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Introduction

This course is largely about analysing data composed of observations that come in the form of

pairs

(y1,21)s - (Yn, Tn)- (0.0.1)
Our aim will be to infer an unknown regression function relating the values y;, to the x;, which
may be p-dimensional vectors x; = (21, . .. ,:L'ip)T. The y; are often called the response, target

or dependent variable; the z; are known as predictors, covariates, independent variables or
explanatory variables. Below are some examples of possible responses and covariates.

Response Covariates
House price Numbers of bedrooms, bathrooms; Plot area; Year built; Location
Weight loss Type of diet plan; type of exercise regime

Short-sightedness Parents’ short-sightedness; Hours spent watching TV or reading books

First note that in each of the examples above, it would be hopeless to attempt to find a
deterministic function that gives the response for every possible set of values of the covariates.
Instead, it makes sense to think of the data-generating mechanism as being inherently random,
with perhaps a deterministic function relating average values of the responses to values of the
covariates.

We model the responses y; as realisations of random variables Y;. Depending on how the
data were collected, it may seem appropriate to also treat the z; as random. However, in such
cases we usually condition on the observed values of the explanatory variables. To aid intuition,
it may help to imagine a hypothetical sequence of repetitions of the ‘experiment’ that was
conducted to produce the data with the x;,7 = 1,...,n held fixed, and think of the dataset at
hand as being one of the many elements of such a sequence.

In the course Principles of Statistics, theory was developed for data that were i.i.d. In our
setting here, this assumption is not appropriate: the distributions of Y; and Y; may well be
different is z; # ;. In fact what we are interested in is how the distributions of the Y; differ.
However, we will still usually assume that the data are at least independent. It turns out that
with this assumption of independence, much of the theory from Principles of Statistics can be
applied, with little modification.

In this course we will study some of the most popular and important statistical models for
data of the form . We begin with the linear model, which you will have met in Statistics
IB.
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Chapter 1

Linear models

1.1 Ordinary least squares (OLS)

The linear regression model assumes that

Y=X(+e¢,
where
Y: l‘{ 51 €1
Y = S, X = . B8= =],
Y, z;{; Bp €n

and the g; are to be considered as random errors that satisfy

(A1) E(g) =0,

(A2) Var(e;) = o2,

(A3) Cov(es,e5) =0 for i # j.

A word on models. It is important to recognise that this, or any statistical model is a math-
ematical object and cannot really be thought of as a ‘true’ representation of reality. Nevertheless
statistical models can nevertheless be a useful representation of reality. Though the model may
be wrong, it can still be used to answer questions of interest, and help inform decisions.

The design matrix X

If we want to include an intercept term in the linear model, we can simply take our design
matrix X as

T
1 x
X = :
T
1 =z
To include quadratic terms, we may take
2 2
Iz oz - L1p
X = : : :
T .2 2
1 Tn Tpr 0 Typ

The resulting model will not be linear in the z;, but it is still a linear model because it is linear

in (.



Least squares

Under assumptions A1-A3, a sensible way to estimate (5 is using OLS. This gives an estimate
[ that satisfies

B :=arg min [|Y — Xb||2
beRP

=(xTx)"1xTy,

provided the n by p matrix X has full column rank (i.e. 1(X) = p) so XX is invertible
(sec example sheet). The fitted values, ¥ := Xj are then given by X(XTX)"1XTY. Let
P:= X(XTX)71XT. Then P known as the ‘hat’ matrix because it puts the hat on Y. In fact
it is an orthogonal projection on to the column space of X. To discuss this further, we recall
some facts about projections from linear algebra.

1.1.1 Orthogonal projections
Let V be a subspace of R™ and define

Vi={weR":wlv=0forallveV}.

V-t is known as the orthogonal complement of V. Fact: Then R® = V & V=, so each z € R”
may be written uniquely as x = v + w with v € V and w € V1. This follows because we
can pick an orthonormal basis for V', v1,..., vy, and then extend it to an orthonormal basis
VL, -y Uy U, - - - » Up for R®. V1 is then the span of vy,41, ..., vy,.

Definition 1. A matrix IT € R™*"™ is called an orthogonal projection on to V. < R"™ if llx = v
when = v +w with v € V, w € V*+. Thus II acts as the identity on V and sends everything
orthogonal to V to 0. We will say that II is an orthogonal projection if it is an orthogonal
projection on to its column space.

Let II be an orthogonal projection on to V. Here are some important properties.
(i) The column space (a.k.a. range, image) of IT is V.

(ii) I —II is an orthogonal projection on to V*, so I —II fixes everything in V- and sends
everything in V to 0. Indeed, (I —II)(v+w) =v+w—-IIv+w) =v+w—v =w.

(iii) 1?2 = II = 117, so II is idempotent and symmetric. The former is clear from the definition.
To see that II is symmetric observe that for all ui, us € R,

0= (Tuy) (I — Muy = uF 7 — T M)uy = 0 < 117 = 11711,

In fact, we can see that II? = IT = II” is an alternative definition for IT being an orthogonal
projection. Indeed, if v is in the column space of II, then v = Ilu, for some u € R™. But
then ITv = IT?u = ITu = v, so II fixes everything in its column space. Now if v is orthogonal
to the column space of II, then ITv = II7v = 0.

(iv) Orthonormal bases of V and V+ are eigenvectors of IT with eigenvalues 1 and 0 respectively.
Therefore we can from the eigendecomposition II = UDU” where U is an orthogonal
matrix with columns as eigenvectors of Il and D is a diagonal matrix of corresponding
eigenvalues.



(v) r(II) = dim(V'). Also, by the eigendecomposition above,
r(IT) = tr(D) = tr(UTUD) = tr(UDUT) = tr(10),
where we have used the cyclic property of the trace.

Note that the matrix P = X (X7 X)~! X7 defined earlier is the orthogonal projection on to
the column space of X. Indeed, PXb = Xb and if w is orthogonal to the column space of X, so
XTw =0, then Pw = 0. Also, our derivation of PY as the linear combination of columns of X
that is closest in Fuclidean distance to Y reveals another property of orthogonal projections: if
II is an orthogonal projection on to V, then for any v € R™, Ilv is the closest point on V to the
vector v—in other words

v = arg min ||v — ul?.
ueV

1.1.2 Analysis of OLS

Back to Statistics: the fitted values of OLS are given by the projection of the vector of responses,
Y on to the column space of the matrix of predictors X.
Recall that the covariance between two random vectors Z; € R™ and Zy € R™ is defined
by
Cov(Z1, Z2) :=E[{Z1 — E(Z1)}{Z1 — E(Z1)}7].

The correlation matrix between Z; and Zs is the n; by no matrix with entries given by

Core(Z1, Z) = ——ea 20 Z2)i
baz)s VVar(Zy;)Var(Zy5)

For any constants a; € R™ and ag € R"2, Cov(Z;1 4+ a1, Za+az) = Cov(Z1, Za). Also recall that
for any d by n1 matrix A and any constant vector m € R™, as expectation is a linear operator,
E(m+ AZ)) = m + AE(Z)).

We can show that the vector of residuals, € :==Y —Y = (I — P)Y is uncorrelated with the
fitted values Y:

Cov(PY, (I — P)Y) = Cov(Pe, (I — P)e)
= E(Pec? (I — P)T)
= PE(ee’)(I — P)
02]

= o?P(I - P) =0.

Here is another way to think of the OLS coefficients that can offer further insight. Let us
write X for the 4% column of X, and X_; for the n x (p — 1) matrix formed by removing the
4 column from X. Define P_; as the orthogonal projection on to the column space of X_;.

Proposition 1. Let XjL = (I - P_j)Xj, so XjL is the orthogonal projection of X; on to the
orthogonal complement of the column space of X_;. Then
1\T
- (X;)'Y
=
165+ 12



Proof. Note that Y = PY + (I — P)Y and
X/ (I-P_;)I-P)Y =X](I-P)Y =0,
SO

(XY _ (XH'X(XTX)"'XTY
126;+12 1 265+12

Since X ]J- is orthogonal to the column space of X_;, we have

INT INT
(Xj) X:(O---O(Xj) X;0---0)
T
jthposition

and (X;1)7X; = X[ (I - P_j)X; = (I - P-;) X O

We see that Var(Bj) = 02||le |72 Thus if X; is closely aligned to the column space of X_;,

the variance of Bj will be large. In particular, if a pair of variables are highly correlated with
each other, the variances of the estimates of the corresponding coefficients will be large.

We can measure the quality of a regression procedure by its mean-squared prediction error
(MSPE). This is defined here as

1 .
CE(1X5 - XBIP).
Note that XB = PY = X3+ Pe, so
E(| X8 — XB||?) = E(eT PT Pe) = E{tr(eT Pe)} = tr{E(ee?) P} = o*tr(P) = o2p.

Thus 1

“E(| X8 - XB|) = oL,

n n

More is true. Note that B is unbiased, as
Eg(B) = Eg{(X"X)'XTX 8} = 8. (1.1.1)

Further,

Var(f) = (XTX) P XTVar(e) {(XTX) ' xTV = o?(XTXx)7L, (1.1.2)
In fact it is the best linear unbiased estimator (BLUE), that is for any other estimator B that
is linear in Y, we have Var(f) — Var(p) is positive semi-definite. In particular this means that
given a new observation x* € RP, we can estimate the regression function at z* optimally in the

sense that E{(z*7 8 — 2*7 )2} < E{(«*"3 — 2*7 3)2}.
Theorem 2 (Gauss-Markov). Under (A1)-(A3) OLS is BLUE.

1.2 Normal errors

1.2.1 Maximum likelihood estimation

The method of least squares is just one way to construct as estimator. A more general technique
is that of maximum likelihood estimation. Here given data y € R™ that we take as a realisation
of a random variable Y, we specify its density f(y;#) up to some unknown vector of parameters



6 € © C RY, where O is the parameter space. The likelihood function is a function of # for each
fixed y given by

L(0) := L(0;y) = c(y) f(y; 0),

where ¢(y) is an arbitrary constant of proportionality. We form an estimate 6 by choosing that
0 which maximises the likelihood. Often it is easier to work with the log-likelihood defined by

£(0) == £(0;y) = log f(y;0) + log(c(y))-

If we assume that the errors g; in our linear model have N(0,0?) distributions, we see that
the log-likelihood for (3, 0?) is

(5,0%) =~ log(0®) — 55 > (vi — 2 B)"
=1

The maximiser of this over 3 is precisely the least squares estimator (X7 X)~'X7Y. Maximum
likelihood does much more than simply give us another interpretation of OLS here. It allows us
to perform inference: that is construct confidence interval for parameters and perform hypoth-
esis tests. Before moving on to this topic, we review some facts about the multivariate normal
distribution.

1.2.2 The multivariate normal distribution and related distributions
Multivariate normal distribution

We say a random variable Z € R has a d-variate normal distribution if for every t € R%, tT' Z has
a univariate normal distribution. Thus linear combinations of Z are also normal: for any m € R¥
and A € R¥*? m 4+ AZ is multivariate normal. Fact: the multivariate normal distribution is
uniquely characterised by its mean and variance. Thus we write write Z ~ Ng(u,X) when
E(Z) = p and Var(Z) = X. Note that m + AZ ~ Ng(m + pu, ALAT).

When ¥ is invertible, the density of Z is given by

, _ 1 1 Ty—1 d
f(ZaMaE)—WWeXP{—2(Z—M) by (Z—M)}a z € R%
Note that for example, the vector of residuals from the normal linear model (I — P)e ~
N,(0,0%(I — P)) but it does not have a density of the form given above as I — P is not
invertible.

Proposition 3. If Zy and Zy are jointly normal (i.e. (Z1,Z2) has a multivariate normal dis-
tribution), then if Cov(Zy, Ze) = E[{Z1 — E(Z1)}{Zs — E(Z2}T] = 0, we have that Z; and Zs
are independent.

Proof. Let Z; and Zs be independent and have the same distributions as Z; and Z, respectively.
Then the mean and variance of the random variables (Z1, Zo) and (Z1, Zo) are identical and they
are both multivariate normal (the former is multivariate normal because sums of independent
normal random variables are normal). Since a multivariate normal distribution is uniquely

determined by its mean and variance, we must have (2, Z) 4 (Z1, Zs). O



x? distribution
We say Z has a x? distribution on k degrees of freedom, and write Z ~ X% it 7 4 24+ Z,f
where Z1,..., 2y "< N(0, 1).

Proposition 4. Let I1 be an n by n orthogonal projection with rank k, and let € ~ N, (0,0°1).
Then |Ie||? ~ o%x3.

Proof. As II is an orthogonal projection, we may form its eigendecomposition UDUT where U
is an orthogonal matrix and D is diagonal with entries in {0,1}. Then

Tel* = [DUTe||* and || De|?

have the same distribution. But

1 2 1 2 2
EHD5H =3 > g~ [
3:D;;7#0
Student’s t distribution

We say Z has a t distribution on k& degrees of freedom, and write Z ~ t;, if
4 _4

VZaJk

where Z; and Zs are independent N (0,1) and Xi random variables respectively.

Z

Multivariate ¢ distribution

This is a generalisation of the Student’s ¢t distribution above. We say Z has a p-dimensional
multivariate ¢ distribution on k degrees of freedom, and write Z ~ t5(u, X) if
Z1

d
Z<u+
" Zak

where Z; and Z are independent N,(0,3) and X% random variables respectively. It can be
shown that when ¥ is invertible, Z has density

_ T((k+p)/2)
1) = Tk 2y o yer?

)

o 1 S —(k+p)/2
B (14 46— T2 - )

where the gamma function I' satisfies I'(m) = (m — 1)! for m > 1.

F' distribution
We say Z has an F' distribution on k£ and [ degrees of freedom, and write Z ~ Fj,; if

a Z1/k
74
]

where 77 and Z, are independent and follow Xi and xl2 distributions respectively.

Notation. We will denote the upper a-points of the Xi, ty and F}; distributions by X%(a),
te(e) and Fy, () respectively. (So, for example, if Z ~ x7 then P{Z > x2(a)} = a. As the t
distribution is symmetric, if Z ~ ¢, then P{—t;(a/2) < Z < tx(a/2)} =1 — )



Informal summary

X%ZN(O,l)Q—l-—I—N(O,l)Z

k times
~ N(0,1)
Xi/k
kl = L%/k
X
SO t? =Fyy

with appropriate independence between relevant random variables.

1.2.3 Inference for the normal linear model
Distribution of 3

We already know the mean and variance of 3 (equations (T.1.1) and (T.1.2)). As it is a linear
combination of &, we know it must be normally distributed: 8 ~ N,(3,0%(XTX)™1).

Distribution of 52

The maximum likelihood estimate for the o2 is

1 5 1 1
—lY = XB||* = =||(I - P)Y|* = =||(I — P)e]|*.

Y = XA = (1~ PYY|P = S |/(I - P)e]

We already know that the fitted values PY and residuals (I — P)Y are uncorrelated. But
(PY,(I — P)Y) is a linear transformation of the multivariate normal Y, so PY and (I — P)Y
must be independent. Therefore 3 = (X7 X)"!XTPY and 62 are independent. Proposition
shows that 62 ~ UQX%_p/n. Note that E(6%) = (n — p)a?/n, so 62 is a biased estimator of o2.

Let

2
~2 n ~92 1 A 2 g 2
o = g :7|’Y_XBH ~———Xp—p>
n—p n—p n—p
so &2 is now an unbiased estimator of o2.
Now that we know the joint distribution of (3,52), it is rather easy to construct confidence
sets for 5.

2

Confidence statements for g

We can obtain confidence sets for 8 by using the fact that the quantity

B-p _ N,(0,(XTX)™h
{_ NESVE

is a pivot, that is its distribution does not depend on 3 or ¢2. In fact it has a t%plp(O, (XTXx)™1
distribution. For example, observe that

} independent}
o

Bi — B

= = ~ tnfp7
(XTX)};



so a (1 — «)-confidence interval for ; is given by

3y =\ OTX) a2, By PO g0/ = Gt

Note that H?:l Cj(o) does not constitute a 1 — o confidence cuboid for the entire parameter
vector 3, though H§:1 Cj(a/p) does have coverage at least 1 — o (see example sheet). However,
the latter can have very large volume.

A confidence ellipsoid with much lower volume can be constructed by considering

1X(8 = B)II” = || Pel?,
which has a O'2X§ distribution (by Proposition {)) and is independent of 2. Thus
LIX(8— B2

< va’ﬂ—P<O‘)> ’

SO

1 A2
{beRp;p”X“@” - Fp,nm)}

52

is a (1 — «)-level confidence set for 5. One disadvantage of this confidence set is that it might
be harder to interpret.

Of course the arguments used to arrive at the confidence intervals above can also be used
to perform hypothesis tests of the form

Hy : 3 = o,
Hy: B # Boy-

and

Hy : 8= PBo
Hy : 3 # Bo.

Prediction intervals

Given a new observation x*, we can easily form a confidence interval for z*T B, the regression
function at x*, by noting that

[E*T(,é - 6) ~ N(O,UQ.’E*T(XTX)_lx*),
SO o
ACET
\/5'2.’1}*T(XTX)_1.’E* n-p
A (1 — «)-level prediction interval for z* is a random interval I depending only on Y such
that Pg,2(Y* € I) = 1 — a where Y* := e*TB + * and €* ~ N(0,0?) independently of

£1,...,&n. This will be wider than the confidence interval for 2*7 8 as it must take into account
the additional variability of £*. Indeed

v -t =c*+ 2T (8- B) ~ N(0,0*{1 + z*T (XTX)'2*}),

SO A
Y+ — IL‘*Tﬂ .
VER{l+ o T(XTX) "}

9



The Bayesian normal linear model

So far we have treated 8 and o2 as unknown but fixed quantities. We have constructed estima-
tors of these quantities and tried to understand how we expect them to vary under hypothetical
repetitions of the experiment used to generate the data (with the design matrix fixed). This is
a frequentist approach to inference.

A Bayesian approach instead treats unknown parameters as random variables, and examines
their distribution conditional on the data observed. To fix ideas, suppose we have posited that
the density of the r.v. representing our data Y € R" conditional on a parameter vector 6 is
p(y|f). In addition to this statistical model, the Bayesian method requires that we agree on a
marginal distribution for €, p(#). This can represent prior information about the parameters that
is known before any of the data has been analysed, and hence it is called the prior distribution.

Inference about 6 is based on the posterior distribution, p(6|y), which satisfies

_ plo) p(6)

p(@ly) o)

Taking the mean or mode of the posterior distribution gives point estimates for 6. Note that
in order to determine the posterior p(f|y), we only need knowledge of the right-hand side up to
multiplication by an arbitrary function of y, in particular it suffices to consider p(y|0)p(#). To
recover p(f|y) we simply multiply by

(/p@me%W)l,

or alternatively we may be able to spot the form of the density for # and find the normalising
constant that way.

In contrast to frequentist confidence sets, using p(f]y), we can construct sets S such that
the posterior probability of {§ € S} is at least 1 — a.. These are known as credible sets.

In the context of the Bayesian linear model, it is convenient to work with the precision w :=
o2 rather than the variance. A commonly used prior for the parameters (3, w) is p(3,w) = w1
This is not a density since it does not have a finite integral. Nevertheless, the posterior resulting
from this prior is a genuine density, and inference based on this posterior has many similarities

with inference in the frequentist context. To see this we first recall the gamma distribution.

The gamma distribution. If a random variable Z has density
bazaflesz
I'(a)

we write Z ~ I'(a,b) and say Z has a gamma distribution with shape a and rate b. We note,
for future use, that since the gamma density integrates to 1, we must have that

/ 20 te 2y = @. (1.2.1)
z=0 be

f(za,b) =

for z > 0 and a,b > 0,

Let us write the likelihood as

p(ylB8,w) oc WP exp{—w||(I = P)y|*/2} W exp{-w(8 - B)"XTX (8- B)/2}.

o« D((n—p)/2+1,||(I = P)y||?/2) density For fixed w o Np(8,w™1(XTX)~1) density

10



Then, multiplying by the prior, we see that the posterior is a product of gamma and normal
densities: informally

p(B,wly) = L((n = p)/2, |1 = P)yl*) x Np(B, 0 (XTX) 7).

p(wly) p(Blw,y)

Thus Slw,Y ~ NP(B,wfl(XTX)*l). Compare this to the distribution of 3 in the frequentist
setting. The marginal posterior for 5 can be obtained by integrating out w in the joint posterior
above. Rather than performing the integration directly, we note that as a function of w alone,
the joint posterior is of the form

w1 x exp(-wB),

where

A=

|3

B = (I~ Pyl +11X(8 - B)IP}

Thus by (1.2.1]), we have that the marginal posterior for 5 satistfies

p(Bl) x [ A exp(-wB)
w=0
x B4
- —{(n—p)/2+p/2}
Ny 1xE=p1e
(I — P)yl?

~ (1 (8= BT X))

Y

> —{(n—p)/2+p/2}
which we recognise as proportional to the density of a tflp,)p(ﬁ, 72(XTX)™!) distribution. Thus

B-5 _
&'Y ~ tf’bp—)p(oa (XTX) 1))

similarly to the frequentist case, though here it is 8 rather than B that is random. From this
we see that

BBy oy
n—p»

1X (3 - B)|?
T Y~ Fpm—p?

so the frequentist confidence regions described in earlier sections can also be thought of as
Bayesian credible regions, when the prior p(3,w) oc w™! is used.

Testing significance of groups of variables

Often we want to test whether a given group of variables is significant. Consider partitioning

X = (Xo X1) and B = (g?) ;

11



where Xy is n by pg and X is n by p — po, and correspondingly By € RP9 and §; € RP7P0, We
are interesting in testing

Hy:5,=0 against
Hy:p1#0.

One sensible way of proceeding is to construct a generalised likelihood ratio test. Recall that
given an n-vector Y, assumed to have density f(y;6) for some unknown 6 € ©, the likelihood
ratio test for testing

Hy:0€ 0 against
H1 10 ¢ @0,

where ©¢ C O, rejects the null hypothesis for large values of wrr defined by

SUPQ’EGL(Q/) } / /
Hy) = 2log d Z20€0 27 ) L _ 9 00 — 0OV,
wir(Ho) Og{supefe@() 1) {Gs/lé% (0 ;ggo (0")}

Let us apply the generalised likelihood ratio test to the problem of assigning significance
to groups of variables in the linear model. Write £y and 62 for the MLEs of the vector of
regression coefficients and the variance respectively under the null hypothesis (i.e. when the
model is Y = Xy + € with & ~ N,,(0,0%1)).

We have

1 . 5 1 .
SV — X8| + nlog(6%) + = |Y — XoBol?
o o

o u— P
- lg{n(f—Po)Yu?}'

wrr(Ho) = —nlog(6?) —

To determine the right cutoff for an a-level test, we need to obtain the distribution of (a
monotone function of the) argument of the logarithm under the null hypothesis, that is, the
distribution of

I(Z = Po)e]?

I(1 = P)el*

By dividing top and bottom by o2, we see that the distribution of the quantity above doesn’t
depend on any unknown parameters. To find its distribution we argue as follows. Write

[—Py=(—P)+(P-Py).
Now since the columns of P and Py are in the column space of X, (I — P)(P — Py) =0, so
I(Z = Po)ell® = (1 = P)el|* + (P — Po)el,
whence ) )
(= P)elP _ | P = Poel
I(I = P)e|]? I(I = P)el?
Also

Cov((I — P)e, (P — Py)e) = E{(I — P)ee’ (P — P))T} = (I — P)(P — Py) = 0.

(&)

12

As the random vector



is multivariate normal (being the image of a multivariate normal vector under a linear map),
we know that (I — P)e and (P — Py)e are independent. Hence ||(I — P)e||? and ||(P — Pp)e||? are
independent. We know that [|(I—P)el|?/o? ~ x2_,,. It turns out that [|[(P—Py)e[|*/o? ~ x3_,,-

This follows from Proposition [4] and the fact that P — P, is an orthogonal projection with
rank p — pg. Indeed, it is certainly symmetric, and

(P—-Py)?=P—PPy—PyP+Py=P— P,

the final equality following from PyP = P{PT = (PP)T = Pf = Py. Thus P — Py is an
orthogonal projection, so we know

r(P — Ry) = tr(P — By) = tr(P) — tr(FRy) = r(P) — r(Fo) = p — po-

Finally, we may conclude that

[P~ Py)el?
TENOE

=
In summary, we can perform a generalised likelihood ratio test for
Hy:5,=0 against
Hy: 1 #0
at level a by comparing the test statistic
o ll(P = Po)Y ||?
I = P)Y|?

1
n—p

to Fp—py.n—p(a) and rejecting for large values of the test statistic.

1.2.4 ANOVA and ANCOVA

Although so far we have thought of our covariates as being real-valued (i.e. things like age,
time, height, volume etc.), categorical predictors (also known as factors) can also be dealt with.
These can arise in situations such as the following. Consider measuring the weight loss of people
each participating in one of J different exercise regimes, the first regime being no exercise (the
control). Let the weight loss of the k™ participant of regime j be Y. The model that the
responses are independent with

ijwN(,uj,Jz), j=1...,Ji k=1,...n;

can be cast within the framework of the normal linear model by writing

Yi1 1 0 - - 0
Y1n1 1 0 0
Yar 10 0 I
: : : 2
Y=lv, |7 X o 1 o ol 9=
: 15
Yn 0 0 1
YJnJ 0 0 1
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This type of model is known as a one-way analysis of variance (ANOVA). If all the n; were
equal, it would be called a balanced one-way ANOVA.
An alternative parametrisation is

Yji = p+ o + €, EjkNN(O,O'2);j:1,...,J; E=1,...,n

where p1 is the baseline or mean effect and «; is the effect of the 4 regime in relation to the
baseline.

Notice that the parameter vector (u, ) is not identifiable since, for example, replacing p
with p + ¢ and each o with a; — ¢ gives the same model for every ¢ € R. To make the model
identifiable, one option is to constrain a; = 0. This is known as a corner point constraint and
is the default in R. This makes it easier to test for differences from the control. Another option
is to use a sum-to-zero constraint: 23'121 njo; = 0. Note that the particular constraints used
do not affect the fitted values in any way.

If each of the subjects in our hypothetical experiment also went on one of I different diets,
then writing Y;;x now to mean the weight loss of the Eth participant of exercise regime j and
diet ¢, we might model the Y;;; as independent with

}/;,jk:,u’—i_a’b—’_ﬁ]—i_gljka gljk‘NN(an-Q)vZ:lavIa .7:177J7 kzlvanlj

This model is called an additive two-way ANOVA because it assumes that the effects of the
different factors are additive. The model is over-parametrised and as before, constraints must
be imposed on the parameters to ensure identifiability. By default, R uses the corner point
constraints oy = 31 = 0.

If the contribution of one of the exercise regimes to the response was not the same for all
the different types of diets, it may be more appropriate to use the model

Yije = p+ ai + Bj + vij + €ijie-

The ~;; are known as interaction terms.

One might also have information about the subjects in the form of continuous variables,
e.g. blood pressure, BMI. Since all the models above are normal linear models, these variables
can simply be appended to the design matrix to include them in the model. A linear model
that contains both factors and continuous variables is known as an analysis of covariance

(ANCOVA).

1.2.5 Model selection

Recall that the MSPE of B is o?p/n. If only pg of the components of 3 were non-zero, say
the first pg, then we could perform regression on just Xy, the matrix formed from the first pg
columns of X, and the resulting estimator of the non-zero coefficients, ﬁo, would have reduced
MSPE o2pg/n, rather than o?p/n. Moreover

(Fos) o o @)

Var(fo, ;) = < = Var(f;),

P = Po—p) X512 T I~ Poy) X2 ’

for j =1,...,po (see example sheet). Here Py _; is the orthogonal projection on to the column

space of X _;, the matrix formed by removing the 4% column from Xj.

It is thus useful to check whether a model formed from a smaller set of variables can ad-
equately explain the data observed. Another advantage of selecting the right model is that it
allows one to focus on variables of interest.

14



Coefficient of determination

One popular measure of the goodness of fit of a linear model is the coefficient of determination
or R?. It compares the residual sum of squares (RSS) under the model in question to a minimal
model containing just an intercept, and is defined by

Y —Y1,|* = (I - P)Y?

R? .= — ,
Y = Y1,[]?

where 1,, is an n-vector of 1’s. The interpretation of R? is as the proportion of the total variation
in the data explained by the model. It takes values between 0 and 1 with higher values indicating
a better fit. The R? will always increase if variables are added to the model. The adjusted R2,
R? defined by

n—1
n—p
can be motivated by analogy with the F’ statistic, and takes account of the number of parameters.

R?:=1- (1—R2)

AIC

Another approach to measuring the fit of a model is Akaike’s Information Criterion (AIC). We
will describe AIC in a more general setting than the normal linear model, since it will be used
when assessing the fit of generalised linear models which will be introduced in the next chapter.

Suppose that our data (Y1,z7),..., (Yy,zL) are generated with Y; independent conditional
on the design matrix X whose rows are the m;f Suppose that given z;, the true pdf of Y; is
9z; and from a model F := {(f,(-;0)); ,0 € © C RP} the corresponding maximum likelihood
fitted pdf is f,,(-;#). One measure of the quality of f, () = fui (55 f) as an estimate of the true

density g, is the Kullback—Leibler divergence, K (g, fxl) defined as

Klga o) = | " llog{ge, (1)} — log{Fe (1) e (v)dy.

For an overall measure of fit, we can consider

1 n
= E ZK(gziv fmz)
i=1

One can show via Jensen’s inequality that K > 0 with equality if and only if each g,, =
fmi (almost surely). Thus if K is low, we have a good fit. Given a collection of different
fitted densities for the data, it is therefore desirable to select that which minimises K. This is
equivalent to minimising

= _Z/ log{fzz }g:rl( = _*ZEY*N% log{f%( Z*)}|E]

Of course, we cannot compute K or K from the data since this requires knowledge of G,
for i = 1,...,n. However, it can be shown that it is possible to estimate E(K) (where the
expectation is over the randomness in the f;.). Akaike’s information criterion (AIC) defined as

AIC := —2/0() + 2p,

= 2 x (-maximised loglikelihood + number of parameters in the model)
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satisfies E(AIC)/n ~ 2E(K) for large n, provided the true densities g, i = 1,...,n are
contained in the model F.
In the normal linear model where X is n by p with full column rank, AIC amounts to

n{l +log(2762)} +2(p + 1),

thus the best set of variables to use according to the AIC method is determined by minimising
nlog(d) + p across all candidate models.

*Corrected information criterion*

In fact we may form an unbiased estimate of 2nE(K) in the normal linear model. Suppose
we have computed § from data Y generated by Y = X + ¢ with ¢ ~ N,(0,0%I). Now let
Y* = X3 + ex where ¢* ~ N,(0,0%I) and £* and ¢ are independent. Then

nE(K) =E {IE (n log(2m62) + ”Y_Xﬁ”z> ‘Y}

5-2

2 X3 — XA3|?
:E{nlog(27r&2)}+1[£<na TIX5 = XA )
o
Fact: If Z ~ X% with k > 2 then E(Z!) = (k — 2)~!. Since 62 and || X3 — X2 = ||Pe||? are

independent, the second expectation in the display above equals
n(n + p)
n—p—2

provided n > p + 2. Thus an unbiased estimator of 2nE(K) is

n—p-—2
The corrected information criterion, AIC,, is given by

1+p/n

AIC, = nlog(2r52) + n—t P/
nlog( WU)+n1—(p—i—2)/n

Note that

1 p+1
n"'—P/”:n 1+2—2
1= (p+2)/n 1 B2

n

=n+2(p+l)1_w.

n

Thus when p/n is small, AIC, ~ AIC in the case of the normal linear model.

Orthogonality

One way to use the above model selection criteria is to fit each of the 2°~! submodels that can
be created using our design matrix (assuming we include an intercept every time and the first
column of X is a column of 1’s) and pick the one that seems best based on our criterion of
choice. However, if p is reasonably large, this becomes a very computationally intensive task.
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One situation where such an approach is feasible is when the columns of X are orthogonal.
Indeed, more generally, if X can be partitioned as X = (X X;) with the vector of coefficients
correspondingly partitioned as 8 = (81, 81)T, we say that By and 8y are orthogonal sets of
parameters if XgXl = 0. Then

. XT -1 XT
= (&) o) (5)
xp) o) Ak
(Xg Xo)~! 0 X5
= T -1 )Y
0 (X7 X1) Xi
_ ((XoTXo)‘lXoTY> _ <Bo>
(XX X{Y ) \p )
If all the columns of X are orthogonal, we can easily find the best fitting model (in terms of the
RSS) with py variables. We simply order the ||3;X;[* = XjTY/ || Xl (excluding the intercept
term) in decreasing order, and pick variables corresponding to the first py terms. This works

because letting Xg for S C {1,...,p} be the matrix formed from the columns of X indexed by
S, and writing Pg for the projection on to the column space of Xg,

2

1T =P)Y 2= |lY =S85 = IVI2 =D 18,X1.

jes jes

Exact orthogonality is of course unlikely to occur unless we have designed the design matrix X
ourselves, either through choosing the values of the original covariates, or through transforming
them in particular ways. A very common example of the latter is mean-centring each variable
before adding an intercept term, so the intercept coefficient is then orthogonal to the rest of the
coefficients.

*Forward and backward selection*®

When the design matrix does not have orthogonal columns another strategy to avoid a search

through all submodels is a forward selection approach.

Forward selection.
1. Start by fitting an intercept only model: call this Sy.

2. Add to the current model the predictor variable reduces the residual sum of squares the
most.

3. Continue step 2 until all predictor variables have been chosen or until a large number of
predictor variables has been selected. This produces a sequence of sub-models Sy C S1 C
5’2 C .-,

4. Pick a model from the sequence of models created using either AIC or R? based criteria
(or something better!).

An alternative is:

17



Backward selection.
1. Fit the largest model available (i.e. include all predictors) and call this Sp.

2. Exclude the predictor variable whose removal from the current model decreases the resid-
ual sum of squares the least.

3. Continue step 2 until all predictor variables have been removed (or a large number of
predictor variables have been removed). This produces a sequence of submodels Sy D
51 D SQ Do

4. Finally pick a model from the sequence as with forward selection.

*Inference after model selection*

Once a model has been selected, it is tempting to simply pretend that the variables in the sub-
model were the only ones that were ever collected and then proceed with constructing confidence
intervals and using other inferential tools. But this ignores the fact that the data has already
been used to select the submodel. Recall how we can imagine a 1 — « level confidence interval as
being a particular construction of an interval that when applied to data generated through hy-
pothetical repetitions of the “experiment” (keeping X fixed), gives intervals a proportion 1 — «
of which we expect to contain the true parameter. However when the confidence intervals to be
constructed are determined based on the response, we cannot interpret confidence intervals this
way, because different responses would have led to different models being selected. The same
issue arises for other inferential methods. This is a big problem in Statistics and currently the
subject of a great deal of research in Statistics.

What can we do to combat this problem? One option is to divide the observations into
two halves. One half can be used to pick the best model and then the other half to construct
confidence intervals, p-values etc. However, because we are only using part of the data to
perform inference, our procedures will lose power. Moreover different splits of the data will give
different results (this is less of a problem since we can try to aggregate results in some way).
An alternative is to try to perform model selection in a way such that for almost all datasets
(i.e. realisations of the response Y'), we expect the same submodel to be selected. In any case,
inferences drawn after model selection must be reported with care: this is a tricky issue with
no easy universally accepted solutions.

1.2.6 Model checking

The validity of the inferences drawn from the normal linear model rest on four assumptions.

(A1) E(g;) = 0. If this is false, the coefficients in the linear model need to be interpreted with
care. Furthermore, our estimate of o2 will tend to be inflated and F-tests may lose power
though they will have the correct size (see example sheet).

(A2) Var(e;) = 0. This assumption of constant variance is called homoscedasticity, and its
violation (nonconstant variance) is called heteroscedasticity. A violation of this assumption
means the least squares estimates are not as efficient as they could be, and furthermore
hypothesis tests and confidence intervals need not have their nominal levels and coverages
respectively. If the variances of the errors are known up to an unknown multiplicative
constant, weighted least squares can be used (see example sheet).
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(A3) Cov(es,ej) = 0 for i # j: the errors are uncorrelated. When data are ordered in time
or space, this assumption is often violated. As with heteroscedasticity, the standard
inferential techniques can give misleading results.

(A4) The errors g; are normally distributed. Though the confidence intervals and hypothesis
tests we have studied rest on the assumption of normality, arguments based on the central
limit theorem can be used to show that even when the errors are not normally distributed,
provided (A1-A3) are satisfied, inferences are still asymptotically valid under reasonable
conditions.

A useful way of assessing whether the assumptions above are satisfied is to analyse the
residuals € := (I — P)Y arising from the model fit. This is usually done graphically rather than
through formal tests. An advantage of the graphical approach is that we can look for many
different signs for departures from the assumptions simultaneously. One potential issue is that
it may not always be clear what indicates a genuine violation of assumptions compared to the
natural variation that one should expect even if the assumptions held.

Note that under (A1), E(¢) = 0. It is common to plot the residuals against the fitted values
Y;, and also against each of the variables in the design matrix (including those not in the current
model). If (A1) holds, there should not be an obvious trend in the mean of the residuals.

Under (A2) and (A3), Var(¢é) = o%(I — P). Define the studentised residuals to be

g

BT
Provided ¢ is a good estimate of o, the variance of 7); should be approximately 1. A standard
check of the validity of (A2) involves plotting +/|7;| against the fitted values.

If (A1-A4) hold, then we’d expect the 7); to look roughly like an i.i.d. sample from a N(0,1)
distribution since

where p;, .= PF; i=1,...,n.

. &;
i~ =

—P;
(L —p)(T—p;)
for i # j. When n > p We expect this covariance to be close to 0 because

— Zp% - ﬁtr(PTP) = —5u(P)= 51(P)=
z’]

and so

COV(??Z‘, ﬁ]) ~ \/

(so the average of the squared entries of P is small).

A good way of checking that the 7; look roughly standard normal is to look at a Quantile—
Quantile (Q—Q) plot. This involves plotting the order statistics of the sample of 7); against the
expected order statistics of the normal distribution. Since the latter are rather complicated to
compute, we often approximate the expected value of the i*" order statistic Z;y from a sample
of i.i.d. standard normal random variables Z1,..., Z,, by

E(Z) ~ ® ! ‘ )
(Z) <n+1>

In summary, we

1. sort the studentised residuals, 7, ..., 7, into into increasing order, and

2. plot them against {Q_l(nil) ci=1,...,n}.

We expect an approximately straight line through the origin with gradient 1 if our normality
assumption is correct.
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Variable transformations

We have already discussed how predictors may be transformed so that models that are nonlinear
in the original data (but linear in the parameter ) still fall within the linear model framework.
Sometimes it can also be helpful to transform the response so that it fits the linear model.
Consider the following model

Y; = exp(z! B + ), i=1,...,n, € ~ Ny(0,0%I).

If we make the transformation Y; — log(Y;) we will have a linear model in the logged response.
The Box—Cox family of transformations is given by

A
v L irazo,
y—y® =
log(y) if A =0.
Typically one plots the log-likelihood of the transformed data (yg)‘), . ,y,(f‘)) as a function of A

and then selects a value of A which lies close to the A that maximises the log-likelihood, and
still gives a model with interpretable parameters.

Unusual observations

Often we may find that though the bulk of our data satisfy the assumptions (A1-A4) and fit the
model well, there are a few observations that do not. These are called outliers. It is important
to detect these so that they can be excluded when fitting the model, if necessary. A more subtle
way in which an observation can be unusual is if it is unusual in the predictor space i.e. it has
an unusual x value; it is this we discuss first.

Leverage. Recall that the fitted values Y satisfy

Yi=(PY)i=PuY1+---+ PYi+ -+ PuYa.

The value p; := P;; is called the leverage of the i™® observation. It measures the contribution
that Y; makes to the fitted value Y;. Tt can be shown that 0 < p; < 1. Since Var(&;) = o?(1—p;),
values of p; close to 1 force the regression line (or plane) to pass very close to Y.

The idea of leverage is about the potential for an observation to have a large effect on the
fit; if the observation does not have an unusual response value, it is possible that removing the
observation will change the estimated regression coefficients very little. However in this case,
the R? and the results of an F-test with the null hypothesis as the intercept only model may
still change a lot.

The relationship > 7" | p; = tr(P) = p motivates a rule of thumb that says the influence of
the i*h observation may be of concern if p; > 3p/n. When the design matrix consists of just a
single variable and a column of 1’s representing an intercept term (as the first column), it can
be shown that B

L (Xiz — Xp)?
P T T (K X0

where Xo := %Z?:l Xio.
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Cook’s distance. The Cook’s distance D; of the observation (Y;,z;) is defined as

_ %HX(BH) ~ B)|?

a2 ’

Di:

where ((_;) is the OLS estimate of 8 when omitting observation (Y;, ;).

The interpretation of Cook’s distance is that if D; = F},,,—,(a) then omitting the i*! data
point moves the m.l.e. of 8 to the edge of the (1 — a)-level confidence set for f.

Note that we do not need to fit n 4+ 1 linear models to compute all of the Cook’s distances,
since in fact
D, — 1 pi o

i = — m; (see example sheet).
pl—p;

Thus Cook’s distance combines the studentised fitted residuals with the leverage as a measure
of influence. A rule of thumb is that we should be concerned about the influence of (Y, x;) if
D; > Fp,n_p(O.E)).
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Chapter 2

Exponential families and generalised
linear models

2.1 Non-normal responses

Suppose we are interested in predicting the probability that an internet advert gets clicked by
web surfers visiting the page where it is displayed, based on it’s colour, size, position, font used
and other information. Given a vector of responses Y € {0,1}" (1 = ‘clicked’” and 0 = ‘didn’t
click’) and a design matrix X collecting together the relevant information, a linear model would
attempt to find B such that ¥ and X B are close. However the fitted values do not relate well
to probabilities that Y; = 1: indeed there is no guarantee that we even have X B € [0, 1]™.

Really, we would like to model
Y; ~ Bin(u;, 1),

with p; related to some function of the predictors x; whose range is contained in [0, 1].
Generalised linear models (GLMs) extend linear models to deal with situations such as that
discussed above. We can think of a normal linear model as consisting of three components.

(i) The random component: Y7,...,Y,, are independent normal random variables, with Y;

having mean y; and variance o2.

(i) The systematic component: a linear predictor n = (n1,...,n,)%, where n; = 27 j3.
(iii) The link between the random and systematic components: p; = 7;.

Of course this is an unnecessarily wasteful way to write out the linear model, but it is suggestive
of generalisations.

GLMs extend linear models in (i) and (iii) above, allowing different classes of distributions
for the response variables and allowing a more general link:

ni = g(h:)

where g is a strictly increasing, twice differentiable function.

2.2 Exponential families

We want to consider a class of distributions large enough to include the normal, binomial
and other familiar distributions, but which is still relatively simple, both conceptually and
computationally.
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Why is this a useful endeavour? We could just work with a particular family of distributions
for the response that is useful for our own purposes, and develop algorithms for estimating
parameters and theory for the distributions of our estimates (just as we did for the normal
linear model). However, if we work in a more general framework, there we may be able to
formulate inference procedures and develop computational techniques that are applicable for a
number of families of distributions.

We begin our quest for such a general framework with the concept of an exponential family.
We motivate the idea by starting with a single density or probability mass function fo(y),
y € Y C R. Rather than always writing “density or probability mass function”, we will use
the term “model function” to mean either a density function or p.m.f. (Of course, those of you
who attended Probability and Measure will know that p.m.f.’s are just densities with respect
to counting measure, so we could equally well use “density” throughout).

We will require that fy be a non-degenerate model function, that is if Y has model function
fo then Var(Y) > 0. For example, fo(y) might be the uniform density on the unit interval
Y =10, 1], or might have the probability mass function y(1 — y) on Y = {0, 1}.

We can generate a whole family of model functions based on fy via exponential tilting:

_ fy)
J e foy)dy”

We can only consider values of 0 for which the integral in the denominator is finite. Note that
the denominator is precisely the moment generating function of fy evaluated at 6. Let us briefly
recall some facts about moment generating functions before proceeding.

f(y;0) yey.

The moment and cumulant generating functions. The moment generating function
(m.g.f.) of a random variable, or equivalently its model function, is M(t) := E(e’¥). The
cumulant generating function (c.g.f.) is the logarithm of the m.g.f.: K(t) :=log(M (t)). The set
of values where these functions are finite is an interval containing 0. If this contains an open
interval about 0, then we have the series expansions

M) = 3B,
r=0 ’

00 s
K(t) = Z Hrﬁ,
r=0 ’

where &, is known as the " cumulant. Standard theory about power series tells us that
E(Y") = M"(0),
ke = K(0).

Check that k3 = E(Y) and kg = Var(Y').
Let K now be the c.g.f. of fy and suppose © := {# : K(f) < oo} is an open interval
containing 0. Then the class of model functions

{f(y;0):0 €O}

is called the natural exponential family (of order 1) generated by fp, and is an example of
an exponential family. With a different generating model function fy, we can get a different
exponential family.
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The parameter 6 is called the natural parameter and © is called the natural parameter space.
Note that we may write f(y;6) = e®=5©) f3(3) so fy KO fi(y) =1 for all 6 € O.

The mean of f(y;0) is of course related to the parameter #, and it is often useful to
reparametrise the family of model functions in terms of their means. To discuss this, let us
first find the mean and variance of f(y;#), i.e. the first and second cumulants.

The m.g.f. of f(-;60), M(t;0) is

M(t:0) = / VI EO) () dy
y

:eK(9+t)—K(9)/ e OH=KO+) £ (y)dy
y

= KOD-KO) o100+t eO.
Thus if Y has a f(y;0) model function, then

d d?
Eo(Y) = —K(t; =K' Y)=—SK(t; = K"(6).
9( ) dt (tv 9) =0 (0)7 Val‘g( ) di2 (ta 9) i—o (9)
It can be shown that since fy was assumed to be non-degenerate, so must be every f(y;0).
Then
u(0) :=Eo(Y) = K'(6) satisfies
w(0)=K"(6) >0

so u is a smooth, strictly increasing function from © to M := {u(f) : 0 € ©} (M for ‘mean
space’), with inverse function 6 := 6(u). This leads to the mean value parametrisation:

flysp) = LW EKCWD foy), gy eV, pe M.
The function V' : M — (0, 00) defined by V'(u) = Varg(,)(Y) = K"(6(u)) is called the variance

function.

Examples.

1. Let fo = ¢, the standard normal density. Then M(8) = ¢?*/2, 6 € R so K(§) = $6%. Thus

the natural exponential family generated by the standard normal density is
1 2 1 2
0) = Ve V2 = 02 €eR, §eR.
This is the N(0,1) family. Clearly u(0) =0, 6(u) = p, M =R and V(u) = 1, as can be
verified by taking derivatives of K(6).

2. Let fy denote the Pois(1) p.m.f.:

41
foly)=e 1@, y € {0,1,...}.
Then o
_ e’
M) =e 127 = exp(e! — 1).

r=0
Thus with exponential tilting, we get

1 0\y _ 0
Fy0) = evmew@) L _LEVODIC) gy ) ger
y: y:
This is the Pois(e?) family of distributions. The mean function is u = ¢’ with inverse
0 = log(u), and the variance function, V' (u) = u; the mean space is M = (0, c0).

0
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Technical conditions. Why did we impose the technical conditions that the set of values
where the c.g.f. of fy is finite, O, is an open interval containing 07 Note that then given any
0O, {t:0+1tec O} =0 —0is an open interval containing 0. Thus the result we have shown
that

K@ +t)— K(9)

is the c.g.f. of f(+;0) is valid for all £ € © — 6, and as this has a power series expansion, we can
recover the cumulants by taking derivatives an evaluating at 0.

2.3 Exponential dispersion families

The natural exponential families are not broad enough for our purposes. We should like more
control over the variance. A family of model functions of the form

f(y:0,02) = a(c?,y) exp [012{93/ - K(@)}] , yeV,0e0,0’ecdC(0,00), (2.3.1)

where
e a(0?,y) is a known positive function (c.f. fo(y) that generated the exponential family),
e O is an open interval,

and in addition the model functions are non-degenerate, is called an exponential dispersion
family (of order 1). The parameter o is called the dispersion parameter. (Note many authors
simply call the family of model functions in an example of an exponential family.)

Let K(-;0,0?) be the c.g.f. of the model function f(y;0,0?) in . It can be shown (see
example sheet) that the c.g.f. of the density in is

K(1:0,0%) = —{K (0% +0) - K(0)}

for § 4+ o?t € ©. Since the set of values where K(-;60,0?) is finite contains an open interval
about 0, if Y has model function (2.3.1) then

Ep,2(Y) = K'(0), Varg ,2(Y) = o2 K" ().

As before, we may define p(0) := K'(f). Since Varg,2(Y) > 0 (by non-degeneracy of the
model functions), K”(6) > 0, so we can define an inverse function to u, (u). Further define
M = {p(0) : 0 € ©} and variance function V : M — (0,00) given by V(u) := K"(6(n))
(though now the variance of the model function is actually o2V (u)).

Examples.

1. Consider the family N(v,72) where v € R and 72 € (0,00). We may write the densities

as
1 y? 1 1
. 2y _ _ 242
f(yava)_ 27T7’2€Xp< 2T2>6Xp{7_2 <Vy 2”)}7

showing that this family is an exponential dispersion family with 6 = v, u(9) = 0, o

= 72, Of course we know that u(f) = 6 and V(i) = 1, but we can also check this by

differentiating K (6) = 62/2.
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2. Let Z ~ Bin(n,p). Then Y := Z/n ~ 1Bin(n, p) has p.m.f.

flyip) = (:y)wy(l —p)"V) .y e{0,1/n,2/n,...,1}

Consider the family of p.m.f.’s of the form above with p € (0,1) and n € N. To show this
is an exponential dispersion family, we write

J(y;p) = exp {ny log (ﬁp) +nlog(1 — p)} (:y)

- [k (1)

with 02 = 1/n, 6 = log{p/(1 — p)} and K(0) = log(1 + ¢%). To find the mean function
w(9), we differentiate K

e

_d oy _ _
u(9)—@10g(1+6)—1+69 (=p),

with inverse 6(u) = log{u/(1 — p)}. Differentiating once more we see that
(1 + e ef() — (£0())2
(1 + ef(m)2

) ()
“1row \I T Traw

= p(l = p).

V() =

Here M = (0,1) and ® = N.

3. Consider the gamma family of densities,
Aaya—le—ky
()

It is not immediately clear how to write this in exponential dispersion family form, so let us
take advantage of the fact that we know the mean and variance of a gamma distribution. If
Y has the gamma density then E, ,(Y) = /) and Var, ,(Y) = a/A%. If this family were
an exponential dispersion family then u = /X and 02V (u) = a/A2. It is not clear what
we should take as 2. However, the y®~! term would need to be absorbed by the a(y, o?)
in the definition of the EDF. Thus we can try taking o2 as a function of a alone. What
function must this be? Imagine that a = A, so 02V (u) = 02 x constant o< 1/\ = 1/av.
Thus we must have 02 = a1 (or some constant multiple of it). In the new parametrisation
where o = 072 and A = (uo?)~!

fly; o \) = for y > 0 and a, A > 0.

o -1 Y
Y exp(—55.)
. N a’p
f(y7 IU’JU ) (0'2/,6)072F(0'_2)
Foriayoo s ()
= ———F——expy -5 |—=—1lo
(@) ) " e? U
yafz—l 1
= —{y0 — K (0
(0_2)0721—\(0__2) exXp |:O'2 {y ( )}:| )
where O(u) = —p~! and K(0) = log(—6~1). We found the variance function to be

V(p) = p? and both M and ® and (0, 00).
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2.4 Generalised linear models

Having finally defined the concept of an exponential dispersion family, we can now define what
a generalised linear model is. A generalised linear model for observations (Y1,z1),..., (Y, zn)
is defined by the following properties.

1. Y7,...,Y, are independent, each Y; having model function in the same exponential dis-
persion family of the form

1
f(y;@i,ag):a(af,y)exp ;{ely*K(ez)} ) yGy,eiEQ,O'ZZG‘I)g(O,OO),
2

with 02 = 02a; where ay, ..., a, are known and a; > 0, though ¢ may be unknown. Note
that the functions a and K must be fixed for all <.

2. The mean p; of the i*" observation and the i*t component of the linear predictor 7; := xiTB
are linked by the equation

g(ﬂz):ma izl?"'ana

where g is a strictly increasing, twice differentiable function called the link function.

2.4.1 Choice of link function

Note that the only allowable values of 8 are those such that g‘l(xiTB) is in the mean space M of
the exponential dispersion family. Allowing the non-identity link function is particularly useful
when M does not coincide with R, as for the Poisson, gamma and binomial model functions.
This is because if we choose g to map M to the whole real line, then no restriction needs to be
placed on £.

For example, if we had

}/i ~ iBin(ni,ui),
n;

then we know that M = (0,1). A popular choice for g in this situation is the logit function:
g(p) =log{u/(1 — p)}.

Recall the function (u) from the definition of the exponential dispersion family (the inverse
of the mean function). The choice

g(p) = 6(p)

is called the canonical link function. In view of this, we may also refer to the function 0(u) as
the canonical link function. The logit function is the canonical link when the Y; have scaled
binomial distributions as above.

2.4.2 Likelihood equations

A sensible way to estimate § in a generalised linear model is using maximum likelihood. The
likelihood for a generalised linear model is

n

L(6,02;y1,...,yn)=exp{z 1 [9(/%).%‘—K(Q(Mi))]}na(az%yi),

2
g°a;
i=1 v

where 0(u;) = 0(g~" (2] 8)).
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Using the canonical link function can simplify some calculations. With g the canonical link
function, 0(u;) = ¥ 3, so we have log-likelihood

n

0B, %1, ) = ﬁ{yix% — K(z{ 8)} + Y log{a(o?a;, i)}

i=1 i=1

One feature of the log-likelihood above that makes it particularly easy to maximise over [ is
that the Hessian is negative semi-definite so the log-likelihood is is a concave function of S (for
any fixed 02). We have

ag 9 2 = [ !

(gf) =Y S {u - K@l 8)
i=1 !

9%0(B, o il o,

o =2 e GO

and K” > 0. This in particular means that as a function of 3, the log-likelihood cannot have
multiple local maxima. Indeed, we know that if a maximiser of the log-likelihood, g exists, it
must satisfy

9 vs o2y =
556 7%) T 0. (2.4.1)

However due to concavity of the log-likelihood, the converse is also true: if 3 satisfies (2.4.1)
then it must maximise the log-likelihood. Indeed, for any (p, consider the function

(&) = LB +t(Bo — B),0°).

Note that f(0) = £(8,02) and f(1) = £(Bo,02). A Taylor expansion of f about 0 gives us

F) = F0) + £/(0) + 5 ()

for some ¢ € [0, 1] (note this is a Taylor expansion with a “mean-value” form of the remainder).
Noting that f’(0) = 0 by assumption,

Ta2€(/87 02) A

PO = 100 = 560 = B pai | o= B <0,

where 3 := 3 + t(Bo — B)

2.5 Inference

Having generalised the normal linear model, how do we compute maximum likelihood estimators
and how can we perform inference (i.e. construct confidence sets, perform hypothesis test)?
These tasks were fairly simple in the normal linear model setting since the maximum likelihood
estimator had an explicit form. In our more general setting, this will not (necessarily) be the
case. Despite this, we can still perform inference and compute m.l.e.’s, but approximations
must be involved in both of these tasks. We first turn to the problem of inference.
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2.5.1 The score function

Consider data (Y1,27),...,(Ys,2L) with the Y; independent given the z;, and suppose Y =
(Y1,...,Y,)T has density in

{f(y,0), ye Y":0 € © CR'} = {foi(yi;G), Yi Ey:GEG)QRd}.

=1

We will review some theory associated with maximum likelihood estimators in this setting.
Here we simply aim to sketch out the main results; for a rigorous treatment see your Principles
of Statistics notes (or borrow someone’s). In particular, we do not state all the conditions
required for the results to be true (broadly known as “regularity conditions”), but they will all
be satisfied for the generalised linear model setting to which we wish to apply the results.

Let 6 be the maximum likelihood estimator of @ (assuming it exists and is unique). If
we cannot write down the explicit form of 0 as a function of the data, in order to study its
properties, we must argue from what we do know about the m.l.e.—the fact that it maximises
the likelihood, or equivalently the log-likelihood. This means 0 satisfies

0
—_— ’Y =
aeﬁ(é, ) s 0,

where

06;Y) =log f(Y;6) = _log fu, (Vi ).
=1

We call the vector of partial derivatives of the likelihood the score function, U(0;Y):

0
Ur(6;Y) = 50

00;Y).
Two key features of the score function are that provided the order of differentiation w.r.t. a
component of # and integration over the sample space )’ may be interchanged,

L Eo{U(6;Y)} =0,

2
2. Varg{U(6;Y)} = —Eo <89669TE(9;Y)>.

To see the first property, note that for r =1,...,d,

BV 00 = [ g oel 1 0)} )y
0
= 10)d
. g0,/ Wi 0)dy
0
= 90, ), [ W0y = 55 (1) =0.

We leave property 2 as an exercise.

2.5.2 Fisher information

The quantity
i(0) := Varg{U(0;Y)}
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is known as the Fisher information. It can be thought of as a measure of how hard it is to
estimate 6 when it is the true parameter value. A related quantity is the observed information
matriz, j(0) defined by

82

J(0) = —WE(Q;Y)-

Note that i(6) = Eq(5(0)).

Example. Consider our friend the normal linear model: Y = X3+ ¢, € ~ N,(0,02). Then

—2vT
i(ﬂ’gz):(g f)(X na94/2>'

Note that writing i~1(3) for the top left p x p sub-matrix of i~Y(B,0?) (the matrix inverse of
i(B,02)), we have that Var(f) =i~ 1(3).
In fact we have the following result.

Theorem 5 (Cramér-Rao lower bound). Let 0 be an unbiased estimator of 0. Then under
regularity conditions, 3
Varg(0) —i~1(0)

1s positive semi-definite.

Proof. We only sketch the proof when d = 1. By the Cauchy—Schwarz inequality,
i(0)Var(0) = Var(U(0))Var(0) > {Cov(0,U(6))}>.

As E{U(6)} =0,
Cov(9,U(8)) = E(AU(9))

= [ ) (5100 1050)) £ 01

= gef(y; 0)0(y)dy
= % . 0(y)dy = %Egé.
But as 6 is unbiased we finally get
Cov(6,U(h)) = 91, O
06
Since the m.le. of B in the normal linear model, 3 := (XTX)"1XTY is unbiased, we

conclude that B has the minimum variance among all unbiased estimators of 5 (not just the
linear unbiased estimators as the Gauss-Markov theorem yields).

It turns out that this is, to a certain extent, a general feature of maximum likelihood
estimators (in finite dimensional models), as we now discuss.

2.5.3 Two key asymptotic results

A feature of maximum likelihood estimators that asymptotically they are normally distributed
with mean the true parameter value 6 and variance the inverse of the Fisher information matrix
evaluated at 6. Thus asymptotically they achieve the Cramér—Rao lower bound. To make this
a little more precise, let us recall some definitions to do with convergence of random variables.
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*Convergence of random variables*. We say a sequence of random variables Z1, Zs, ...
with corresponding distribution functions F}, Fb, ... converges in distribution to a random vari-

able Z with distribution function F, and write Z, - Z if F,.(z) — F(x) at all x where F is
continuous.
A sequence of random vectors Z,, € R¥ converges in distribution to a continuous random
vector Z € R* when
P(Z, € B) - P(Z € B)

for all (Borel) sets B for which §B := cl(B) \ int(B) has P(Z € §B) = 0.
For example, the multidimensional central limit theorem (CLT) states that if Z1, Zs, ... are
i.i.d. random vectors in R* with positive definite variance ¥ and mean p € R¥, then writing

Z™) for LS | Z;, we have
V(2 — ) 5 N (0,5).

A stronger mode of convergence is convergence in probability. We say Z,, € R” tends to Z € R¥
in probability if for every € > 0
P(|Z, — Z|| > €) = 0,

as n — oo. IonthhenZniZ.

For example, the weak law of large numbers (WLLN) states that if Z1, Zs, ... are i.i.d. with
mean p € R¥ then Z(m) S . Some useful results concerning convergence of random variables
are:

Proposition 6 (Continuous mapping theorem). If Z, % Z andh:R =R is continuous, then
WZy) % W(2).
Proposition 7 (Slutsky’s lemma). If Y, LY and Zn S ¢, where ¢ is a constant, then

1Yo+ 7, 3V +e,

2. Yl % ey,

Y, a Y
=5 =,

3 —
Zn c

Asymptotic distribution of maximum likelihood estimators.

Theorem 8. Assume that the Fisher information matriz when there are n observations, i™ ()
(where we have made the dependence on n explicit) satisfies i (0) /n — I(8) for some positive
definite matrix I. Then denoting the maximum likelihood estimator of 6 when there are n
observations by é(”), under reqularity conditions we have

V(0™ —0) % Na(0,171(0)).
A short-hand and informal version of writing this (which is fine for this course) is that
é ~ ANd(evi_l(G))v

to be read “f is asymptotically normal with mean # and variance i~1(6)”.
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*Sketch of proof*. Here is a sketch of the proof when d = 1 and our data are i.i.d. rather
than simply independent.
A Taylor expansion of the score function about the true parameter value 6 gives

0=U(H) =U(6) — (0 —6)5(0) + Rem,(0).

Since E(U(0)) = 0 and Var(U(#)) = i(0) = ni1(0), where i1(0) is the Fisher information of the
first observation, by the CLT we have

U\(ﬁ? 4 N(0,4,(0)).

By Slutsky’s lemma (no. 1 additive), provided that

Rer\r/l%(e) 20,
we have
. j(6) U(0)  Rem,(0)
4 N(0,i1(6)).

But by WLLN, j(6)/n 2 i1(0) as n — 0o, so by Slutsky’s lemma (no. 3),
V(b —0) % N,i7H0)).

Relevance of the result. How are we to use this result? The first issue is that as the true
parameter # is unknown, so is i~1(6). However, provided that i~!(6) is a continuous function
of 6, we may estimate this well with i~!(#), and we can show that, for example

~

6; — 0,
(i=1(0));5

Thus we can create an approximate 1 — « level confidence interval for 6; with

{éj - Za/Q\/m’ 0; + Za2 (i_l(é))”} ’

where z,, is the upper a-point of N (0, 1). The coverage of this confidence interval tends to 1 — «
as n — oo. Similarly, an asymptotic 1 — « level confidence set for 6 is given by

4 N(0,1)

{0/ (0—0)Ti(0)(0 - 0') < x3(a)}-

Another issue is that we never have an infinite amount of data. What does the asymptotic
result have to say when we have maybe 100 observations? From a purely logical point of view,
it says absolutely nothing. You will have had it drilled into you long ago in Analysis I that
even the first trillion terms of a sequence have nothing to do with its limiting behaviour. On
the other hand, we can be more optimistic and hope that n = 100 is large enough for the finite
sample distribution of 6 to be close to the limiting distribution. Performing simulations can help
justify this optimism and give us values of n for which we can expect the limiting arguments to

apply.
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Wilks’ theorem. The result on asymptotic normality of maximum likelihood estimators
allows us to construct confidence intervals for individual components of # and hence perform
hypothesis tests of the form Hy : 6; =0, Hy : 0; # 0. Now suppose we wish to test

Hy:0e€ 0 against
H1 : 0 ¢ @0
where ©g C O, the full parameter space, and Oq is of lower dimension than ©. The precise
meaning of dimension when ©( and © are not affine spaces (i.e. a translation of a subspace) but
rather general manifolds would require us to go into the realm of differential geometry, which we
won’t do here. Perhaps the most important case of interest is when 6 = (Hg ,01)T and 6y € R%
with © = R?, and we are testing
Hy:0=0 against
Hy: 0y #0.
Wilks’ theorem gives the asymptotic distribution of of the likelihood ratio statistic
SuPg/co L(el) / /
wrr(Hoy) = 2log { = 2{sup £(0") — sup £(0")}.
supgrce, L(¢') 0o 00,

Theorem 9 (Wilks’ theorem). Suppose that Hy is true. Then, under regularity conditions
d
wrr(Ho) = Xi

where k = dim(©) — dim(Oy).

*Sketch of proof* We only sketch the proof when the null hypothesis is simple so ©¢g = {6},
and when the data Y1, Y3, ... are i.i.d. rather than just independent. A Taylor expansion of £(fp)
centred at the (unrestricted) maximum likelihood estimate 6 gives

~

((80) = £0) + (0 — 80)"U(B) — 50— )" 5B  60) + Remy (9)
Using U () = 0 and provided that Rem,,(6) = 0,
2{0(0) — £(60)} = (0 — 00)j(0)( — 6p) — 2Rem,, (0) % X}

under Hy by Slutsky’s theorem, provided (8 — 60)25(6)(6 — ) LN Xz

Note that the likelihood ratio test in conjunction with Wilks’ theorem can also be used to
test whether individual components of 6 are 0. Unlike the analogous situation in the normal
linear model where the F-test for an individual variable is equivalent to the t-test, here tests
based on asymptotic normality of 6 and the likelihood ratio test will in general be different—
usually the likelihood ratio test is to be preferred, though it may be require more computation
to calculate the test statistic.

2.5.4 Inference in generalised linear models

Let i(3,02) be the Fisher information in a generalised linear model. It can be shown that this
matrix is block diagonal, so writing i(3) for the p x p top left submatrix of i(3,0?) and i(0?)
for the bottom right entry, we have

0= () igy) om0 = (T i)
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The asymptotic results we have studied then show that

B~ ANy(B,i71(8)).
This (along with continuity of i71(/3)) justifies the following asymptotic (1 — a)-level confidence

set for 3;
[Bj iV B By 2/ {w(B)}jJ} ,

where z, is the upper a-point of N(0,1). To test Hy : §; = 0 against H; : 3; # 0, we can reject
Hj if the confidence interval above excludes O i.e. if

135
{i1()}s;

Now suppose [ is partitioned as 8 = (ﬂg,ﬁf)T where Gy € RPY and we wish to test Hy :
B1 = 0 against 81 # 0. Write 5y for the m.l.e. of By under the null model, and assume for the
moment that the dispersion parameter o2 is known (as is the case for the Poisson and binomial
models—the two most important generalised linear models). Write (y, 02) for £(3,02) so that

W, o 22 — K{0(1;)} +Zlog{a o, yi)}

with p; = g71 (2]’ 8). Further write

> Za/2°

o U(y,02) for £(p,0?) with each y; replaced by its m.le. under the model where p1, . .., jin
are unrestricted (i.e. p; is replaced by y;),
o ((j1,0%) for £(3,0?), and

o ((j1,0%) for £(Bo,0?) (so fi; = g~ (2T By)).

The deviance of the model in Hj is
D(y; ) := 20°{l(y,0”) — (@1, 0%)};
the deviance of the null model is D(y; i) = 202{{(y,0?) — £(j1,0%)}. The deviance may be
thought of as the appropriate generalisation to GLMs of the residual sum of squares from the
linear model. Note that the deviance in reduced in the larger model.
Notice that Dy i) — Dy f)
wrr(Ho) = Y B - Y p
so by Wilks’ theorem we may test if 81 = 0 at level a by rejecting the null hypothesis when the
value of this test statistic is larger than X%_po(a).
If 02 is unknown it must be replaced with an estimate such as
1 & (Y — )?
5= LS )
- a;V (f1;)

n=r i=1

)

Provided that 52 & o2 Slutsky’s theorem ensures that the asymptotic distribution of wyr(Hy)
remains unchanged, though it is often better to use Fp,_p, n—p(cr) as the critical value for the

test statistic . X
oo {D(y: 1) = D(y; 1) }
52

in this case.
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2.6 Computation

We have seen how despite the maximum likelihood estimator B of B in a generalised linear model
not having an explicit form (except in special cases such as the normal linear model), we can
show that asymptotically the m.l.e. has rather attractive properties and we can still perform
inference that is asymptotically valid. How are we to compute B when all we know about it is

the fact that it satisfies o038 2)
O' A
0=-——""—1"7 =:U(p)? 2.6.1
e L) (26.1)

Here, with a slight abuse of notation, we have written U(f) for the first p components of
U(B,0?); similarly let us write j(3) and i(3) for the top left p x p submatrix of j(3,0?) and
i(B,02) respectively.

If U were linear in 3, we should be able to solve the system of linear equations in to
find ﬁ . Though in general U won’t be a linear function, given that it is differentiable (recall that
the link function g is required to be twice differentiable), an application of Taylor’s theorem
shows that it is at least locally linear, so

U(B) = U(Bo) — 3(Bo)(B — Bo)

for 5 close to ﬁp. If we managed to find a By close to ,5’, the fact that U (5) = 0 suggests
approximating 8 by the solution of

U(Bo) — j(Bo)(B—Bo) =0

in 3, i.e.
Bo+ 3 (Bo)U(Bo),

where we have assumed that j(f5p) is invertible. This motivates the following iterative algorithm
(the Newton-Raphson algorithm): starting with an initial guess at 3, £y, at the m*™ iteration
we update

Bin = Brn—1 + 57 (Brn1)U (Br—1)- (2.6.2)

A potential issue with this algorithm is that j(Bm,l) may be singular or close to singular and
thus make the algorithm unstable. The method of Fisher scoring replaces j(Bm_l) with i(Bm_l)
which is always positive definite (subject to regularity conditions) and generally better behaved.
Fisher scoring may not necessarily converge to B but almost always does. We terminate the
algorithm when successive iterations produce negligible difference.
Let us examine this procedure in more detail. It can be shown (see example sheet) that the
score function and Fisher information matrix have entries

oy " (yi — i) X .
H= ; V(g () boop

. B Xij Xk _
i1 (B) _;G?V(Mz‘){g’(/xi)}? k=1,...,p.

Choosing the canonical link g(p) = 6(u) simplifies U;(3) and i;(8) since ¢'(p) = 1/V (p). Let
W (i) be the n x n diagonal matrix with 7" diagonal entry

1

Wilt) = e
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Further let Y (1) € R™ be the vector with i*® component

Yi(p) = g (1) (yi — pua).
Then we may write
Up) =c2XTWwy
i(B) = o 2 XTWX.
Let us set

(fim)

W
Vi fim).-

i
=

(Note here the subscript m is not indexing different components of a single vector Y but different
vectors Y,,. Then we see that

B = Bt + (X" W 1 X)) XTW, 1 V1.
If we define the adjusted dependent variable Z,, by
Zm = Y + G,
where n,, = X Bm, then

n
B = (XTWm_lX)_lXTWm_lZm_l = arg min {Z Win—1,ii(Zm-1: — m?b)z} )
vere |

See example sheet 1 for the final equality. Thus the sequence of approximations to B are given
by iterative weighted least squares (IWLS) of the adjusted dependent variable Z,,,_1 ; on X with
weights given by the diagonal entries of W,,,_1.

With this formulation, we can start with an initial guess of j rather than one of 3. An
obvious choice for this initial guess [ig is the response y, although a small adjustment such as
fio; = max{y;, e} for € > 0 may be necessary if g(u) = log(p) for example, to avoid problems
when y; = 0.
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Chapter 3

Specific regression problems

3.1 Binomial regression

Suppose we have data (y1,27),..., (yn,zL) € R x RP where it seems reasonable to assume the
y; are realisations of random variables Y; that are independent for i = 1,...,n and

1_.
Yi~ —Bin(ni, ), i € (0,1)
(A

with the n; known positive integers. An example of such data could be the proportion Y; of
n; organisms to have been killed by concentrations of various drugs / temperature level etc.
collected together in a vector z;. Often the n, = 1soY; € {0,1}—we could have 1 representing
spam and 0 representing ham for example. If we assume that p; = E(Y;) is related to the
covariates z; through g(u;) = x?ﬁ for some link function g and unknown vector of coefficients
B € RP, then this model falls within the framework of the generalised linear model. Indeed,

g . o
fyis i) = ( ' >M?’yl(1 — )"

niY;
i 1 i
= < n ) exp [4{y110g< s : > +log(1 — ;) H
o n; 1 — ;) —_——
H,—/ —,—/ —K(Qi)
a(as,y;) 0;=0(p1:)

We can take the dispersion parameter as 1 and let a; = n; L

Once we have chosen a link function, we can obtain the m.l.e. of 8 using the IWLS algorithm
and then perform hypothesis tests or construct confidence intervals that are asymptotically valid
using the general theory of maximum likelihood estimators.

3.1.1 Link functions

In order to avoid having to place restrictions on the values 8 can take, we can choose a link
function g such that the image ¢((0,1)) = g(M) = R. Three commonly used link functions are
given below in increasing order of their popularity (coincidentally this is also the order in which
they were introduced). Their graphs are plotted in Figure

1. g(p) =log(—log(1l — p)) gives the complementary log—log link.

2. g(u) = ® (i) where @ is the c.d.f. of the standard normal distribution (so ®~! is the
quantile function of the standard normal) gives the probit link.
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3. g(pn) = log <1Mu> is the logit link. This is the canonical link function for the GLM.

The probit link gives an interesting latent variable interpretation of the model. Consider the
case where n; = 1. Imagine that there exists a Y* € R™ such that

Y*"=Xp3"+¢

where € ~ N, (0,0%I). Suppose we do not observe Y* but instead, only see Y € {0,1}" with
it" component given by
Yi = Liyr>0p-
Then we see that
P(Yi = 1) = P(Y;' > 0) = Pl 5" > —&,)
P(z! 8% /o > Z;)  where Z; ~ N(0,1)
= ®(z B) where = " /0.

The models generated by the other two link functions also have latent variable interpretations.

Of the three link functions, by far the most popular is the logit link. This is partly because
it is the canonical link, and so simplifies some calculations, but perhaps more importantly, the
coefficents from a model with logit link (a logistic regression model) are easy to interpret. The
value ¢ gives the multiplicative change in the odds y;/(1 — p;) for a unit increase in the value
of the j variable, keeping the values of all other variables fixed. To see this note that

J=1 Jj=1

<
~
Z oA
o
N
1
<|r -
— logistic
- probit
c log-log
T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0

Figure 3.1: The graphs of three commonly used link functions for binomial regression.
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3.1.2 *A classification view of logistic regression*

In the case where n; = 1 for all 4, logistic regression can be thought of as a classification
procedure. The response value of each observation is then either 0 or 1, and so divides the
observations into two classes. Having fit a logistic regression to some data which we shall call
the training data, we can then predict responses (class labels) for new data for which we only
have the covariate values. We can do this by applying the function C. below to each new
observation:

where s
f(2) = exp(z” B)
1+ exp(zTpB)

and B is the m.l.e. of 8 based on the training data. The value 7 is a threshold and should be set
according to how bad predicting a class label of 1 when it is in fact 0 is, compared to predicting
a class label of 0 when it is in fact 1.

If in addition to our training data, we have another set of labelled data, we can plot the
proportion of class 1 observations correctly classified against the proportion of class 0 observa-
tions incorrectly classified using C;, for different values of 7. This set of data is known as a
test set. As 7 varies between 0 and 1, the points plotted trace out what is known as a Receiver
Operating Characteristic (ROC) curve. This gives a visual representation of how good a clas-
sifier our model is, and can serve as a way of comparing different classifiers. A classifier with
ROC curve always above that of another classifier is certainly to be preferred. However, when
ROC curves of classifiers cross, no classifier uniformly dominates the other. In these cases, a
common measure of performance is the area under the ROC curve (AUC). If in a particular
application, there is a certain probability of incorrectly classifying a class 0 observation that can
be tolerated (say 5%), and the chance of incorrectly classifying a class 1 observation is to be
minimised subject to this error tolerance, then ROC curves should be compared at the relevant
point.

Of course all these comparisons are contingent on the particular test set used. Given a
collection of data, it is advisable to randomly split it into training and test sets several times
and average the ROC curves produced by each of the splits. Suppose the training sets are all
of size ny,, say. The average ROC curve is then a measure of the average performance of the
classification procedure when it is fed nt, observations where, thinking of the covariates now
as (realisations of) random variables, this average is over the joint distribution of response and
covariates.

3.1.3 *Logistic regression and linear discriminant analysis*

Additional support for the logistic link function can be gained by considering a classification
problem where we have i.i.d. data (Y1, X3),...,(Ys, Xpn) € {0,1} x RP. Let (Y, X) = (Y1,X1)
(note X is not the design matrix here, it is a p-dimensional random vector). Assume that

XY =0~ Ny(yo, %), X[V =1~ Ny(p1, %) (3.1.1)

Suppose further that P(Y; = 1) = m = 1 — mg. Now

log {m} = log (2) - %(m )T (g — o) + XS (g — o) (3.1.2)

=a+XTp, (3.1.3)
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with

T 1 _
a = log (1) — S (p1 + 10) "= (1 — po)
™o 2

B =37 (1 — po)-

Thus the log odds of the posterior class probabilities is precisely of the form needed for the
logistic regression model to be correct.

Typically if it is known that the data generating process is , then a classifier is
formed by replacing the population parameters w1, po, p1 and X in with estimates,
and then classifying to the class with the largest posterior probability. This gives Fisher’s
linear discriminant analysis (LDA), which you will have already met if you took Principles of
Statistics.

The logistic regression model is more general in that it makes fewer assumptions. It does
not specify the distribution of the covariates and instead treats them as fixed (i.e. it conditions
on them). When the mixture of Gaussians model in is correct, one can expect LDA to
perform better. However, when is not satisfied, logistic regression may be preferred.

3.1.4 Model checking

We have not discussed model checking for GLMs but it proceeds in much the same way as for
the normal linear model, and residuals are the chief means for assessing the validity of model
assumptions. With GLMs there are several different types of residuals one can consider. One
form of residual builds on the analogy that the deviance is like the residual sum of squares from
the normal linear model. The deviance residuals in a GLM are defined as

d; = sign(y; — fii)\/ D(yi; i),

where D(y;; fi;) is the i*h summand in the definition of D(y; 1), so

2 [{0(ws) — 0(i)} — (K (O(w)) — K (0())}].

D(yi; fu;) = .
T

In binomial regression (and also Poisson regression), one can sometimes test a particular
model against a saturated model:

Hy:pi=g t@lp) i=1,...,n against
Hy :pq, ..., pn,  unrestricted.

In this case,

wi(Ho) = D(y; ﬂ)J;D(y;y) _ D(j/;ﬂ)

I

but standard asmpytotic theory no longer ensures that this converges in distribution to a X%—p-
Nevertheless, other asymptotic arguments can sometimes be used to justify referring the likeli-
hood ratio statistic to X%_p, for instance when

o Y, ~ %Bin(ni,,ui), with n; large, and
e Y; ~ Pois(p;) with p; large.
This is because in these cases, the individual Y; get close to normally distributed random

variables. Such asymptotics are known as small dispersion asymptotics.
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3.2 Poisson regression

We have seen how binomial regression can be appropriate when the responses are proportions
(including the important case when the proportions are in {0, 1} i.e. the classification scenario).
Now we consider count data e.g. the number of texts you receive each day, or the number of
terrorists attacks that occur in a country each week. Another example where count data arises
is the following: imagine conducting an (online) survey where perhaps you ask people to enter
their college and their voting intentions. The survey may be live for a fixed amount of time and
then you can collect to together the data into a 2-way contingency table:

College ‘ Labour Conservative Liberal Democrats Other
Trinity

When the responses are counts, it may be sensible to model them as realisations of Poisson
random variables. A word of caution though. A Poisson regression model entails a particular
relationship between the mean and variance of the responses: if Y; ~ Pois(y;), then Var(Y;) = p;.
In many situations we may find this assumption is violated. Nevertheless, the Poisson regression
model can often be a reasonable approximation.

If the probability of occurence of an event in a given time interval is proportional to the
length of that time interval and independent of the occurence of other events, then the number
of events in any specified time interval will be Poisson distributed. Wikipedia lists a number of
situations where Poisson data arise naturally:

e Telephone calls arriving in a system,

e Photons arriving at a telescope

The number of mutations on a strand of DNA per unit length
e Cars arriving at a traffic light

The Poisson regression model assumes that our data (Y1, z1),..., (Yn,z,) € {0,1,...} x RP
have Y7,...,Y, independent with Y; ~ Pois(u;), p; > 0. An example sheet question asks you
to verify that the {Pois(u) : p € (0,00)} is an exponential dispersion family with dispersion
parameter 02 = 1. In line with the GLM framework, we assume the p; are related to the
covariates through g(u;) = 7 3 for a link function g.

By far the most commonly used link function is the log link—this also happens to be the
canonical link. In fact the Poisson regression model is often called the log-linear model. We
only consider the log link here. Two reasons for the popularity of the log link are:

o {log(u) : p € (0,00)} = R. The parameter space for 3 is then simply R? and no restrictions
are needed.

e Interpretability: if
P

p
pi=exp | > XyB; | = [[(e")¥5,

Jj=1 J=1

then we see that e is the multiplicative change in the expected value of the response for
a unit increase in the ;' variable.
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In the next practical class we’ll look at data from the English Premier League and attempt
to model the home and away scores Yh and Y} when team ¢ is home to team j as independent
Poisson random variables with respectwe means

M?j = exp(A + a; — 5j), iy = exp(aj — Bi).

Here A represents the home advantage (we expect it to be greater than 0) and «; and 3; the
offensive and defensive strengths of team 1.

3.2.1 Likelihood equations
With log(p;) = 2l 8, we have

L(B) = ﬁ e~ Hi(B) #i(5)
i=1

n
T
oc [ [ exp(=e"7) exp(yiz] ),

Yi

SO
n

() == exp(a] B) +Zyz .

=1

Let us consider the case where we have an intercept term. We can either say that the first
column of the design matrix X is a column of 1’s, or we can include it explicitly in the model.
In the latter case we take

log (i) = a + x1 3,
so the log-likelihood is

U, B) == expla+a] B)+ Y yi(a+z] ).

i=1 =1

Now differentiating w.r.t. a;, we have

0= M Z{yz—exp a—l—a?Tﬁ)}

=1

Thus writing j; := exp(a + 27 8), we have
n n
> =Yoo
i=1 i=1

The deviance and Pearson’s y?-statistic

The fact above simplifies the deviance in a Poisson GLM. We have

n n
= w4 Y yilog(u),
=1 =1
SO

n
D(y; 1) —2Zyzlog< )—22 ﬂi)ZQZyi10g<j§>7
i=1 i=1 t
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when an intercept term is included.
Write y; = f1; + 0;, so we have that Y d; = 0. Then, by a Taylor expansion, assuming that
di/ [ is small for each 1,

3

D(y; 1) =2 (jii + ) 10g<1 + é)
=1

Mg
Z” 57 o}

i 2
_ i (yi — f1:)?
i=1 Hi

The quantity in the final line is known as Pearson’s y? statistic.

Though we have described Pearson’s x? statistic as an approximation to the deviance, this
does not mean that the deviance is superior in the sense that, for example, its distribution is
closer to that of a X727,—p (when the p; are large so small dispersion asymptotics are relevant).
On the contrary, Pearson’s x? statistic, as its name suggest, is often to be preferred for this

L

purpose.

3.2.2 Modelling rates with an offset

Often the expected value of a response count Y; is proportional to a known value ¢;. For instance,
t; might be an amount of time or a population size, such as in modelling crime counts for various
cities. Or, it might be a spatial area, such as in modelling counts of a particular animal species.
Then the sample rate is Y;/t;, with expected value p;/t;.

In most such situations, it seems more natural to assume that it is the expected rate u;/t;
that is related to the covariates, rather that E(Y;) itself. A log-linear model for the expected
rate would then model Y; ~ Pois(p;) with

log(i/t:) = log(u:) — log(t;) = ] 3
SO
pi = ti exp(x] B).

This is the usual Poisson regression but with an offset of log(¢;). Since these are known con-
stants, they can be readily incorporated into the estimation procedure.

3.2.3 Contingency tables

An r-way contingency table is a way of presenting responses which represent frequencies when
the responses are classified according to r different factors.
We are primarily interested in » = 2 and r» = 3. In these cases, we may write the data as

{Yijri=1,...,1, j=1,...,J}, or
Wi :i=1,...,1,j=1,...,J, k=1,...,K}
respectively.
Consider the example of the online survey that aimed to cross-classify individuals according

to their college and voting intentions. This data could be presented as a two-way contingency
table. If we also recorded people’s gender, for example, we would have a three-way contingency
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table. A sensible model for this data is that the number of individuals falling into the ij*" cell,
Y;;, are independent Pois(z;).

Suppose we happened to end up with n = 400 forms filled. We could also imagine a situation
where rather than accepting all the survey responses that happened to arrive in a given time,
we fix the number of submissions to consider in advance, so we keep the survey live until we
have 400 forms filled. In this case a multinomial model may be more appropriate.

Recall that a random vector Z = (Z1,...,Zy,) is said to have a multinomial distribution
with parameters n and py,. .., pm, written Z ~ Multi(n;p1,...,pm) if Y ;v pi = and

n!
P(Zy=21,...,72m = 2m) = mp? Ceepo
for z; €{0,...,n} with 21 + -+ + z,,, = n.
In the second data collection scenario described above, only the overall total n = 400 was
fixed, so we might model

(Yij)i=t,...1, j=1,...,.0 ~ Multi(n; (pij)i=1,..1, j=1,....7)

where
Hij
T T :
> iz Zj:l Hij
At first sight, this second model might seem to fall outside the GLM framework as the
responses Y;; are not independent (adding up to n).
However, the following result suggests an alternative approach. Recall the fact that if Z1, Z
are independent with Z; ~ Pois(u;), then Z; + Zs ~ Pois(u1 + p2). Obviously induction gives
a similar result for any finite collection of independent Poisson random variables.

Pij =

Proposition 10. Let Z = (Zy,...,Zy) be a random vector having independent components,
with Z; ~ Pois(u;) fori=1,...,m. Conditional on Y Z; = n, we have that Z ~ Multi(n;p1, ..., pm),
where p; = i/ Y pj fori=1,...,m.

Proof. The joint distribution of Zy, ..., Z,, is

m m Z;
M.
P (Z1 =21, Ly = 2) = exp(— Z“’) H z%! , 2z €{0,1,...},
i=1 i=1 "
and S := ) Z; ~ Pois (Z ,sz). It follows that provided ), z; = n,

exp(— 3wy ) TH(k7' /)
exp(— 2 uj) (Z uj)n/n!

|
_ n: Z1 Zm
21!...zm!p1 P

Putroyim (21 =215, Zoy = 2| S =) =

where p; = p;/ Y pj fori=1,...,m. O
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Multinomial likelihood

First consider the multinomial likelihood obtained if we suppose that

where
= =
> i1 Zj:l Hig
and
log(pij) = o+ x;‘g )
Thus

B exp(a7; )
= — 5 .
>ic Zj:l eXP(ng;B)
Here the explanatory variables x;; will depend on the particular model being fit.
[Consider the “colleges and voting intentions” example. Each of the 400 submitted survey
forms can be thought of as realisations of i.i.d. random variables Z;, | =1, ...,400, taking values

in the collection of categories { Trinity, ...} x {Labour, Conservative, ...}. If we assume that the
two components of the Z; are independent, then we may write

Dij

pij = P(Z = college;, Zj2 = party;) = P(Z); = college;)P(Zj2 = party;) = q;ry, (3.2.1)

for some g;,r; >0,i=1,...,1,j=1,...,J, with Zfilqizzj

i—17j = 1. To parametrise this
in terms of 8, we can take

;= (0,...,0,1,0,...,0,0,...,0,1,0,...,0),

I components J components

SO :niTjﬂ = Bi + Br+j, and for identifiability we may take 51 = 141 = 0.]
The log-likelihood for the multinomial model is

lm(Bln) = Z yij log{pi;(8)}

:Zyijmg;- —nlog Zexp(mz;) ,
i, Y]

where we have emphasised the fact that the likelihood is based on the conditional distribution
of the counts y;; given the total n.

Poisson likelihood

Now consider the Poisson model, but where >, ;v;; = n. With log(ui;) = o + :cg;ﬂ, we have
log-likelihood

lp(a, B) = — Zuz‘j(a, B) + Z yij log{ (o, B)}
4,J ,J
=— Zexp(a +a;8) + Z yij (o + z1;8)
,J ,J

= —exp(a) Z exp(aziTjﬁ) + Z yijxg;ﬁ + nao.
2

]
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Now let us reparametrise (o, 5) — (7, ) where
T= Zuij = exp(a) Zexp(%i; )-
1,] 1]

We have

lp(1,B) = Zyijmg —nlog Zexp(w?j ) | +{nlog(r) — 7}
1, 1,J

=l (BIn) + lp(T).

To maximise the log-likelihood above, we can maximise over 5 and T separately. Thus if g* is
the m.l.e. from the multinomial model, and B is the m.l.e. from the Poisson model, we see that
(assuming the m.l.e.’s are unique) * = B Several equivalences of the multinomial and Poisson
models emerge from this fact.

e The deviances from the Poisson model and the multinomial model are the same.

e The fitted values from both models are the same. Indeed, in the multinomial model, the

fitted values are R
exp(azg;- )

T T A
>im1 Zj:l eXp(xiTj )

For the Poisson model, the fitted values are

npi; ==n

exp(«; )

Zi[:1 23‘1:1 eXP(CCg;B) '

But recall that since we have included an intercept term in the Poisson model,

n = E Yij = E flij = 7.
1,3 ,J

ﬂij =T

Summary. Multinomial models can be fit using Poisson log-linear model provided that an
intercept is included in the Poisson model. The Poisson models used to mimic multinomial
models are known as surrogate Poisson models.

3.2.4 Test for independence of columns and rows
To test whether the rows and columns are independent (i.e. if (3.2.1]) holds), we can consider a
surrogate Poisson model that takes

log(pij) = p+ ai +bj,

where to ensure identifiability, we enforce the corner point constraints a; = by = 0. Thus there
are 1+ ([ —1)+(J—1) =1+ J —1 parameters. Provided the cell counts y;; are large enough,
small dispersion asymptotics can be used to justify comparing the deviance or Pearson’s y?

o . 2 2
statistic to x7;_ 74511 = X(1-1)(J—-1)"
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3.2.5 Test for homogeneity of rows

Consider the following example. In a flu vaccine trial, patients were randomly allocated to one
of two groups. The first received a placebo, the other the vaccine. The levels of antibody after
six weeks were:

‘ Small Moderate Large ‘ Total
Placebo | 25 8 5 38
Vaccine | 6 18 11 35

We are interested in the homogeneity of the different rows: is there a different response from
the vaccine group? Here the row totals were fixed before the responses were observed. We can
thus model the responses in each row as having a multinomial distribution.

If n;,i =1,...,1 denotes the sum of the i*" row, we model the response in the i*" row, Y; as

Y ~ Multi(ng; pit, - - -, pig)s

with Y7,...,Y7 independent. Note that Z;}:l pij = 1 for all .
The hypothesis of homogeneity of rows can be represented by requiring that p;; = ¢; for all
i, for some vector of probabilities (qi,...,qs)”. Thus the mean in the i cell is Wij = N;qj-
You will discover for yourself on the example sheet that this form of multinomial model can
be fitted using a surrogate Poisson model with

log(pij) = p + ai + by,
which is the same as for the independence example. For identifiability we may take a; = by = 0.
Here, the a; are playing the role of intercepts for each row.
Three-way contingency tables

Now suppose we have a three-way contingency table with
Y ~ Multi(n; (piji),i=1,...,1, j=1,...,J, k=1,...,K).

Consider again that the table is constructed from i.i.d. random variables Zi,..., Z, taking

values in the categories
{1,..., I} x{1,...,J} x{1,...,K}.

Let us write Z; = (A, B,C). Note that p;j;, = P(A =i,B = j,C = k). There are now eight
hypotheses concerning independence which may be of interest. Broken into four classes, they
are:

1. Hi :piji = B, for all 4, j, k. Summing over j and k we see that o; = P(A =4). Thus
this model corresponds to

P(A=1i,B=3C=k)=P(A=149P(B=jPC =k),
i.e. A, B and C are independent.

2. Hy : pijr = ;B for all 4,5, k. As before we see that a; = P(A = i), and summing over
i we get B, = P(B = j,C = k). This corresponds to saying A is independent of (B, C).
Two other hypotheses are obtained by permutation of A, B, C.
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3. H3 : pijr = Bijvir for all 4,7, k. If we denote summing over an index with a ‘+’, so for
example

Pist = Dpijk =Y _ Bijvik = BitVi+
jvk j7k

we see that

P(B=j, C=kA=i)= Lk _ Bij ik
Pit+  Biv Vit

Summing over k and j we see that

P(B:ijzi)zgfj, P(C = k|A =) = 1%,
i+ Yi+

This means that
P(B=j, C=klA=1)=P(B=jlA=1iP(C =k|A=1),

so B and C are conditionally independent given A. Two other hypotheses are obtained
by permuting A, B, C.

4. Hy : piji = ojiBayi; for all 4,4, k. This hypothesis cannot be expressed as a conditional
independence statement, but means there are no three-way interactions.
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