STATISTICAL LEARNING II Rajen D. Shah
Example Sheet 1 (of 2) 2020

In all of the below, assume that any design matrices X are n X p and have their columns centred
and then scaled to have f5-norm +/n, and that any responses Y € R™ are centred.

1. Show that if A > Apax := || XYoo /n, then G% = 0.
Solution: We need only check that ﬂgj = 0 satisfies the KKT conditions and this is clear.
The solution is unique as the fitted values of the Lasso are unique.

2. Show that when the columns of X are orthogonal (so necessarily p < n) and scaled to
have fo-norm +/n, the kth component of the Lasso estimator is given by

B = (IBEMS] = A)sen(BPH)

where (-)4+ = max(0,-). What is the corresponding estimator if the ¢; penalty ||5||; in the
Lasso objective is replaced by the ¢y penalty ||5]|o := |[{k : Bx # 0}|7
Solution: Note that

1 S 1 X
Y =X 2 _ - p0LS 2 Y =X OLS 2.
Sl X1 = 360 -+ Y - XS

Thus for the first part we need to find the minimiser of
1 -
5(5;?LS — B)? + AlBxl-
We write 3 for Bij for simplicity. Note that |G| is unique. By the KKT conditions,
BEYS — By, = Aiy
where |9, < 1 and 7 = sgn(By) if By # 0. Thus B = 0 when |BPLS| < A, If BOMS > ),
B = B = N i BPMS < =X, By = BPMS + A
Now let 3 be the optimising 8 with the £y penalty. Clearly when (BA,?LS)Q/Q <\ B=0

is optimal. When (B,?LS)Q/2 = ), two solutions 8, = BELS or B = 0 both minimise the
objective. When (A,?LS)Q/2 > \ then ), = A,?LS.
3.Let Y = Xp%+e—2land let S = {k: % # 0}, N :={1,...,p} \ S. Without loss

of generality assume S = {1,...,|S|}. Assume that Xg has full column rank and let
Q= {||IXT¢||o/n < Ao}. Show that, when A > ), if the following two conditions hold

A=A
T T -1 0
sup | XTXg(XTXg) 17| <

7—;||7-||Oo§1 H N ( S ) ”OO )\+ )\O

A+ 20){(GXEXs) ull <8R for k€5,

then on ) the (unique) Lasso solution satisfies sgn(ﬁ}) = sgn(30).

Solution: Suppressing the dependence of BI\J on A and dropping the superscript L for
ease of notation, we can write the KKT conditions as

1 (XEXxs XTXNn\ (Bs—Bs 1 (X1e g
_ T T ~ + — T = ~ ) (1)



where ||7]|so < 1 and writing S = {k : B # 0}, we have sgn(ffg) = Ug. Now if we do have
sgn(f) = sgn(B°), it must be the case that (considering the first block of @),
1
n

and, substituting this into the second block of ,

A 1
X% Xs(Bs — Bs) + ng:Q? = Asgn(5%),

X3 Xs(XEXs)  {sgn(88) — £ Xe} + £ X Fe = M.
Now we work on 2 and claim that

(Bs,vs) = (B3 — (XTI Xs){Asgn(BY) — LxTe}, sgn(BY)),
By, on) = (0, [XEXs(XEXs) H{Asgn(BY) — LXEe} + LXTe]/N),

satisfy . We first check that sgn(Bg) = sgn(3Y). This holds because

(2 XEXs) " {sen(83) — X Ee il < {(EXEXs) ™ alli{AlIsgn(BY)lloo + [1E X el o0}
< {GEXEX) ™ Salli (A + o)
Next

| XN Xs(XEXs) H{hsgn(BY) — 2xEe} + LxTelloo < [ XEXs(XEXs)  {Nsgn(B2) — 2XEe} oo + Ao
< (A+Xo) ”Shlp I XFXs(XEXs) 7]loc + Ao
7|70 <1

<A,

by the first assumption given in the question. Thus the KKT conditions are satisfied.
Because we have the strict inequality ||n]|co < 1, S is the equicorrelation set. Since Xg
has full column rank, we know the Lasso solution is unique.

. Find the KKT conditions for the group Lasso.
Solution: For G C {1,...,p}, consider the function 5 — ||S¢|2. The subdifferential of
this function at a 8 with Sg # 0 is singleton a vector v with vge = 0 and

e
1Balle”

We claim that the subdifferential when g = 0 is {v : vge = 0 and ||vg||2 < 1}. Indeed, if
vge # 0 then taking y with yg = 0, yge — Bge = vge, we have

VG

0= [lygllz < v (y = B) = llve3.
Now if vge = 0 and ||vg||2 < 1, then
lycllz > llval2llycllz > vTy.
Conversely, if ||vg|l2 > 1, then taking yo = ve (and yge = 0), we have

lycllz < llvallzllycllz = v"y.

Since the subdifferential of a sum of convex functions is the set sum of the subdifferentials
of the individual functions, we see that the KKT conditions for the group Lasso objective

1 q
o 1Y = XBIZ+ A mjllBe,l2,
j=1



D.

are that 3 is a minimiser if and only if, for j =1,...,q,

~

—XE (Y = XP) = Amjia,,

where 7 € R? is such that [7g;[]2 < 1, and if BG], # 0 then

(a)

~

. Ba;

Vo, = — .
" 1B, ll2

Consider the Lasso and let By = {k : 1| x[(Y - XBE)| = A} be the so-called

equicorrelation set at A. Suppose that rank(Xp ) = |Ey| for all A > 0. Argue that
the Lasso solution is unique for all A > 0.
Solution: From the KKT conditions, we know that F) contains Sy := {j : BJL # 0}.

We know from lectures that X B} =X N 315 is unique, but then as X N has full
A

column rank, we know ﬁé’ and hence BI/\“ is unique.
A

Under the assumptions above, let ﬁAf\Jl and 3%2 be two Lasso solutions at different

values of the regularisation parameter. Suppose that sgn([g’kl) = sgn(ﬁf\g). Show
that then for all ¢ € [0, 1],

tB)ﬁ + (1 - t)B§l2 = 315[3\14-(1—15))\2'

Hint: Check the KKT conditions. R R
Solution: We need only check that tﬂf{l +(1- t)ﬁIXQ satisfies the KKT conditions

for the Lasso at tA; + (1 — t)\2. To ease notation, let us write BU) = BI)jj, ji=1,2.
Now we know that for j = 1,2,

lXT(y — XpU) = )\j,;(j)
n

where, writing S = {k : 3(1) # 0}, ﬁg) = ﬁg) = sgn(Bg)), and [|719]|oe < 1. Thus
%XT[Y — X{tpW + (1 - 1)) = t%XT(Y XM+ (1 - t)%XT(Y — XA39)
= t\ oW 4+ (1 — t)A0 @,

Now the indices of the nonzero components of t3(1) + (1-— t)B(Q) are S and

sen(tfy) + (1 - 08g) = o) = o) =
Furthermore, by the triangle inequality,
[tA D 4 (1 = )220 ||oo < tM[[PD]|oo + (1 — A7 [0 < tA1 + (1 — t) Ao

Thus the pair

. s AP 4 (1= )N @
M L (1_pna@ ¥ 2
<tﬁ +(1 =087, A1+ (1 —t)\ )

satisfies the KKT conditions at tA; + (1 — ¢) .



(c) Conclude that the solution path A — Bf is piecewise linear with a finite number of
knots (points A where the solution path is not linear at ) and these occur when the
sign of the Lasso solution changes.

Solution: Since there are 3P sign patterns a Lasso solution can take (each component
can be either positive, negative or equal to 0), there are a finite number of knots.

6. When proving the theorems on the prediction error of the Lasso, we started with the
so-called basic inequality that

1 A 1 N A
X80 = B)IE < "X (8 - 5 + A8l — Bl

Show that in fact we can improve this to

LIX (8~ BB < ~<"X(B~ %) + A8l ~ Al

Solution: We start with the KKT conditions for the Lasso

lXT(Y — Xj) = \b,
n

where, writing § = {k : B # 0}, we have sgn(BS = Ug, and also ||[7| < 1. Now we
multiply (both sides) by ﬁOT — BT Note that 7o = Bgsgn(BS) = HBHl Furthermore, by
Holder’s inequality, |8°7 2| < || 8%[1[|7]|co < [|8°]l1. Substituting ¥ = X° + € — £1 yields

LIX( B3+ "X (B~ B) < A~ Al

Rearranging gives the result.

An alternative solution is as follows. Let ) denote the Lasso objective as in lectures. We
have Q(5) < Q((1 —t)8° +tB) for all t. Thus

1 - N 1 N R
SIXE0 = X3+ el + MBI < o (X80 — XB) — el + X8l + (1= B)|°].

Dividing by 1 — ¢ and rearranging we have

1+t - A 1 A
X8 = XBI5 + A8l < ~e"X (8 = 8%) + A8k
for all t < 1. Letting ¢ T 1 then gives the result.

7. Under the assumptions of Theorem 21 on the prediction and estimation properties of the
Lasso under a compatibility condition, show that, with probability 1 — 2p_(A2/ 8- we
have

Solution: We follow the proof of Theorem 21, but starting with the improved “basic
inequality” in the previous question. We arrive at

2180~ B3 + My — Bl < 3NIBs — A8l



8.

Using the compatibility condition, the RHS is at most

Vsl X(8° = B)|l2/vn
5 :

Substituting this into the previous inequality, we get

3AVS[X (B0 = B)ll2/v/n

18s — B3I <

2 X8~ B)IB + Midx — A <

¢
whence -
1 A 9I\°s
e 0 __ 2 9N
~IX(8 = BB < o
as required.
(a) Show that
1 A R
G 6 = — Y — X L2 + )\ L ,
0| X T 6] < 0) =3I BX1z + AlBX[

where ) 1
= —|IY|2 - —||Y —nb|3
G(0) = 51V 3 = 5-11Y — o3

Show that the unique # maximising G is 0* = (Y — X BI;) /n. Hint: Treat the Lasso
optimisation problem as minimising ||Y — z||3/(2n) + N||B|1 subject to z — X3 =0
over (B,z) € RP x R"™ and consider the Lagrangian.

Solution: Taking the hint, we write the Lagrangian for the Lasso problem

L(B,2,6) = oIV — 2l + A8l +67 (= — X5).

The minimising S and z, * and z* satisfy

1

(Y —2)=6

n( z") =40,
= XT10,

provided 6 is such that ||* | < 150 | X7/ < A. Substituting into the Lagrangian
and using the fact that 8*7 X760 = A\g*Tv* = \||B]|1 we get

* * n
L(8",2",60) = S [1ll3 + 0" (Y = nf) = G(6),
provided || X70||coc < A. Thus we have that

1 . .
GO < —|IY — X 2 A )
0| X T bl <A 0) < 5| Ballz + AllBall

To get equality we take 6 = 0* = (Y — X3)/n (dropping the superscript L for the
Lasso solution for clarity) for then

1 . 1. )
G(07) = o -IIY = XBAJ3 + — B X" (Y = XBY),
n n
the final term equalling A||8x||1 by the KKT conditions. Uniqueness of the maximiser

follows from the facts that —G is strictly convex and {6 : || X70|s < A} is a convex
set.



(b)

Let 0 be such that || X70||o < X. Explain why if

max | X710] <\
6:G(6)>G(0)
then we know that ﬂAI/\Jk = 0. By considering f = YA/ (nAmax) With Amax = | XTY [|oo/n,
show that B];k =0if
_ [Y][2 Amax — A
\/ﬁ >\max )

Solution: 6 must be in the set {6 : G(0) > G(6)} so if the inequality in the question
is true, then we know | X} (Y — X3,)|/n < X whence by the KKT conditions for the
Lasso, B/\,k must be zero. With the given choice of §, we know || X710/ < .

1
—|1xTy| <A
n

‘We now need to show that when
Y ll2 Amax — A
\/ﬁ )\max

and G(0) > G(YA/(nAmax)), we have | X0 < A. Note the condition G(f) >
G(YA/(nAmax)) is equivalent to

1
— Xty < A
n

1Y = nfll2 < (1 = A/ Amax) [[Y][2-
Now, under the conditions above,
[ Xi 0] = X5 (0 = Y/n+Y/n)
<|XE (0= Y/n)| + XY /n

”YH? Amax — A
\/’E )\max

< [ Xkll2 (1 = A/ Amax) [[Y [l2/7 + A =
—

using the fact that | Xg||2 = /n to get the final equality.

9. The elastic net estimator in the linear model minimises

1
5 1Y = XBIE + MalBll + (1= a)[18]3/2)

over 5 € RP, where «a € [0, 1] is fixed.

(a)

Suppose X has two columns X; and X}, that are identical and o < 1. Explain why
the minimising 5* above is unique and has f; = f;.

Solution: The minimum is unique as the objective above is strictly convex, and
existence can be shown via the same argument used to show the existence of Lasso
solutions. Suppose then that 3* is the unique minimiser. Let 8/ = 8* in all compo-
nents except 37 = 8 and ), = B;. The objective is strictly convex in 8 so 8'/2+ /2
has an objective value at least as large small as that of 5*, so 8/ = 3* by uniqueness.
Let B ©), B (1) ... be the solutions from iterations of a coordinate descent procedure to
minimise the elastic net objective. For a fixed variable index k, let A ={1,...,k—1}
and B={k+1,...,p}. Show that for m > 1,

Sha (nlekT(Y - XAB,(L;m) - XB/B(Bm_l)))
N 1+ A1 —a) ’

By



where Si(u) = sgn(u)(|u| — t)+ is the soft-thresholding operator.
Solution: We have that

B = argmin {|}Y — X" - XnBy"™" = BXull3/(2n) + MalB] + (1= )8°/2)}

The minimiser B,im) must satisfy the subgradient optimality condition:
1 A Al R «
——XT(V = XaB" = XpBE" ) + B + A1 - B + dav = 0,
where © € [—1, 1] and if B,gm) #0,0= sgn(B,E:m)). Rearranging, we have

som _ LXT(Y — X480 — XYY — A
k 1+ M1 -a) ’

and we may check that the given expression for ﬁém) satisfies this. Note that B;im) is
the unique minimiser as the objective is strictly convex.

10. For the following DAG G

write down

(a) the descendants of 3;
Solution: {2,4,5,6,7,8}.
(b) all sets of variables that d-separate 1 and 3;
Solution: Note neither 2 nor any of its descendants can be in a d-separating set.
Thus we may take 0, {5}.
(c) all sets of variables that d-separate {1,4} and 6;
Solution: {3} U {at least one of {7,8}} U {any subset of {2,5}}.
(d) all the v-structures.
Solution: 1 -2+ 3,8 =6+« 3,7 — 8+« 5.

11. Let Z = (Zy,...,Z,)T € {0,1}? be a binary random vector with probability mass function
given by

p p k-1
P(Zl =Z1,.-., Zp = Zp) =exp | O + Z Ookzk + Z Z @ijjZk — (I)(@)
k=1 k=1 j=1

where exp(—®(0)) is a normalising constant. Show that

logit(P(Zk = 1’Z,k = z,k)) = Oq + Z @ijj + Z @kaj,

jig<k jig>k



where logit(q) = log{q/(1 — ¢)} for ¢ € (0,1). Conclude that, for j < k,
Zj 1L Zk|Z—jk <~ @jk =0.

Note that for discrete random variables we can replace the densities in our definition of
conditional independence with probability mass functions (which are in any case densities
with respect to counting measure). How might we go about estimating the © ;7
Solution: The result follows from noting that

10g1t(]P><Zk == 1’Z,k = Z,k)> = log{IP(Zk = 1, Z,k = Z,k)} - log{IF’(Zk = 0, Z,k = Z,k)}
Now iff. ©;, = 0, the distribution of Z|Z_j, does not depend on Zj, and so
Zj aiR Zk’Z—jk <~ ejk = 0.

We can try to estimate the ©;; by logistic regression.



