The Lasso: Variable selection, prediction and estimation.
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High-dimensional statistics deals with models in which the number of parameters may
greatly exceed the number of observations — an increasingly common situation across many
scientific disciplines. The Lasso (Tibshirani, 1996) estimator has been the cornerstone of
much of the development in this area. Of all the methods in high-dimensional statistics, the
Lasso has the largest body of theoretical work supporting it, and in this note we aim to give

a flavour of the sorts of results one can obtain.

1 Introduction

We consider the setting where we have observed data (y1, 1), .., (Yn, Tn) with each y; a real-
isation of a scalar random variable Y;, and each z; = (%1, ..., %)’ a p-vector of explanatory

h

variables. Let X be a matrix whose i*" row is given by x? Without loss of generality, we

shall require that the columns of X are centred. We assume that
Yi=p+ (XB)i + €,

where each ¢; is i.i.d. N(0,02?).

In the classical linear model, we would assume X has full column rank, and so p < n.
However, here we consider the high-dimensional setting where we may even have p > n. In
this situation, the standard least squares estimator of 3 simply does not work as X7 X is
singular. In fact, in this case the parameter 3 is not even identifiable. To make progress,
we shall assume that the true model is sparse. Letting S = {j : §; # 0}, this means that
|S] =: s < n.

In view of this, it may seem sensible to estimate 8 by ﬁBS(A), where

A~ D . 2 .
(1, 83 (V) = argmin{g5 [V —m — Xb|*> + A[{j : b; # 0}/}.
m,
The tuning parameter A controls the sparsity of the estimate, with large values of \ resulting
in estimates with many components set to 0. Unfortunately, this optimisation problem is NP

hard, and to the best of our knowledge, it is computationally intractable for p > 50.



The Lasso (Tibshirani, 1996) solves the related problem:

(1, B(N) = argmin{g; [|Y —m — Xb]* + A|[b]],}. (1.1)

)

The non-differentiability of the ¢; norm at 0 ensures that the resulting estimator is sparse,
and its convexity makes the overall optimisation problem convex. There exist very efficient
algorithms for solving this problem, even when p > 10° (see for example the R package glmnet
of Friedman et al.).

2 Theoretical properties

2.1 Variable selection

In this section we give some necessary and sufficient conditions for the Lasso estimator to

correctly estimate the sign of 8. We do this for the noiseless case, where

y=pn+Xp.

The case with noise is similar. For convenience we define N = {1,...,p}\ S, and for a set of
variables J, we let X; denote the matrix formed from the columns of X indexed by J. We

shall assume that Xg has full column rank.
Theorem 1. Let A > 0, and
0 = X3 Xs(X3Xs) ™" sgn(fs).
If 0] <1, and for j € S
1851 > Alsen(Bs) " { (1 X& Xs) 7"},

then there exists a Lasso solution with sgn(B(\)) = sgn(B). As a partial converse, if there

exists a Lasso solution with sgn 3(\) = sgn 3, then 6] <1.

Remark 1. We can interpret ||6||, as the maximum in absolute value over j € N of the dot

product of sgn Bg and the coefficient vector obtain by regressing XU) on Xg. That is
1611, = ma | sen(Bs)” (X2 X5) XXV
jE
The condition ||6]|, < 1is known as (a form of) the irrepresentable condition in the literature.

Proof. By considering subgradients or simply directional derivatives, we have that the Lasso



estimator satisfies
SXTX(B = 0) + (u— )1} = S XTX(8 - ) = Ar,

where ||7]|,, < 1, and 7; = sgn(f;) for j such that 3; # 0 (and we have suppressed the
dependence of § on A). These are known as the KKT conditions for the Lasso (in the

noiseless case) in the literature. We expand this equation into

1 XIXs XIXnY\ (Bs—Bs _ 7S (2.1)
n \XTxs XTxy)\ —fn ™)’ '
We prove the converse first. Suppose sgn(3) = sgn(ﬁ) (so By = 0). Then since Xg has full

column rank, the top block of (2.1) can be re-written as
Bs — Bs = NEXEXg) ' 7s. (2.2)
We can substitute this into the second block of equations of (2.1) to get
LxTXs(Bs — Bs) = A\X 5 Xs(XT Xs)Irg = Ay (2.3)

But if sgn(3s) = sgn(fs) then 7¢ = sgn(Bs). Thus observing that |73 |lo < 1 completes the
proof of the converse.

Now to the positive statement. We claim that taking

(Bs: Bn) = (Bs — M(2XE Xg) " sgn(Bs), 0)
(15, 7v) = (sgn(Bs), X3 Xs(XEXs) " sgn(Bs))

satisfies the KKT conditions (2.1) or equivalently, since we are taking 3y = 0, equations (2.2)
and (2.3). Indeed, our assumption that

181 > Msgu(Bs) " {(5 X5 Xs) "1}
for j € S ensures that sgn(3s) = sgn(As), so the condition for g is satisfied. Then checking
(2.2) and (2.3) is easy. O
2.2 Prediction and estimation

In order to understand the sorts of results we should expect for the prediction and estimation
properties of the Lasso, let us first imagine that S is known to us. If we knew .S, we could
simply apply the least squares estimator where we take the design matrix as Xg. If we let
B* = (XEXs)7'XTY and write Qj; = (%XgXS);jl, we have

3



0'28

E(LIX(@ - B)I7) = 2"
so 1
EN8* =Bl =—F%=x = : (2.5)
=y

We shall show that the Lasso achieves these rates for prediction and estimation up to a
log(p) factor, and subject to some conditions on the design matrix which we now discuss. We
shall require that there exists a ¢ > 0 such that for all b satisfying ||bn||; < 4|bs]|;, it holds
that

s || Xb||”
ng?

This type of condition is known as a compatibility condition. We note that the constant 4

lsli < (2.6)

appearing in the definition is quite arbitrary and could be replaced by any constant greater
. . 112
than 1. Furthermore, we will require that the columns of X are scaled such that HX () H =n

forj=1,...,p

Theorem 2. Let
= Agy [ los(®)

n

Then with probability at least 1 — (1101*‘42/8 + p753A2/(2¢2)),

25A2 025 log(p )
@2 n

X3 -0 +a||5 0] <2x5/02 =

Proof. By the definition of (/, ﬁ), we have that

~112 ~
Lot + x5+ e—an—xB| + 7|3 < & el + A,

R X(B =)+ 5@+l (@27

IN

Define the following events.

= {3]|X7e], <72}
Oy = {& < 5M%s/¢?}.

It is straightforward to show that P(2; N Qs) > 1 — (p1*A2/8 + p*55A2/(2¢2)). In all of the

following, we work on €27 N §25. Since

X (G- p)l < Axell |3 -6, < 3| -
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we have from (2.7) that

x@ -l +2a]gl|, <255, +2x180 + 5325002
Llx (8- ﬂ)’ i + 2 H/BNH1 + 2 Hﬁs LS Hﬁs - ﬂsHl +A HﬂNHl +2X |85l + 5A%s/¢?
- a o, <333 - g, + 5325762 (28)

First suppose that HBS — ﬂg”l < 5)s/¢?. Then from (2.8),

N 2 ~ 2 N ~
X(@3-9)| +2 XB =) +x|3u]|, +7]|3s - 85|, < 254%5/02.

-4,

1
n

Now suppose instead that ‘@S — ﬁng > 5)\s/¢?. Then from (2.8) we have,

A 2 A A
L|IX@B =) +x[8v], <ar]|gs - 8| (2.9)
so in particular HBN — BN‘ . <4 HBS — BsHl. Thus
. . 2 R ) . 2 . .
wlx@ =l o -al, = ax@ - ol ], s - s
< 5|85 — Bs|,
S )
ST e o
where in the last line we made use of the compatibility condition (2.6). O
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