bn = (On, [1,), and then uses the vector of residuals
(é1,...,8,), where & :=Y; — X 6,, to obtain an initial kernel-based score estimator 1//,1,
formed using a Gaussian kernel and the default Silverman’s choice of bandwidth (Silverman
(1986), p. 48). Following Step 3’ in Section 3.4, we estimate the antitonic projected score and
the correspondlng convex loss function by Wn = MR(wn o F Yo F, and £, respectively,
where F, denotes the distribution function associated with the kernel density estimate. Fi-
nally, we use Newton’s algorithm with Hessian modification® (Nocedal and Wright (2006),
Section 3.4) to compute our semiparametric estimator

n -
625M ¢ argmin Zén(Y,- — X6, —w'o),
feRI-1 ;1
where X, :=n"! pIy X;and W; := X; — X, fori € [n].

In the second version of our procedure, which we refer to as Alt in our plots, we implement
an empirical analogue of the alternating optimisation procedure described in Section 3.2. We
start with an uninformative initialiser (é,ﬁo), ,&flo)) =(0,0) € RY-! x R, and then alternate
between the following steps for ¢ € N:

p(t=1) . Y A (t D

I. Compute residuals & & - X IT é,ft_l) for i € [n], and hence estimate

the antitonic projected score 1},, ) and the corresponding convex loss é,(f_l) as for ASM.

6This modification involves adding the identity matrix to the Hessian prior to its version.
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~ N . A, _1 ~
IL. Update (6", (1)) € argmingy ;) cpa-1,m 0y 68 (Vi — u — X7 6).
We iterate these steps until convergence of the empirical score matching objective

LS 0 E0) +2(50) 6]

i=1

defined in (26); in all of our experiments both QA,E[)
did indeed converge.

The alternative approaches that we consider are as follows:

Da(d: 8. 80 =

and the score matching objective values

Oracle: The M -estimator é,‘;mde, where

eoracle n -
A”oracle € argmin Zeé(Yi — M= Xi 9)
Hy 0,1)eRI-1xR ;1

is defined with respect to the optimal convex loss function £{. Although é,?rade is anti-
tonically efficient in the sense of (42), it is not a valid estimator in our semiparametric
framework since it requires knowledge of po.

e LAD: The least absolute deviation estimator G}AD , Where

aLap _ 050 - o T
By’ =(tap) € argmin D |Yi—pu—X/'6]
Ky O, n)eRI-IxR ;1

é OLS

e OLS: The ordinary least squares estimator 6,”>, where

R GOLS n R
BOYS =g ) e argmin Y (¥ —u—X;0)"
My 0,1)eRI-1xR ;1

1S: The semiparametric one-step method, where we start with a pilot estimator (6,,, ji,),
compute a (not necessarily decreasing) nonparametric score estimate, and then update 6,
with a single Newton step instead of solving the estimating equations exactly. Our imple-
mentation follows van der Vaart (1998), Chapter 25.8: we split the data into two folds of
equal size indexed by I; and I, and then use the residuals & & 1= Y; — X O, — jiy, fori € I
and i € I, separately to obtain kernel density estimates py. 1, pn.2 of po (constructed as
for ASM). Defining the score estimates 1/7,,, ji= 13;1 j/ Pn,j for j € {1,2}, we output the

cross-fitted estimator é,}s, where
-1

A

0,5 =0, — <Z Un 2 G Wi W, + 3 U1 (B)* Wi W,-T)

iel i€l

X <Z Vn2EOWi + Y @n,l(éi)wi)-
iel ieh
e LCMLE: We estimate the error density po using the log-concave maximum likelihood
estimator (Cule, Samworth and Stewart (2010), Diimbgen, Samworth and Schuhmacher
(2011, 2013)). More precisely, again writing Prc for the set of univariate log-concave
densities and defining Q (0, u; p) :=>_7_, log p(Y w— XTQ) for6 e R~!, e R and
p € PLc, we start with a pilot estimator 6, (O), fn )) and alternate the following two steps

for ¢ € N until convergence of Q (6, H ,&ff), A,(,t)).

A ar oW
pW € argmax Q01D a1V, p), (A”(,) e argmax Q(,u; pP).
PEPLC Hn (6,1)eRIT xR
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TABLE 1
Squared estimation error (X 103) for different estimators of 6y, with n = 600 and d =6

Oracle ASM Alt LCMLE 1S LAD OLS

Standard Gaussian 8.51 8.96 9.01 9.43 9.77 12.70 8.51
Standard Cauchy 19.98 20.44 20.68 48.31 21.74 21.15 3.9 x 10°

Gaussian scale mixture 30.71 31.58 31.78 34.49 36.48 34.67 73.45

Gaussian location mixture 0.17 0.18 0.17 0.74 18.28 332.08 18.72

Smoothed uniform 1.03 1.36 1.18 1.31 2.10 8.38 2.99

Smoothed exponential 1.91 224 210 2.26 3.33 8.60 8.86
For all of our error densities pg, condition (B) is satisfied by ¢ = —sgn, and hence
by Proposition S24, ,B,EAD is /n-consistent with asymptotic variance factor V), (¢) =

1/ (4p0(0)2). Therefore, we took ,@,I;AD to be our pilot estimator for all methods except in
the Gaussian location mixture setting (iv), where instead we used ﬁ,?LS
to 0, and hence V), (¢) for ,BA,%AD is very large.

We set d =6, pg =2 and drew 6p uniformly at random from the centred Euclidean sphere
in R4~! of radius 3. For each of the estimators above, we computed the average squared
Euclidean norm errors || 6, — 6 I? over 200 repetitions. We considered each error distribution
in turn and compare the average squared estimation error when n = 600. The results are
presented in Table 1. We observe that our proposed procedures ASM and Alt have the lowest
estimation error except in the case of standard Gaussian error, where OLS coincides with the
oracle convex loss estimator and has a slightly lower estimation error. It is interesting that
the one-step estimator (1S) can perform very poorly in finite samples, and in particular, may
barely improve on its initialiser. In all settings considered, ASM and Alt have comparable
error. Further numerical results are presented in Section S6.

since po(0) is close

5. Discussion. One of the messages of this paper is that, despite the Gauss—Markov the-
orem, the success of ordinary least squares is relatively closely tied to Gaussian or near-
Gaussian error distributions. Our antitonic score matching approach aims to free the practi-
tioner from the Gaussian straitjacket while retaining the convenience and stability of working
with convex loss functions. The Fisher divergence projection framework brings together pre-
viously disparate ideas on shape-constrained estimation, score matching, information theory
and classical robust statistics. Given the prevalence of procedures in statistics and machine
learning that are constructed as optimisers of prespecified loss functions, we look forward
to seeing how related insights may lead to more flexible, data-driven and computationally
feasible approaches that combine robustness and efficiency.
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SUPPLEMENTARY MATERIAL

Supplementary material for “Optimal convex M -estimation via score matching”
(DOLI: 10.1214/25-A0S2572SUPP; .pdf). The supplementary material contains the proofs
of all theoretical results as well as additional simulations.
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