
Stochastic Calculus and Applications (Lent 2020)

1 Introduction 1
1.1 Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2 The Wiener Integral . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
1.3 The Lebesgue–Stieltjes Integral . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

2 Semimartingales 12
2.1 Finite variation processes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12
2.2 Local martingales . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16
2.3 L2 bounded martingales . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22
2.4 Quadratic variation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24
2.5 Covariation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32
2.6 Semimartingales . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36
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\. rV\troduc+\oVl 

I.L Monva~o~ 

ODE : X (t~ -:: f(x:(C)) - f~J.V~GbM.oQV\.k1 il'l o..V'0.\~'5i~ 
SDf : X lt' = Fldt') T 1_1t) 

\. rnwlo~ ml~ 
w~ dv~J , be? 
For lt-c;( >)0> 1_lt' uvJ '1_(s) ~u1d 6e_ e.~~~a.lld i~(Ad~+. 
"1 !diD I i ~ n 0 VI i ~ ( t) O..IA.d 1'[ ( <;,) shou..t1 \)Q tv>dep~ it ";;, +t ' 

~\, ()Vl 'I(_ dwr; nd- eXtci' ex; 0. ro.~. ~cno~ ' bu.t ;t 
~c;~ o.~ ~ ro.vtdoVV\ Sc1W<lrtz dlc;\v1 b~~n o.vtd ls Cc\ll~d 
v~~ ~ t9, Noi ~e. . 

If ~ wos D. ~d\o~ J %r em~ 
i V\C.K: IW2. V\ ts -L; 

x:lt~' - x It;_,) -=- S 'ltls\ ds 
t~-\ 

~~(Al~ be 'tnd~~ckVt+ ~ ~r vo.~a.ttCQ propatlo~o.! to 
lb.~ t.-~ l l b~ ~di vid·,~). 
4 X ~holJ.~ be_ B~OIA)V\\W) tnoh~w) (}.~ " B , \ 1

• 

BM is rot cb.'Ss'tcolll\ ~lm€Y\t1c:\dQ.) M ~u: Co.v1 lnhprd­
fuz SDt os, tk 1fra\ ~o.~cfl 

xlt) - xlO) .. ~ R xls\) + Bt. 
0 
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lhi'SI t~V-o.h()n CO.h ~ so\ved If f \) Lipscki k, for exo.VV~pl~. 

If ~ i) a. 91\cdh ~ckOVl, dCR<; q(xlt)\ olSD ~Hs~ CAVJ 

~~k~ ~ If xtn v:nc; a. saluli~ 'fo OY\ O\J£1 ~ ~d ~~ 
it s (xlt) 1 = s1lxlt)) X lt) . 

SiVQ ~is n~ a ~c:h~. this Is fw-n~ c:Mt to IX> IY\0~ 
~ b t-1(? for ~DE~ .. 

DNI. ot tWz MU(n ~~ ~1 ~l~ crors~ 15 +o l>-nckr~ 
hCXN to tvn~ 92-hS~ t>f ~is_ 
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I. .t fu w·~~~( llt\~8rul 

lJ:fu. Let (D }~ P) ~ o. ~robc.lb l \ ~ ~(Q_ . S C L 2-(Q , ~ !P) 
Is o. Go.lA.sc;;io.VI spo.~ if S is o.. do~~d liV\!2Qr S{,\bspa.-UL 

O.V\cl cmo X E: s i<; u (Jo.u.sc;; \ovl fnlr\dorn \{O.Y)()bf.e_ 

rxo.rv,pk. Let (.Q, t) IP) be cmtl- ~ bb ~ \\~ ~CQ. 0¥) whl~ 
tkte {<:, Q S~WLY\CQ. q- (~e.w:kvtt ~OM vo.n'<Abl-e.s 
'>( rv JH01 I). ~~~ CXJ Is a.n ~r+hont:~rrmJ ~~~-kiY\ ifl 
L'-l.O, r, \P\ i~e. 

J ) 

t''-X·~~·· /\~. J \j 

o.rd s = srV\tx~~ is Q Go.u.sslo.V\ ~f-Ul. (berdse' tk 
li~it _if'l ~ f)~ 0. S,WMCIL ff Go.lA.)<;\o.Y! ro.rdofV\ \lo.v)~bks 
is <l~lA ~c;SI0-1\_) 

~ ~t H k o ~robl~ f·fiiW ~(Q OJIId en, ~P) as 10 
~ EW.\Mpl'€.. ThLn ~ Is O.V\ iso!Y'Q~ I: H > S. Th.u..~ 

• fO: ~\k~ tE ~) ~ Is u roN:! oM \IO.nub~ ICf) wlrut 
ICt~ rv }flO; ({Jt'H'. 

• For t 3 E H) (l)t'Q ~) [I(f) llj) = (~ 5 )H ' 

lh fod, I(~Xft~3)=- ~1(f)t~Tb) ~-s. 

Pro~f ~t l~i):, ~ OJ) {)rtk\Jncnml H~\{tert b1.s\5 fa- H. 
fOr fE H, sd f 

Ilf) :: (f~e~) x~ . 
\=o 
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fu. liMit e.Kish in I! .s.inCQ. ~ C{e,) X: Is CA Cuw:\J 
~9\JJL\It(Q: 

~ 
k t 2.1 ~ 2. 

F ~. (f,~~) x~- ~(f,~) K. J s.~ lf,d -4 0 si~Ol. fE H. 

lh toc+J lt-4 t lf}~~) x~ rs o. ~~n3o.~) so -\k liMit 
o.bo ~ish 0-lrrtc~;\- s~\'0-. 

To S\'Q. ~t ~ wop l Is o.n ~a~tnL it ~ tfim~ -b 
MiL tkt.t it ~ fk O~nt>f~ ~~S (eL) fo t~ 
ott~nurral bb&"" 0\) . 

.1!1!1 A Guu.sshlt\ Whtk Noi5R. on ~ i~ on F..o~ 
INN froiV\ l:-l~) lVlfo o. Gav.S) io.Vl ~· fur Ac Rt- Q 

Bu~\ ~t vw (}_)rite_ WN CA.) "" WN llA). 

~- C) FOr f\c!Rt Bc«J ~~ IAI <cxl 1 WNCA) "-~N(D)AI). 
li ') for A, B c_ ~ M.l !J.:ll~ A n B = 0 _. WNCA l LWld Wt'llB) 

... o~ inder.-0mt ... 
l 111) It A == g A~ fc:r d1sj OW)\- s4 A~ os, ob~) {i.Q V1 

W~C,\1 = ~ WNck) in ~ ClV\d o.s, l;t<) 
\ - I 

~ ll) kolds Sitel. (~) 4) ~ lA\) (iL) hclds Sn.C{L 
[E w.N (A) w N (~) -.,_() 0-VI.d 1M'\ (_~~I~ d ~ oiVI H ~ ~\,l ~ (Clltl tu.T'lliDYVJ 

\fO-()o.~~ ~ \1\~t~tj _(iu_) fo\\o!$ frD~ ~ fo.d ~L\t 
Mn ~ ~ WN(Ao) I) () [1'\0.r+l~ak bo~ I() L . 
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Up~o t. WN I oob, h~ o- RW~cb tv\ PWo sv..~, 
A~ EC~Rrl H WN(u.1J A) ror l,.:)E:D) 

b\,\+ it b rcl. lh~ e.\mt EcSl o~ lt-)~\ch tk 1 CWVtkb~ 
odd.,\-ivi~' l>f) hotls defVld~ (l)V1 ~ &ts Ac. 

fu- t ;:: OJ detir11t Bt = WN[OJ]). 

fud. For (J{t~ tv-)n) tk2 vector ffit~):, i~ J~lrt1i0 Gu~~;.lo..~ 
oY\d E~ Bt ,. s"t for o.i\ s.J ~o. N0~"~ 15,, o o..s. O¥'d 

Bt-Bs is ~~~~f cl crCBr,r<S.) ond '\)~{0, t-~) 
tor t> s. 

~ l~ AP). ~ Is C\ IY\~itlco.koY\ d- (Bt) ~..t. t j4. Bt is 
COV\hYlUD\,l) o.lm~ swel~. 

\Rhl. "This P'"~ 1~ eo.ll~ B~rlo.n Moh~n. 
" ExoMp~. W "ft C"lRrl l:e o. ~kp bdion f ~ ~ t ict:.~,L ~{tk 

~ WNlf' =o J fc l~; Btt ~ 
' .... t 

This rn.ahv~s ~ t\clo.hl:K\ 

WNlf) ~ 1 t(.s) d~. 
~1 31\cQ. B rs ~d ~~ bvlckJ "'U.~(}~01) 1\\1~ ·~~~d is t\ol­
~t,I\Rd in {k chsslc.u\ Lle~ s~ut- Sf,e_l~~ )QI\St. 
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1.1 ~ ~~~\.lll.- Sh~ltje~ (\r)~wl 

fu o.VJ il\-kMI Ic lR> ~ ~un~~ ll.SR ~ ~~ cr- oJcpbrQ. 

Mn. let T>O_ 

• A sw\Qd fuQO.S~ ~ ~V\ [o, T] is t-he difftf('_\f\(Q_ of- iwo 
fl\U..htQ 1\ 'J- &iVJ8u.\a.r ff ni 1i fbSi hw. 17\e<l. )~S fAt 011 [ 0 J]. 
TI-e dec.omposlnon (J. = f-\t- jl- ls cu.lkcl 1-k tp.bn- JordQ!) 
dewmpcs 1 k 011 of fA . 

· ~ toh\ vo.r1ah0'1 ~f f"' f-4- P- is tk ~sltive rneQSUJt 

l~l-:: ~+ + fJ-. 

~· lHu.~n- JordCAt\). ~ o.~~ p!r.>·, ~w Pl~~ f, urd tvt~ 
01 [0 ,T) ~ 1s. !A s~~ct' f'V\Q.a.~\.l~ }A s. +. f ':, fJ.1- fi'-. 

fraof LeJ t:>= t-t~ + ~!)_. % tk ~adon- N.lko9J\'111 fuoreVYJJ 
th9~ ot€. ~~ f!Mdi~s t :>Q CJf\ [01Tf sJ. 

~~(dt~ = f[t) \)(dt). 

l£~ flt' ~ f,lt}- f~lt) . The~ 

~~ -~~lldtl = fH-) \](dtl = Btt ~(c!±)- frtr 1!rqp1 
f4 (df;) ,u-Cdt) 

~ HW: fl t) "o uVId ~tr = - H ~" o a.~ ~ rf~hYe 
and ~fhve parts d- f(t). This ~~fv~ ~ deco~\ful'1 
i1r1 fo d1~ jail) t O"QQ.SUI'QS f-4 OJI\d _ . 
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o Tk f-dul \K.wP.hoo of o. fuV\cfit)tl a. : to) T 1 ~ R (c; 

Vo. t 0 T) ~ SlAp { I_ (CAl t ·) - CAlt · _ ) \ ~ 0 ~ t < t < --- < t ~ 11 ~ ) . (., " l 0 l () ' 
(..::: f 

fX>J-k~on (tX., d [DJ] 

• A f-~A~choV\ o. • I], T] ~ R is dt tou.Vlded vurio..h'o~ 
lw~~ O.E ~\J[O,T]) i\ Vo_(D,T) coO. 

~-
li) l£t fA ~ o ~Y\llO\ fY'Q(lS l).fe 0r1 Lo, T J. lh: n o.lt) ==­

~(WitJ) is co.Ol~ ().1}\Q of bo\kvd~d \la.nWio~ UJlth 
I~(~O,TJ)I = VI4(0.J). 

hAlf ~n irJer~ 

lil) ~t u ~ (o, TJ ~ R. ~ ffidl~ ovtd & todd \Ja.rioliDn. 
fu.~ rkfe t CA si~ fY\QJS\JJQ. f s J. olt) :> fl-IDJ t1) . 

fud (~PM). The o M f.~ Ht) ~ \/([o)J) is o. 
bi~~c~DV\ from fivtl~ ' · ~uf€S 011 [01 T] lv 
incl"<o..si'5 Y\Tt- COI1hnV-ws. fwle-kon!: (~\ch DJe cQ&laj. 
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ProOf of pnpcslkoV\_ W Lef- ?-=f4-f1- be lhe HrAhn-hda11 
d~composi n\) h cf ~ ' Th~h 

o.lt) = ~([OJl) c:: ~)-~f) is ~dl~ 
o+-lt) ct-lt) 

S'IV\CQ Ut Ole. cad IQ3 ' 
Clo.lrn: v(),LO)t) ~ lfAI(LO)t1) 

l~d~, k- 0.\'\4 po.rh hoV1 D< to<. t <.- -- <.in< t of LD~ t]" 
.n 0 n 

~I l (} ~~)-0\ h-1) I "" ~~ I ~((h_l JJ I ~ ~~ lLO) t]) 

~ v~JD)t) ~ l~l((f);t1). 

CJo.ir~: For 0¥\~ rw_\;kc\ ~wmm Ek prf1t\01s (t~r:; 1.0~~ 
skp Size 6[t~1 ) ~ ~~ ... lt~~~- t~~~~ I ~ 0 o.~ ~--+Oil; 

Om 

lfAillDAJ) = ~~ ~ lo.H:)-olt~) I 
Thu.~ l~llLO,t]) ~ Vr.lDJ). 
( \ ( . d 11 L \ . \' ~ f -~ 1 lf-tlldt) 
V\0020 I CDI"\S( er w rombl I l"\e.U8-k~ \'u;tv = I 1((0 t]) 

OY'\ (OJ]_ Let p- ) 

~m ~a-lL~;L~ ~ I~L~OM) S. /=IY\t-1 
1 

X::_ ~ ~ i&ij>p~+- i~~-, 
X~~ [[X\ r r¥\1. 
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for SE (tl~, ti1
] ~ 

_ tlCtl~, tlr>J) _ oltt>) -o.lt~J 
~(s) - lfAIU~~), tr1J) - l~tlatt:) ~J) 

~> fiXrV\1 = lp:lLD
1
t1) t \o.Ltt:) -oltf')l 

o.~d ~ cb·,M. is IE [Xvtl + I. M ~~ J LXm_) is o.. 
bolkY'Ck~ rvut+i~ok) 80 fute /<::, ex ro._~()IV'I vo.ncJJk. ~ s.t 
~ ~ ~ u..~- OJ~ i~ ~ _ Thu.s 

lEIXrn\ ---4 EIYf. 

B~J~-t ~{\(1 tr( ~ t:'m) = ~llO)tJ) we ho.ve X= Y a.s. 

The cb_·,rn foiiDN~ b IE lXI = I . 

(ii) l£.t o. ·. [O;T1-d~ 6<. o.~:, li\ ~ sk.~. We ~ O$oJv~_ 
frat o\O)~Q. ~ 

~ \t) = i(vnlG)l!: o.Lt)). 

ClaiM', 0±- Ul{ irtCI{!J.S·I~ 

L~ s>-1:. ~T 0~ +a< --- ~ tn ~ t be. o.. po.r~ hoVl of Co, t) 
U.V\d r\0~ f\4 0 S ~ ~ --- ~ L, ~ L < S h CA ro-rH~ DV\ D{ [0,5]. 

~ 1C4ls) =- V0,l01':>) + o.b) > t [alt,; \-ulh)\ + ja.ls)- olt)/ ± u(~ 
J-( _J y 

• > + (t) ~ VcxlO,t)- ~ - -Q 
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-) n{ (s) ~ a± l t) > O.± is iv-~c.rea sl~. 

CttiM l ~ ~Mpk Sht'Q.t). Vo. i'":l ~ht -(C)Vltin~.tW.S 
=~ ~ ~~ r~nht- coV\~n\A0(,Ls 

~ Cl± lt) = ~;~:((O;t1) fff ~:>itl't~ R~cti IY'«l.~Ll!e<; fA+ . 

W pc == ~-~- - fL . ~ fk ~o_hV)- ~OtduVI ~~ }J.. is a.. 
siBh2d lv®.&w~ ovd-

a(t) = a+(t)- aJt) = fA(lDJJ). 

txuW~rlt. ~~N2. o. : Co_. 11 ~ R b~ 
O.lt) ~ J I (i<L) 

lO lt~i_), 

=} ~0. ( 0)) =I) fJ.:= ~~~-~Ill., \~\ ~ ~\) t~ 112.. 

Mn. Let a ~ cri.dl~ cmd cl bwJed vanlilioV\ ~\~ 
ossac.lo_ "kd s.iB ns;d IY\QO.SAP( P- . fa tE ~ ( [D, T 1 J lf-1\) 1 ~ 
LR.~scoWl- ShQ_Ite~ lrt{ero--1 ~ ckf-;~ bj 

it HIA\ do.lll) = J ttl.\~ ~l~\,\' l a~~< t ~ 1J 
& (&tl 
:\: 

i H~J dulu\\ = Jn R~l ~\lct~ 
MSJ lN~t_ ~o o.)lt) "" ~t fLu.) dolo.). 

0 
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Fad. lef o. ~ [o, T1-} R be ~dl~ OVId ~V. Th~L~ 

r ~u) dulu) I ~ r IRu)\ [du(u\1 

o~ #w hV\diOl foo ~ [D) T] ~ ~ lc; ~dl~ cmd B~ wi+h 

sia~ ~~'«\~ S1WVJ ~ Hu) du(u) OVId iuia.l vono.h'm 
IHlA)\ Idol~) I. 

~ ld !A be. ~ ~~ o.M BV. t£+ f ~ bou.nded a~ 
letf- Q'.lVlfif\llUtS. let (f:~ ~ 0. ~Wmdl. ~f ~rfiilDYL5 
of [D, t] wili1 .6(iY"'l ~ 0 Q<:, t\'\4~. ~ 

t n 

l f{Ll) doli!) ::c be r «t~ t o.lt) -u(C~)) 

f R!!)ldulu)[~ [iM r Ht:) jq(t')-o[t~~~)f. 
0 ~7oG ,=, 

fiid. Detih~ f "'(O) ~ Q, fm( s) <= f ( c:) if- s e lC', tr'J. 

~ fls)-= ~~ ft-~(s) ~ kf+-ux'lfihlA;~· 

~ ! H(~)(oJtr')-o.lt(~)) = f t~J~) ~&k) ~ J ~'b) flld~) 
~~1 (O,t} (o,tJ 

Simi far/~> Sf!Y) d~ ~ ~f dlt.A so for fkQ se.cof\d da·,m) it- 9.tl'flces 

m s\"C>w 12 Ht<~~) lalt~M')-o.lt:')\- ffm dlpl[ ~ D ~rei~. 

~fn. A ~r\c.HDn a: [0, oo) --,\ R ~ of fi r·,t_ vo.noJi DY1 ( ct E- FV) 

If olrt>,TJ E BV f()f cJI T >D. 
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1. ~Mif'I\Urh~b 

fi-OV\ VlCM1 0111 l.Q, ~ (f:t\>o, IP) ic; a filh:J pro6blh~ 
~rn~-

MrL fot- C>- ~') x:QK[Dpo.)-+(Q ~ SQ~ f-h!l.f 

• X ~ 9kd if Xt:: Xl·J) b ft-P'mSWQ~~ fm (llli~ 
p X i~ c_O.d IQ3 if X(w .~·) ~ lo,oo )~R Is ffidl~ fur o.l1 UJ€:~ 
• X is c.ontlnv..ou.s, incteo.sivt9) de aVJo\q3ou.s ~. 

Nofuhoh: w~iQ. X{_ 1=" to de11ott. fkd a. ru.~ va.vlub(e_ 
X is. Hl.a.Wo-.6\{ w.r1 u CJ-olf610 'F. 
l J F; tti t_ vo.bo.boV\ prootSrse.s 

!R.fn. (i) A fimt vo.vio..~on pm>OO i~ (} prrus.') ~t Is 
c.QdlQ~ 1 ~chp~d} O.Vld ho.s ~ni"t9_ ~Q~uhD'l fcf a.l\ U)EJ2. 

(il) "fk tdnJ VCk~O.~~ [XOCQ.§ Cl':l<;cri~ fo U f:rt;'tL 
mnCA.kOV\ pro~<; A is 

Vt = f [OAt!. 
a 

~- ~ {nk\ YU~ ~S~ is c?J.d~ olnpkd oruJ 
I liCit 0-)I~ . 

R-~. M V is c~d!Gg 0-d+.J fo~OJs frOV\ &hMiflibk 
r() rfie_~ J fk Lt~~ (,&_-s~~~j-ts lv'\{e~ru_l ~ltlt. gJjm). 
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To shdA) ~+ V i~ ud~~d) kt lfrJ) be a 1\Qs.kd 
~\1\CU. of ~rh~~vt\ d lD .. tJ wl~ l1W"'l) > 0. ~ 
~Ve S€QV) itoJ ~ 

~ 

Yt =b~ ~ lAer~- Atr-~ IE~ 
bem[()~ ~obd; ~ ~-SRN~ ~ rAJ~ li(>'lh_ 
\h~,~.~ ~ 1s o.ckp~ , 

\Rh1 W A b< u finiti vaffihorn prncoss ~ lEt H 
~ o. proCSLS5 soc1 t\.o.t 

\I wE:D \J l>O : ~t lH.,(w)[ IdA~(~) I < o0 . 
i) 

Th~n fk proCQ<;<) H· A :c((H ·A-)t)t?o is d~fir\Qd ~ 
t 

{-\ · 1\)t = i H~ dA~ . 
To ~ex,o 1-ho.t H ·fl i~ cc\uple~ \1\R. 001.d o., cordi h'on . 
~- ~ ~did-o.~e cs-~bro. '?0'1 D>< [DP\)) is 
ttw (j-ulrb-o ~1'\ero--kd ba ~ ~~s 

E.x (s,t], Fefs, sd. 

A prol2.ss H: D. x [o,~) ~ \R is p~d ic.tCA~ if 1t is 
'?- MQu~~~ab)e. 
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l:Mn_ A p{OCQ<£ H is siMp~ ( w~~ h E E.) ~ 
n 

Hlw)::) = ~ H~)~) il~~)tl] lt) 
for bV\d~d nAV\doM vQv) a.~~) H L e ~. M d 0 == ~ ~ ~ < ·--. 

fQd. Simpl-e. ?"CX2.§£<;. ore\ tkir poUAt~\~ !iM;h OK: 
ptd.,c.-\utl~. Hev~m ochpied IJ+-ccn~~ pmcosses rue 
p~-edicJ~~~. 

fucl. The Brsl- do.iVV1 ic:. cla:tr fron~ ~ ~~r\i hon cu'~ ~ 
fud fho.t tr\QQ~~r<Aiaili ~ is p:~~r\Rd lli\der ~OtVlt wi~~ liM'd-c\. 
L£+ 1-t tR udo..~k?d W- cont-i nlA.CU~. lh~h Ht -4 Ht wk!J( 

..n.. 

H~ :0. ~ H lH>rll ~tl-1)2-"J il-"J (t)" n . 

Sir\CQ H is o.~~d, H V) lc:, St~pl12. oll\d ~u.s ~d i cto.ble. 
Sino. H is o. ~f\Tlk)i'il-'< liMit) 1f b oJ~ ~c\\'cl-o.bfe. 

hl. let H k ~dicluble . 'fkvt Ht c 1i- : = cr( ts ~ s < t) . 

fOCI-_ l£T t-1 ~ och~\e.d co.'d 10.~ . lWM Xt- ls ~kd 
kH- -c.cnhvtl.lO~) fD ~~do..kk. 

&o\'VI~~. • BM is ~dlda.bf~ SV\m c.ant\~s. 
• A ~b)(y) ~~ (Nt~ 1<) ~td ~d~e ~n(Q_ ~r'h-. 
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~ W A be a. f;r~;te. tva.~o..hO'l procec;s) OVlc\ \d H k 
CA proce~s su.c.h fltQt i /Hs/w)l/dA.lw)[ <oa -b oJI G) w. 

The_~r~ H · A is. G\lso o... f-i"i k vo.n a.Ho~ prcxJL~s. 

Emrf. ~ p-operhes .3·~veh i~ ~<9n I. 3) ,fa , eve~ U)E-~) 
( H ·A)( LJ) ·) is d Fwt~'tD_ vonaJi6n OV\~ md lo.J. Thu.s rt 

DV\1~ remuln5 fo sholN ~t H· A is o.c:¥d. 

Rr~t +hi~ i~ f-ntt it H( VJ, t I e ftuNJ (t) ftl(,.)) J u.< v) t tfu : 

(H • A-)t ~A>J) = ic(!.:>) ( Al~NJI\v) -A( wJ t-(\ lA )) 

~ ~ • A)t €: ft &iflel A is o.cbp~ 

~ ~~raJ eo.~ toiiCVJs froiV\ o. (>'\WJoVle dc~s.s o.~urroJ . ~+ 

n::: { E xlo,v] ~ U,VJ EEt~.~.~ c .D. K[Opo), 

tk_Qrl~ 1 n i~ lA TI -~SkM ( c.losed u~dlli i~~OV) 1 1\tW,~~ 
se~toJifl& ~ p~dlclub~ (J- rJF-u. ~£.+ 

\) ~ { H: .Q~e[o,oo) --t- IR: H·/\ Is okpkdt. 
Th(l_ h 1 ~ \J, iH & \) br H f n) o.rd if o~ H, E 0 tNith 

H" t H ~ HE-\) siVlm tl"oo.~u.rrA6d;\y_ is prec;-e.rwc/ 

wJQr e)vtfwif,-Q./imi~. This r'\QQI'\~ ~1 ~ ~~ o. ~ 

do.~s- B~ ~ trtmo~ dQs~ ~Wl (-7 PM)J )) conkrns 
o.ll (x}lAvJecl p~didable rxo~e.s. 

fur ~ W'lb.rd~ ) ooe CO.V\ ~ H" ::: t-f" n) v ( -n) ~ M 
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\H"I <\HI Cl.rcl H~ H ~infwis~. % domiro.-kJ COn\le~J 
Hn ·I\ 4 H" A friw:+wi~ ·IV\ L..?) t. Tk clo i M k thlls 

hu~ ~\1"\tt MQ(AS,WQbdJ~. is re~ed ~ poivt-h.o\~e 
( jt\11.1 ~S . 

.1. :l. lroAI m.ostlngo.les 

Frcm roN 0n) O..<tsui1\Q lO.) ~ (fc)) ~) ~hs fk'":> tk 
LL~oJ c.1rJi hrnc;. (-+ AP), \.e,J 

• 1=o C!DVlhi ns al\ P ~ null ~ ~ 
• (~) is ri~~t- COl\~ vt\tO.ls '1 .e . fi ~ Ptt ~ [) ~ h all s. 

U J ) S}~ 

~- lOSf) Ld X ~ o cadi~ odo.pkJ il\~~~~ 
proms<;. ~ foflovind o.r~ €.9WvcJeJ: 

li) X i~ CA trurfi ~~ : flX.t Ts) =-X5 o. ~ . for a.ll i ~ s, ; 
(i;) for all JopPi~ h~ s;) T w~th T but~ ) 

XrE:~ cmr\ IE(Xr('f5)= XSI'r o.s. 

(iii) fa o.\\ ~vt +·,MQ;. ~ ~ proUD') Xf wb~ X:""X~ 
i) C\ Wlcurl n . 

(iv) for cdl bolJJI\d~~ b6ppl"'d t;~ ~ 
XT ~ ~ QY\d ltlXr)"" ~(Xo)_ 
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~o..tr) if X ~~ u.v\1farvtl1,4- ·,V\~ro.ble~ tkuVl li"1) &: CN) 
hdd tc:r oJI skW1~ tiVWls i. 

If ~ ut-e p~~ hMs T t) such fhof T () I c{) as 
h~Da o.rd xrh is a tylp.r~Jale fa e.v~ n. Tk 
~nCQ [Tn) b ~J fo l.lCQ X, 

Examrl~. (i) ~ rrortlrw\e ~~ o. few\ Mor\1~~ . 
(Tok l, =- h o~ LL~ OS!.) 

C;) ~t (Bt) ~ a Jurdo.td E>M 0h ~ _ ~'~ 
()\)~~~ ~ ( 

1/IBtl)tz.r is o. lefa.\ rvvr~nJWe bJ nd- ~ 
MO.rtiY\5oJe. 

11m£. Hrd:~ 0\) cuvmd be o. rro.rHr~f'~ £>lvtco. t+ M:) 
~f f!Xl <OQ ) fXt --7 o. 

To s~ t-ho-1 l><t) is CA 1~1 mo.r+-if\3ok h.Cl\Q~l~s 
~coli tkt for f f ~ (IR_~'\ .) 

t-
f( Bt) - flij,)- i f ~f( tj~J d s ==: Mt 

( 

]c; fA ru~~f\Cf>.~· We. CDtt~d- ch~ fix)=> Yrx1 5\n.m fhb 
f lc; rd ~ed nm.r 0, 

LtlJt tnE:C~U~) k s~ thcJ Hx) = Yfxl fo( bcl > ~ . A-1~'0 
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~f-- Th ~ in H i-> J : \Bti < A ~ . ~ 

XtAT11 - X, = f,JBtArJ-f"(B,) = N.t1" 
slne9. tin : 6 1~t ~0 -lor lxl? h 

~Nh;ch tv\.QO.h~ tkt xrl\. i) CA. • 1\'la.r\if\jQk>.. TD S.~VJ #-a+ X 

i~ o. locul wwf-ivtjaft1 1t- ~MOJV\c;, 1o <&ho~ tkoJ T(\ -+oo o. :s. 

~ Ckr~WVI2Vt1 h fhk ~~ u sh~ocd +hck Let 

~ "' 'In f{ t ) I : I Bt I > M ~ . 

~ OS\) sll\dL X1f1 i~ 0- b~ f\tnfh(lsuk:_) 

IE Xr"~~~ =- lEX, < 00 . 

Bu.1 CA\~o 

IEXTnASm > hPlTh<SM)+ Orf(Tn>S~ 

:::} A. Tn <.q)) = P ( Th ( lim S"") 
yY)~dO 

~ ~ P( Tf' < Sm) ~ ~ lEX, 

~ IP(~~ Tn<oo) S Ji~ ~lEX, "'0J i.e. T~~cO a.s. 
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~· Le.t X ~ o. ~n~ve. loco! rvtru+\rwle. T~ X 
~~ u &frrorhAPk. 
furl_, 1£t lTn) ~ C\ ~chcJn3 ~l,illi'KQ. ~ 

IEL><t l f::eo) = fE~ ~111 I fs) 

< l~f IE(~"Tn Its) ~ CO'lJihon~l Fobt 

"" ~~~f XsA1n = Xs O.S. 

fu$ [_g_t X ~ o. ld ~~ok oro\ ~ ~ ~ 
is Z e:-[J sl 1~1 < Z fa a.ll t. .Thm X \s o.. tm;h~~­
IV1 pot+iuJorJ ~ local rY\Urh"3C\.Ies ~ IY'ari1"3ok. 
!loof. ~rei~: prO'Le d1f€_JI~ lw:R. OCJ). It uh.\) follows 
tm~ t\...Q tollo~r~ ~vuto1 m~0011. 

~~ l~ ~ ~). LQ_+ Xc~. ~ fk2 ~ 
~" { IE(X 1 b) · b c. r i~ o.. 9Jb-cr-o..\fbrn. ~ 

is LlV11(-orMI~ fvJe5rcJle (Ill)) L.t. J 

~ IE(l'rl ~YI )J ~ 0 ~ A --H~ . 
YGX 

Vi{u.\i's fucteM. X~~ -7 X if) ~ i~ (X,) is Ul mJ X -7 X 
in [1Cb6!\i~. 
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~- lho. folb~n~ Ute ~WvoJ~V\t: 
(()) X is o.. vnwh~sufe. 

(b) X i~ CA f£m.\ nno.rh~e. ~d fa- ~ll t>O ~ ~t 
Yt ~ { X1: T i~ o. ~\tW~ h/hQ. \Nirh T <tj is UL 

M. (a)~ (6). kt X ~ o. rnur+iY\3o.l€. B~ o~ 

X1 : f(X~; I~) f0r o.~ do~~ ~fW2 T ~ t. 
~ tk los~ \-eMma) H-t~c; Xt is Llt. 
(6) ::>} (4) let X ~ o. l0e.a~ fVI.o.JiV\~0..~ ~d o.~suntQ Xi 
Is Lli fa o.ll t. B~ Ost 1f s ·at to bh<9VJ Hmf 
IE:.Xr.,., lEXc tor o~ Cwrd~ s ~~ ti(VU( T To .sea.. 
thisJ kt Lt) ~ a.. tedl.lcin3 s-e.9V-QY\Q2. f0r X. 'Tho.VJ 

fE ~ = ltX~n = [ Xfn ~ t XTnAT . 

S1(\(Q_ Tn" T ~ T us. o.V\.d {XrA1": n>o} ~ lliJ if 
folloV-)s +hot Xrl\r" ~ XT ·,V) ~- Thu.s rtXT-:o E Xo C'lnd 
x ic;, (]\ IY'a.M-iVtwk. 

Fo.d. ~t X ~ o.. cmbniAQ!k.}. ~kd ?toa.s:s ~itvJ X=O. 
~V\ sn , i(S{ t >0 : IKI ""r)' o~ sffiwin& hVVQS, ~ 
Sn 1' DO a . ~' QS t\ ~ (X) ~ 
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Prop. Ld X b a- con~VtiAWS [ocu,l IY\~n5o.~. TNm #tQ 
~lWYicQ of- fk r~t Wd- ~4uULS X 

M. l£+ (Tk-) be 0. tediAUV\~ ~WVI<.Q_ It>! X. 8~ 0~ 
XT"-"Sn is u f\'IO.rti~u~1 sJ X is u\::o o. IIXO.I OtorhYI.~~. 
Sif\c.o. rx~nl < v->) ~ is o..k~. 601Ml<k:i1 

~ CJ tvv.D, fYIIlfft~ok. 
Thlk~ (Sn) ~o.hs R~ o.ll axd, hoVts to be o. tedu.c, 
SQ.~Wl~ ~ Fol X. 

Th~. W X be o. ccdinuous. frutl VVUJJ-t-ihjoJQ ~th X "'-0 
If X i5. ulso o. fiVtl1Q. vo.ro.Hfr\ proaLSs ~ Xt ~ D \ft o..s. 

/kl L~+ 
Sn :: int[t ~0 : {t I dXsl "'n ~. 

SintQ Sn is o_ tJow~ llMeJ Xsn is o.. \cc..oJ rrurt-i~ 
b~ O~T. It i5- o.~o ~ckcl &iVlm 

l
f'-Sn 

1 

tASn 

t)(;hf = ) dX~ s. J ldXsl <n. 
D D 

Th~A.S. x~ is Q IY'(Atti~o.lt ~ l(\~ ~ (). ~h~ of 
[o Jt]. 'Th2.~ 

l 

IE I X~ 1
2 

= l. ~ x; -x~.: ll Sif\Gl xsn ~ (A ~~oJe 

< ~ ~~x lxt- xt~J t lxt- xt,J 
c " r - L ~~ 

~n Md ~ S ldXsl ~h 
~o Q~ 6Ct)-+O o 
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T~ 6l-t) ____., 0. ~ cm~V\W~ o.nd DC1) 

IE (X~" I~ = 0. 

'* x~'l = o o..s. vt ~ Xt = o lA-s. Vt 
-=9 Xt-=-D \ftE-[OpO)"~ a.s. 

U~i, fk+ X is <:.Dr~t·IV\lAWSJ hwtCSl ~0 \ft a.s. 

1. 3. ~ bamde.cl rvurhqrks 
~j~ 1\J IY\QW'ls lck.V\hllaAHOV1 cl- lvtd lrJi~su.lshu.kle pro cas~~. 

~tn. D~fi NL tk SfXl-cas 
}1.2 

-=- [X ~ Q" [t> ,CX>) -7 R ~ X is a. md l~ rv•arhn3Q)e 

u.;~ ~ ltiXl <~ ~ I"' 
M~ ~{X f li2. ' X [Lnj.) is CC\t\hrtlillLLS ror u.l\ LV 1/1\) 

e0l t-h V\OrM 

llXIIw == (f~ EX: j ltz ~ ([X! )Y~. 

~ K'.CQI\ thJ l~ ~) : ~ X E: }f ~ 
• Xt ~ ~ u.s. UV\d lVt t: 
• ()\) is u. SAb fv\oJ~~) ~ tH< IE~ is in~u.~, 
• Dm~~ ~ iV\~~u!i~: IE(~~)~ ~OC. 
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~ Jv1.
2 is o Hi I~~ s~CQ with norm II·IIHL on& 

lrwi!Lr ptoc\Ltd- IE~'{~. 11':. is a elos~ s~. 

11-ocf. Th~ ah\'k rx9Vlh-ivloJ prof:~~ to pro\JtJ Is tho-.t 
Jil- is compk1e. \h.ls \et (Xn) cte be o_ Cau.e.~~ S~\kQVlOl-' 

IE(X:O-x:t >0 os n_,rn--+t£1. 

~ fb-S<>i~ To CA &Abs~WLL'l(Jl_~ we fYUJ CAS~UYVlQ_ T\nut 
lt(X~-X~1 )l_ ~ 1-n 

orJ it &v¥'us Th ~how ~t W ~~~WlvtCQ. CfY'v.~vp 
to CDV)d~-~.ck M tk ~~lf\o..l ~WU~~ce C&l'l'<~< . Now 

f[~, ~ I~ -X"; 1) < 
1 Z, ~:(~~ 1>4 -X:'I2- v~ 

(~) 0(1 11 )' 001 
<: ;;, ~\1E I>C-x:'l2. ,,_ < r~l-nf2_<co_ 

Do :}. I ~~g ~~ -XVI\;-1 I < 0() CA..~ . 

~ OC') is o.. Ca.rl~ SQ_1 ~vt(Q_ i"' D( CD~ I)> HI~ o .s . 
~ c_cmpiQb§ ol tiCOS1J)) 1 ~tot€ 

II X" -XIb -7-0 ~ ~ x~ Dllli,oo)) n .s. 
&t X~O ~~ck ~ ct~. ~~i. Th~Vl XcD[o~)} for o._l\ w_ 

C!u.IM: IE( 8JD !~-XJ) -4 0. 
t210 
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rV)J~cl 
) 

E( s~r ~ -XtiJ_\ = f(~~ ~ lt-XMI~) 
(~~~ ] 

< liW\'IV\f E(N.An lX'- x\V\tl 
h-i-oo "'t T 

(~) 

~ ~~t lt fEll~-x:t) -? D , 

Chii'Vl: X i~ "' rvmflng:t~. 

II a Xt I ~5)- Xs ll~ ~ II f(Xt-~ \ fs) Ill~ -t I ~ - X~~ Ll 
( ~- iV1~91k.oJ; lu OJAd X" i 5. D. Mo.rii n~t~. ~ 

f~vt~vt) '0 
< IIXt- x; IIL1 t IX~ -~~~t 

~ l.IE(s~p \'X~:-x;l)~ o 

Thu.\ X to hl. [k~ WQ ~'& ~(}..:\~ M ~f is. c.~~iQ. ' 

Clwr\o, If i~ o. SAb~(A(]. ~' >11. It ~~ c.oi'VI~l~Th. (thus d~d) 
6~ ~ ~IVQ (A~~~t (N\~ D(_[b~\l ~lo..md ~ ((_[091))), 

l.4. Oetadrahc \AlffiJjoo 

tRfn. For ~ ~9\AQV\CQ. at prQCsL~~~cs, (X") o.rd o. proQS~ X, 
X' ') X LU'\; P~ [Y\\6 0~ CDMfb-~ ; " p~al» b, \; to-- ( U.CP) 

nt20-~S tho.t 'It)>~ \f t~O : Pl~Pt I~-~~ > L) -7 0. 
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lhrY~. le-t 1'1 b~ a. co~H~u.o~ lwl . IV'Ctr+i~e. Then tkvt 
exi~ts o.. ~\A9. (ue to ,rJ,rJ) lncteo.SI~ proe9.s~ (M) 
.,._ ( < 1'1) t) h.o s J. ( M >o --=-0 unci M2.- {h) ~~ Q C0\'1 hn u_o~ 
b c.o.l VYUr h ~le. . M o ~-e over, for on~ S~Ll!Wl CQ. ~t po.r li 1-i ~V\S 
lt~) of ~ lNiit1 ~lt'1)-+ 0 l 

fV\ 

(H>~) --7 (N\ uc~ ~~ (M>:) =-.'2 (Mt~~c Mtl-"t. 
I =-I 

lWe will ohiO ~~ Cl.vci prcNe. ~is b- d~dlc pcu-f1 \ioos.) 

Mn. 1he proc:A.s~ (M) is ~ ~din.kc varia.hcxo a~ H. 

5umr.~· ~J B ~ o. ~V\cbd Brewnio.V) rvd'l ~n. ~ 
Bt - -1: i':l o. mrf1 ~oJ\l.. Thu.~ (B) t = t. 

Tv p10ve +b. ~IW\> 1M>. t'l'a~ n.ss~ ftot 1'-b ~o. 

Le.mMo. luVl19~~\ The.t"( is o. IYlO'&f- on~ proce~s (l't) (~ 
J-o indi.Jj(\!f·l~o.h\1~) O.S. Q~d fA fk N:GJQM 

Prcrf ~~ ~ (At) ovJ CBr) d:R~ ~ CO'Idi hoYLs 
0\ ~<:R.r ~d tcx \H/ n~V\ 

' 

At- 1\ : lh~- Bt~ - (H~ -At) 

FV con+if\V.O~ [cmJ Morti'(JQI'< 

-~ A-= ~ (A .s. 
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~mrY\o. (~fopP~). SuPf?s~ H i'S o. COfl+i r\IA tXtS lo(o.l 
rnath~o.l~ for LUhich {N) eK~ (o.~ iV\ ~ ~~hi\)_ Lcl 
T ~ o, sbpP1~ hme- ~ (liT) ~~~ urd 

(MT)t ~ ( M>r"t (l>f ~ ivtdi~t-i~ls~ab 1;~. 

M Si~(Q_ M~ - {H>t ~ (). ' COI\h 1'\QO\l~ lttu\ ~l~~J 
so i':l M\:"'T- <t1>tAT. The ch,M follows frCM LlVllcr Nl ss. 

~Wlt\'\0. (f-i";-ft cuseJ_ Assurvv{ tk.~ ~K: d~kiV\\Vl\~hc 
cohdoV\t~ C a~d T sLtch thut 

IHtl ~c) Mt -:-Mt"T. (8) 

Let P ~ (t~)j~, be u purhho~ of [OJ] o.l'\d ~+ 

{M)~> ~ ~ ( Mt•"t - Mt._,"t y-
';f!lh 

t = ~ Mti; ( Ht,,v!; - Ht,_,"t) . 
Then: G) XP\ is u bVl<k\ vmrti~~~~ 

l. ') 'M~P) . ' ' ' L 
11 \ It~<- ls (nCJ«l.SI n_g 1n. " 

("•) M 2- (M\('P) ~ nx(.P) j' L -0 h 
1 n t ,~ 1 t k. rL i I<. 10 r t\.- ) - -· ") ' , 

G\/) IE((< M)~l )2
) < I~ c~ 

Proof. (i) g_ lii) d>vi~s 
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(\v) E(( ( M)~) ~~) ~ f(( ~ (Mt~ - Mt)' r) 
- "' -( lf -I It Mt, - Nti-1 ) 

f=:l l'\ h ) 

t 1~ ~((f'\,- Mt,_J ~) Htk- Mtk-J 
2.. ) 

E((Ht,- Mti,) ~1+n- Ml.)! ~ ~oo. 
r) 

f (~t8) C
2 .I t ( Mti- Ml-i_,)2. 

I =.I 

-=- 1:2C2- f£( Mt., ~ Hto f" ~ ll. Ctt. 

i£MV\IO. ASS>.Y'fi.Q H ~~ ~ ~e~ (B). ~t- PV>\ tx>_ o. ~loQV\C9. 
0f ~ plrhti&lS tci\-h t,fpm)~ 0. ~ (XO''"))~ 
C011\ieJ'r' j" t-fc. (l s. fY\ ~<X) ' 

Fa- nofuhoVlo.l conveV\Ier<Q. > we IN\ II in fnd- ossV-rn-e. iitat 
1-k rur~~oY\s. o~ ~ 

t.= tl-t>') wb-e: ~:()) ___ ) nr>')=llmlJ. 
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.&xi )(WIE,Jt siVtC.Q. M is C\ ~ IV!o.rti~t. For 
t')1

1 
> I'Y), one I-us 

nf'tl' 

x:;:,' -x;;, = ~ ( Hu-1)~-... , - ~L-111"'-""J riY\) ( M '-1-""'-Nu-,)r"') 

~ IE(~~ -X: t"-=. Z'IE ( 1\.f li-tll_,..,- Mw, )1"' .... J L",y-( Mu_,.,- N u-oz.-,.,y­

(a+kqjatJ i~t~cte~WM~) 

$ IE (SUp _I Mt;-Hs 12. [' ( H il-o.~- N(j-;) 1-~~~.Y ~~ ... ~ S): 1'1 I =1 
'--------v-----... 

' <M>:) 
~ f(SJp fMt-Hs1 4)~ [ff(Kt'''1)~)~2 

l!>-tl ~l-tV\ \ ~ co 

( Cou.ehV - Sc~1.00-rz) 

~ ( r~e-Y'2_ E(Suo I Mt. -1'\ l4)''z_ 
ls-tl ~l-M 

SivtCJI. I Mt- Ms I ~ ~C)~ 
~ [ Mt -Ms I 4 0 b~ Wt; fw~ COY\~ rw:~ f) 
It 1~ T"' [b_rJlecJ ;n~(\jt}.l , 

811_ DCJ1 +hll-s IE (SUD I Nt-N.J' ) > 0 . 
a ~t~r S,L-tvl 

~ E( ~"'' - X: y·--!. 0 o.~ V\11 ~ -HXl: (X..,) is COllehj in !i~ . 

~~i-s. X E~ ~J X,..,~ X in 1'{. 
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LQ.t X be fk hMif froJV\ ~ ~vi~~~ lervtrY\0. 

{M)t = M~ -2-Xt . 

~V\ (M) il) COAtiVLUO~<; ::>ivt(Q M uvJ X ate. 

M2.- \M)"" .1X is o mrti(\3ol-e niV\.at X is . 

{M> b ir\cteo,s·~ SV\CQ. {M)W") is incrru.~Y\8 tn ~ ~ cl 
t~s ~ :c p~ ond fu CDn~V\c.Q.. M2 -1XCPrn)-+ (M) 

Is lmlfortY\ in t b~ fk t\Q.J kWliWl.. 

lfmrv1o. ASSUM~ (8). Then (H)lf'"')~ (N) UcP. 

Prrof SinCQ <M>r)~{H)~1~ + ( Mt -Hil~c..,)2. 

: M~ - ~~~;:~ r~ -t .tl M ~ "'tA ,_-~ - M t: MLl"'t\1~ 
0~ ho_c; 

~ '<N4- <H>r)l < ~ ~ 1 Mt Hll .. tl2~- H~*'tj2-~ 1 c-ccJ) 
+ &lp 2.1 ><t- x~""tJ 2""" I (-em) 

t \/lfl)) I - ) 
+ s'iP ll XL1..,t11-"' - "ll~J2._,., (-(Ill.) 

([) ~ UI) ~vtd tc 0 o.. s. ~Ina. M o.V\d X ~ W\ltcrm~ 
ConTi hL\O~S Oil [0~\J. 

(II) ~s m 0 in L2. siV\CQ ~ 4' X in tt'" LMplie3 
II ~p IX~- Xtlll1 -+0 

~ Ms -~~~vallt~. 
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Frwf ~f tkoteM. kt M be o W1tiVlu.ou.s lcx:_ul Mo.rh~le. 

l£t Tn"' ~H t >O: IHtl>r ~ " n. 

The~ M1n ~hsties (B) so < M1n) E'><\sts ~ ohJVJ(. 
) 

% lAn\9W1.hll.C::.~) 
{MTn,\ ~ <MTm-~)t"T~. 

lhA.s fk!Q is o. ~~rotss (M) sJ. <H\"r., D.U\d (M1h>t o.te 
i~distihJui~ho-V~ IDr Ctll n (: N. 

( M) is iY\oeo.s·!~~ ~nm ~ <M1n) OJt. 

M2._ <M) i~ o.. 10\Pv\ 1'1\Qitif\~"- s!f\co.. Tl\ tDa a. s.. {).lld 

~2 
- Zn> )i., ~ (MT" )2_- \ M Tn) i~ a r-mtfn? . 

It ~W\Q-!V\') b ~ow tka.t (H)lm) ~ (H) UCP 

f( ~~ l<M)~)- <M>tl >e) ~ F~~ lj 

t-~~I(M5">t- (M5.,)t\>E. 
7 

---7 0 b~ lud feMM Cl 
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~ I.e+ M ~ a. ffi'ltiV\lA.M hul !Yarhn~cd~ VJifh tb '=-0. i 

Th~VI M~o iff <H>., o. 
1 

1M, Oeo.rlo~ M~ iMplies <M>=-o. C6Vl\tw~d~) ~ <M>:::Q I 

~"' H~ & o. wn~hve 1om! rvo.r+tV'Gale
1 

so al5o Q I 

SupttffV'llft-insa.k. %~ IE H: ~ IE h: =-() fef all ~. i 

The th;WI roo Follov.:s froM WvttivtW ~. 
1 

.Qql LeJ H 1:1< <1 cm~n~M I(X{)j rvurh~ tD[th 1'\ =-Q i 

TheV\ Mf.Hl. iff- IE<M~ (OO o.rcl ~ M~- <H) l's ~ I 

LU ~~~~ o.nd 
I 

~ M ~~~ : ( fE\M>..o )~2.. 
i 

M First QSSWI-\Q H.E)f unci IE<N~ <c(). ThQn 1 

IH:- <M>tf 5: ~ t-t + <M~ . 
' y 

' 

=:Z~ U b~ Dwb.s i11e~;~ 

~~ M~-(M) is. QI o.i\CJ 11\e ~VQ o.lso sem ~f 

N~- <M) is C>. (fnw) MO.rti~oJe sfartinj a.+ 0. 'OOefv~t 

liM /j~,_ => I~M E ~ "' li~ f {M)t. =- E (H)
00

. (*} 

Cb.iM: M t H~ -::} <Mk ~ L' 

kJ T',. inf{ t ~ 0 : (M>t > n J. Th€11 ( M T~>~, ~ {H{ATn < n 

and S\rtCQ M f tf· aho HTn E Ji~ j 

j 

j 

j 

j 

j 

j 

j 

j 

j 

j 

j 

j 

I 
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lhlks ~ Ef) uppli~J to M\ 
E \'{"in "' IE {H\"'". 

Tuku t,<»: IE H~l\ln--.\ iE H~n ~ DC\ (t~~ 1'\"t" <oo) 
IE \M\"1n -4 IE {HJrn ~ rvtrnofo~ conwrf'aL 

TrAk.Q Y1~oo: IE H~, -+ f.~ ~ DCJ CEsw N~ <o0) 

IE <M>r" ~ lE{H~ bj I\'IOY)()~ Wlwae~CQ 
::} E(~oo = IE M! < eX> . 

((u;M : {M)00 t t "'* li ~ )f 

let T..,"'" ·1J { h.O : \Hri > n . J\cpiV\ (MTt~ t- \H1") \s o. 
0. hu2. JVtorH~o.~. ~ ku; 

EM~ ~ liMivtf IE H~... = liM ivJ IE {H)tA\ "' [.{K)I». 
~ n~D\) lr\ n --too Y\ 

Th\A.S H G 11~. 

:L. S. CoyQrioj)oV\ 

l£.~. 'for M u~cl N cont\Vtv.ov.s [®! ~Yljo.k$) &fiM 
tk c.ovo.riol5~V) or brockt d M ond N QS tk ~s 

{M)N) = ~UHtN)- (H-N>). 
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~ 
(i) (H>N) is fk lml9ua_ ~~ b iV\dlsf.). fin~tt WriQ~OO ~~s 

su.c.~ tk+ MN -\ M) N,) is G COiltwlL®t~ lcxal ~VI.~€.-
(il) Tk ~ CH)N) f.-+ (M)~> Is bilivmr oJ-d s~m~\-ric.. 

li/i) For e_vJ2~ d~o.dlc ~&/\ llr1
) ~t-h ~(t)) ~ q 

(N,N>r)----? <H)~t UC? 
(,.)kl'€ !l 

\M)'!)l""l ::: 2- lM.tt- Mh_,) (t-.\t, -Nh.J 
'=-( 

(iv) For ~~~ ~b!f(l~ ~~ ~ 
<W) NT>t-:: {HTJ t{>t =. {NJOtAT. 

lv) Fa- H) N t )1~, l"'N -{H)\~ is tA lJ.l MCrl'tf'lSCX\e Did 
(H-HoJ N-Nu)"~ =- E(H)000 . 

M tss~\1\h c.\\~ ~ ~ (l~ fo, t1 "=- N. 

~mt~. kt B wd ~ ~ iNk?0ldevJ &Did\\QV) rrd\~ns 
odop c\ ~~~ te~ped- -lo fk ~M2 fi\1-toJion. Then BB' fs 
0 Mo.rh~p~ 1 SD <B/ ~1) -.:: 0. ~t B11 

=- s> l't [tf.. ?:>
1 to~ 

~ ~ d:bJ G _ ~ e) is abc q ~N oJt~ bj btl)~~ 
~BJB'>t ~ 3t_ 
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~ (~nik-WoJC\rube inewnl;~). ~J M rmc\ N tf 
C01 h f\IAO,(S koJ fY'OJh~~oJ-es, unci lcl H O¥ld k 6e 
rmsWubl~ ~)l;es. /~ o..s. 

[IH~IIKsl ~<H;t~j ~ (r lijsf d<M>sr-rr IKJ d(~s ~ (~) 

Proof. Tk idro i~ b opproxlmCkk frt~rols. ~ ~s o.rd 
~ Off1~ Couc1t j-Sd\wo.rz. w nt. 

(M}'j): = (H)'i>t- {HJN);). 

Clo..,m: V Qs.s ~ t I<M,N)! I ~ J,_(M-)~~{ /(~J1£ &) 
) 

~ o:m+iflui~) ~ cnh O$~ that ~ oo.d t (}.ttl ~~o..di~ 
ro..~oV\o.h. lh ft,U~ M£) ;, probb; li~ o.nd ~\ o..\M~~f 
~~~ a-l()lg a &bs~v.uncD.; 

I(H, N>t I (~~-) liM I z ( ~_., .. -~'"(i-ll)( N2'"L - N 2. '"LH)' I 
n~ 1~1.nsH ~ ~ 

(CS) . 2."t 2.. r,l. 2.' } \l. 
< liM I I (1'12""~ - Hr" lHJ) _) (N_r"'L- ~.-"(i.J 

Y\~ 1=1\rl ~tl 

(P~) I (H,H)! I~ [(N,N>;I\ 

NQN fix o.V) e.ve.vtf bVI 1.1~~ (~) ~d") b a.l\ sd (rahon~ 
ovtd b~ ton~rw .. i~ fix a.ll irrcJ1~ s< t o.c:, \£1\). 

Chit\'\: v o~ s < t) ~ [d(H}'~~ 1 ~ J (H)M>! j <NJf>[ 

For ct-V\.S vurfi k on (Uj~, of [sl t], we.. ivtcked ho..ve 
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~I< HJ N)l~~r I ~) t 1 { NJ1)~1• 1 I (N,N)t~ 
ccs) ( n )'rl.( ll. . ~~ ~ ~ 
~ ~ (MJM)£~ ~ (t-.I)N)£~ ~ J<N)1).; ~{NJ~i. 

Tk doiM folbNS ~ tJ;~ fk s;p 0\Qf oJ\ rs-hko~s. 

~~~: fir all ~ ~ ~ Bc.[Oro)) 

\ ld<HJ'bJ ~ J ~ d<H>" J sb d<~Ll·. 

Fa- B <>- hvti~ IAY\ion d- ·~~) ft,us folloLUs hnM tka. 

Ccw.c~- ~~z inerJi o.s okve. fa ~ol B_, it 
1-kV\ ~!lows holY\ o. f\1\l)'\{) chs') ~ WWMf- ( €Xerc.ise) . 

Cb.iM: (kW) WAs ;f H={~i~ nvtd k== ~ ~ ~ fa 
diSJcint bowJJ ?:o~ ~ Bt. 

f IH~Ksl !d<H}N>)I = I lhtktl S ld<H,~I 
t St. 

( ~ lh(~l (t d<Hi)''z.l tc\(~ )~ 

~ (L fhJL S. d<H>. )''z(r I kl r d(~ )~z.. 
t & ~ t Js{ s. 

= (JI~Jd<H>~fz.(JH<l d<N>J~ 

R rtJ~ ) tor ~ti9Jd H; ~ CffXiAAto.. bj H) K a~ Qbc\le. 
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l.b. ~i~:p\('_s. 

!Rfn. A (CO\~r'\lAOAS) o_chpkd pto~S<; X Is o- a:nhn~ 
9(tvjjwmfl~k if 

X=XotHrA 
LJ\th Xo ETa H o. ~fl.~nu.ov.s.) h.al vvo.rhn~~ wit-h t'\{) 
o~ A CA CwntivtlAOLLS) fi~k 'brio.Hen proca.~ lkld-\1 Ao :{)_) 

RL ThQ. rkco~ kEY~ is Wl\~l.lll.. 

Mn. Fer X,.. Xo tM t- A: o.vJ X1 
., ~ t H' t-.4 Cmtl nuoi.LS 

~~i~f\5o.ks> k ~l.U).drvJlc vOJ\o..H~n QVLd co\Klri:J\DJ 
IS <x>= {M) J <~X') -{M}'\1)_ 

~)Q.' ~ It~)~ OR 1\12Skd ~odic rrfi~s d- [D) tJ) 
(X~~)~)= fLx~-XbH)l\t-\i-1) ~ (X,~>t oc_p_ 

I= I 
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~. Th~ ItO IYlksr~l 

3.1. St(\'\p~ pmif£S 
n 

~- For Mt It o.r-d f-1 == ~ H;.-1 itt. .. ,t,] E t u si~k pmcQSs 
~ ffb ·1vJe3rol is Jet;~ ~ 

{ r\ 

~ Hs dl\ :~ (H·M\ := t, HL~ lHtAl- Mu~At)_ 

~ l£t Me~ and Ht£. Thm H· M f Jl~ orci 
II H· M ll~lt ~ ~ f H~ d<M>s) ~) (ltti ~ef~) 

M Oulm: H·M E Ji~ 
. " . 

W X~ = HL-t (HtL"t -Mt•-~1\r). Sinm H·N ~(;,'X", l ~{t;~ 
1-o c;how ~t X' E. t(. !ncbd, for t~ s/ 

It ~>~-~: EO<tl~) = Hi~(~(Nt,At:I~)-M~;;J= x; 
r 

H~ 

If s( L-~: E(it Irs)~ E(H,-\ ~(Mv~.-Ht)\tt-~ l~i)l~) =0~~ 
,... 

0 

sa i is. o. ~YUrhrtp~. AI so) Xi t !{ &.\f\.CQ 

II X~ II~,_ == ~ IE( Xi )2. ~ 111 Hb ll M ~n" <- oo . 

. . 
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lrJ~, ~IVlCJL ti-1 ~ tL J 

IE:X~XL::; E( HL-1 lHt~- M,iJ H1-\ B N~- ~i ltlj-ll ~a 
0 

lnckJ 
} 

rE (X~Y- ::0 E( H~~ ~ Hci - Mt,-tl hi-1)) 
IE ( H~ - lHt-1-. Mti t t1~J ti,;-,) 

: IE( H~, - M~-i I rH_,) 
~ IE ( <M>I:i- <M>tH l Fb-c) 

:: [l Ht~ (\M>u- <M>tJ) 
~ E(l H~ d\tt~) 

In SlAMVVIa~ 1 IELH·Mt = ~ fl~)=[: 1 ~~ d(M\). 
&f-, ~t- H }'~ ( M~ OV\d ~ E: t ~ 

(H· MJ N) = H· \HJN) 
t 

'.e.. t t ·q Hs ci~\J N)t ~ l H~ J<~t~ 
t [t'Q il\\t5r~ t~WL -~~~~~ ,IV\lea~ 
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~ . 

Pre&. kt ~· M-= ~.XI o.~ iV\ ~'Jtoos prd. lhe_V) 

('/: ~ N)t -::: HL-1 ( ~,,. - Mt,_,,.,. ) N)t {· 

= H~-t ( (H )~t•"t- \t·l)'~)ti-1"~) -j_, H~ dZH)~)s 
i 

::;\ (H·M. N\- ""t Hs d(li}'\)s = (Ho (N, N))t. 

3.:2. lffi iSW'Ie~ 

De.fn For M~lf ckfif\.Q_ ~(M) to b<. tho. SfD-(Q 0f 
CliJW~VIG2. d05S~ !9f predidubl€. H: O_x[Opo)-+ R. s.t. 

II Hllr(H) ::: II HIIM :=(~ [ 14~ d<H>5 )Yl <00. 

for HJ K E ~(H)) &J 
OG 

(HJk)L~) :=- (~Jk)M := ~ 1 Hs~ cl(M>5 ). 

lUd:. I:LM) ~ L2_ffi~<[o~t 'r:) dP d<M>) is a._ Hilhl spoa.. 
Prop- ~.e.t ME ft. ~~ ~ i~ devtS< if'l e-cM). 

fiool s~~ ~(M) is C\ Wllbet+ S~(]. lcorvtpk.i9_l)) it 
sl&i CQS to 'tho~ tkt H+ J-\~ -= 0 'V H t£ i VVf \ie s \( -i). 
So o_s~u..IY\Q !kf (1-l)k)M ""0 for CAll ~t.C o11d ~ 

t 

Xt= f ~ cl(~s· 
0 
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X is o.. L&ll-de.h~ fit'\~t_ voJ1~ ptDLSS s,\V\~ 
~ f IKl d<M>s czs) f(r l~<i d<~tSz_(t<M>O()Yz_ <co 

-,_--

<00 s\n.CQ <.. oa sln..CQ 
KE \:-[M). Nett~ 

C6iM: X is u. CBI'\tinuo~ MO.rtlVlSo..k. 
lJ s < t, f E J; bamckd rtmd OW'! ~ob\e) H = Fie> A-"l E r. 
~ o~~lk) H\~ .. E( F r~ d<M>LA) 

= E( F (Xt -X))= IE( ~K:(><tlfsJ-Xs)) 
Sin.r1 this hold~ b- o.\\ ~d G 

fLXt ~~)=X U.S, ) so X i-s ()_ rms-tl~ok. 
~ X is o.. ~inUQ,L~ ltto..\ fVIOJfl~Gt~ cmd o. 8 nlt'a. 
vunoJlDit pmUL~) <::,a X -=-0. 

~ ~-=0 fa d(\'1)-o..~, Ll O.S. 

::-> K ~O 1(\ ~LH) _ 

ThM. ~~ M~Jt. Th~ tk Map H~tH H·HE~ exW~ 
~v\1~Wl~~ fo O.Y\ lc:o~ !:(MJ '""? ~ ( fk lt6 iso~)­
Ko~awr) H· M is \k LW\19v.o. rn.urhrple lr1 Hi s + 

\H·H)~~H·(t-tN) \fN~Jt. , , 
( K\tn\1-u- Wu:kn~Ab. 1 ckV\h t-~) 
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fud_ for HE:[" WQ 1--o.ve o.\t«l~ s~ fk.f 

II H · M II~. = ~I k: d(~s) = II H II~M) . 
Sihct E.c l!-tM) 5 cbc:R ord ~ Is CCWtp14, it folla.Js 
tktt H 4 , H· ~ ~kJs Wt\i~~hr to cJI 0f L2(M) C»\cl Hut 
fk e.x~SI&rl IS OJA i~OI'Wl~. 

N~. WQ ~w sem o.lte!l.d.* tlro.t (H· H) N) = I+ (M J.j) hdd.~ 
for HE E. G-iY?V\ HE i:(MJ, ch~ (Ht)) cE sl H~~ H in 

L~~). ThLVl ~ • ~ --4 ~- M bJ tk hrs~ ~t. We. ~ l1 
J~h~ fk fdlDLJI~ li~1fs; 

(H · t\ N >~ ~ li~ {~" · M~ N>DI> iV\ ~ 
h~ 

=> liM 1Hn • (M N') ~~oa ll ..) V oo 

~(H. (~1;N)lo in ~ 

fV\d~J ~) t-olds bj fk kWt(b- ~o.~b~ lne5 vol( : 

f \ H· M- Hn· MJ~ ~ ( E <H·~- H~· N>~ ~E N~ )L 
= !I H·M -H:· Mll11l- liN ~w 

= llH-H" I~(N) i< 0. 
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ond 
IE/~H-1-r)·(M)~t I ~ II H- H" IILt(N). /1 NI\MJ. ~ D. 

lhLlS (H·M}~1 =- (H·<NJ~1 011d ~b.ci~ N ~ fie 

s~ IY'OrHVIJok Nt jfves 

(H·NJ N\ f (H· M) N~ot. f (H·{H~ N~1 f (H· {HJN>./\tL 

~~ d QM)r)Q~ atPte ~~ d ~ 

f (H·(NJN))~. 
pr~~ ef Leksa\A~- Sli~~es i"~roj 

tlh·,9\AQ.VJQ.% ! U<.;SIAMQ X<= 112 a.ls o so.tls ~e.s 

{X)N) = H·<~'tN) \INe-H~ 

~ {X- H·M, t{) ~ V ~ktt~ 

~ (X -1-1· H X- f-I·M):; 0 
) 

~ II X- H • M /1 w =() "* X .., H · H . 

Coc_ ~ r i5 u stowina H~(() ~ 

(iro,TJf-i)· M ~ (H·M)T = H· Mr 

Ikf lJ Ne;JI~. ~ 
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GL (H·HJ K·N) :0 (HK)·(HJi) Le. 
t ) ) 

< 1 H, dM~) i ~ dNs~ :0 i Hsi<s d\H.~~. 
Prd. {H • H; K· N) [:\,]) H· {H) K· N) ~ H·~ • {N>N)) 

~~ (Hk) • <H){) 

wkre ~ ~ ~ o.~socioJ1~~ dr ~ l.ehssllQ.-She.lfJe) iV\~Jral: 
~ h~ d (t l cia~ s = J ~ ~ dns . 

{Qr._ t(JlHs dHs) :o. E({ ~5 dH~ 1~), fH~dNs 
IF((! H~ dH~) lt k.. d Ns\) ~ E( r HsKs d<H/N>s} 

!kL H·M o.J CH·M)lN·M)-(H·I<)N·I<) o.re ~~ 
sfo.rl-i ns J D . 
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Gr._ Ld H c L lM)_ ~ KH e ~lH) 1ft K e l:lH· M) cmJ 

~ lkH) • M ,. k ·lH · H). 

ilia $f\(Q H
2 

• {M) ., ( H • M)J 

Elf K! ~: d;M>s_) ~ t(! K'- d(H·M>s) 
d(Hl·(M)) 

so KeC·lH·H) # I<H~LlM). ~fa O.vt~ NE}i~J 

<~H}M/ N~ ~(LKH)·(M,N))t 
t 

~! k.H~ cl(M)~s = ~ ·lH · (H,N) )~ 
d(H·(MJ~)s 

(K{H·M),N) == K· (H·H,N) ~ k·U+<MJ~)). 

~ u.v\19WlMS~, 14 chiM ~~ C)(A)S. 

3. 3. ifb '1VIk§fr!\ fix ~·ltrodJqpks 
.M!L fot H o. co-Jivtu.oV-~ foc0-\ M~ivtjo~J let ~o:clH) ~ ~ 
spDi\ Df (~9Wvo.~nCQ da~ of) ptedkJo.b~ ~c;)e.S ~ sJ 

r H: d{M>, < o0 fa o.ll t>oJ o.. s. 
0 

A prcx:.es~ H 1<:> kxnlltbo~otV\ded if 
~~R I H~ I < oo a-ll t ) o, o.. s . 
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ForJ. · ~ C0\'\1iV'I~mv.s p-oos\ ~~ la:a.lla ~Jed .. 
· lf H b \ocul\d bw.v\dQd anO A is o. RV\1 & vanol101 

prcmc,~ ibn 
\\Ksl [dAs \ <~ fcr o.[\ t>O. 
0 

· In rnrhaJarj if H is lOCo. I~ ~ll~W ~ prec\dulkJ and 
M is o. COV\hVlLlOA-S lao\ ~h~ok~ ~ 1-\.t li~(M). 

h let M IX' a CO"h t'\LlDU..S ltco.\ m.a rh ~a.\e. lhen : 
G) For t~ HE t1. (M) tk~ exists o. W'li~\.lQ COf\tiV\uros 

loeo.l rvm·fl~a_\~ H · M \,01 \-\., (H • M), ~ 0 ~d, tkt 
(H· M~ N) = H· (H )N) V coflf. loc. yvost N 

Gi) W He-~ocCH) O.V\d k is ptedlckb~VJ fkn KE ~J~·M) 
if HK ~ LloclM \ o.nd ~ 

H·~ ·M) = UiK)· M. 

Gii) ~ T is o.. s~pihj hme) 

~[O,TJ H)- 1'1 = (H. My~ H· M1
. 

Rro.lla) If Mctk UV\d ~ellM) tkn ~ defin,;koV1 of H·M 
C9:>inLJ Jes (j)lfi1 tk previ~X5 ore, 

.!?root l!) ~WJV'€. Mo=D and (~~ H=O b W fa which 
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HAl~ fai ~): 

t H~ d<~s <oo ~ all t>O/ wED. 

su t 

t : iM {t~o: f U+ H!-) d<ti)s > h}. 
1heVl T" ~ a skw~ ~~me) T~ 1 (X) o s. , avtd 

(M1~ ~ <M) < n 
t tAT"' Oo' 

~ M1" E J{ OVld J H~ d<M'I\>s ~ rt 
0 

=> H c L2.(MTi) ) o.vtd H • M1i) is oJI\ndd def1rxJ; 
H· M1" = (H · MT"" )1" for rvt > n 

SinCQ. T" tC\\ a.~. ~ '1s !A wr\9l.l0. f'OOlSS H· M ~t. 
~ • M )Tn c H · M'; frl nJ\ n . This prros~ 1S achpled; 
co+IY\lk.()~, ore\ r+ is (A lw\ ~rfl~ct~ ~ivtc:Q. ~ 
(H· M)i" o.~ rv\ClfhY\3ctl€~. 

C~im: {H·H~ N) ,_ H·<N~N> ~r oJ\ CCIJ\~. loc. mo.rf_ N. 

As'WJYI£ No..,O Qttd sJ Sr)= ln.H t>O: INti~ Yl~. Then 
NS"t~ a~ 

~H·I't N)1n"~" = (lH·M\T", NS") = { H• MTn> N<;n) 

= H' ( M1n,NI;f\> ~ lH• (H}~))Tn"'~". 
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Stf\CQ Tn "St\ 1 oo thu.s {H· H )'1) =- H · (NJ~). lAni9v.Q ner;s 
ftllo!A)t; ~~~ 05:. In ~ ~ tm.V\ded ((1~. 

Alc:Q) G)&liii) fulbJ eXo.dlJ a.~ h fk L bndJ cas~ 
~Vl(Q_ ~ ~~~ ~ (i)-

Rmll~ > If N e ){ ard f-\ t L (H) fuQV\ H · M E Jt~ b~ ll) w~lch 
sho~ (H·H>oo= H'-·(M~ Drd ~S IIH·HI~~ =-IE(Ft·~ <00. 

lJn ·,~Wlr\QSS if\ ~ l.:- ~LlY\.ck:l Ca.~~ jl\ll~ -~~ 'S fhut ~f{., 
d~n\kOV\s roiV\ade. 
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_M LEt X~ X, t A+ H. Th~ l.lc;uoJ txJ imp II~~ 
t ~ 

r H~ dAs ~ t H .. clAs . 

SeJ- Trn =- jl\} { i > 0 : t ~ d{H)5 > M t. The\') 

f( lr~ dHs - rHs clHS) t E{l"'(H~- ks)' d<M~) f o 
Ht flW~)~ H • Mt"Tm E H~ ocr 

SinCQ. l.," t =- t ~~~uo.lla, o.. s.) the C£;1\ ~eifVJ (Q ~'ki~ kr 
fixed t. 

~ Ld- X ~ o. c.oot\1'\u.ou.~ SQW\If"VIilliif\fJ~., ord kt H 
~ a lec:alf~ ~d I~ -Cht\hn.oow; proasc;, Tkn fur 
o.~ ~UQhOL d- ~filim~ lt') of [Ooo) ~t-~ ~ (f') ~ 0, 

h~ ocP Ji 
~~ ~ Hr;~ lXtr"t Xt:~~ ~ 

0 
~\ d)\ . 

M Srh,b.r o..s In hf\·,fi ~cJ)DI'\ co.se._ usirg stoc~o..~k DCf. 
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J 5. ItO frxrwJa 
Wma (lnbutoho-t ~ rnfs \. hl X avJ '< be cootif\UOU.s 
3?tv1 i WxtrhV\Ties. lh2v1 a.~. ta all t 

Xt Yt- XoYo =- f ~ dY~ t f 't's dK + (XJ~)t 
Rk.. Tiw. ferrv1 {X) Y> IS aJled tk ltb c~ch()'J. It- Is 
Qbl if- X ff Y f., d Rn;ti \,()q')o}ion. t\1~) ivt terms 
cl- rke 9roJovtov~~ lvt~tt>-\; 

)\ Yt- ~Yo ~ f X~ OY~ -t f Y .. 0~ . 
0 0 

M~~) 
~-'<t- \ Ys = ~(Yt-Ys) + YslXr- XJ t (K-XJ('<t'k) 

lU-~ ~ih01 lU ef- CO JJ) thu-~ 

Xt Yt - Xo Yo "' % ( Xtt '< c~ - ><t.~ Yb. _, ) 

~ ~ (XtiJ~b~- ybi-1 )+ ybi-llXt,-Xt,_,)t 
(X~-~-~KYu- YbJ). 

bkn3 ~d part1 H&)tcs ~ti1 ~H) 4 0) fvr Or\j b Q) thu.s 

X Yl;- Xu Yo , (X· Y~ 1 LY· X)t t t;x} '<>t. 
~ wnhnu.~~J this oJ5.0 ~lds. ~ o..l\ t a.s. 
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:fum_ U+O'~ forM~u). lJ X')---) xr ~ covf-i(\l,I(9Lk.S SeMi­
MaJfivYju(€~, ard let f : IQY---) R ~ i(\ C-. Th2.n a.~. 

(f) R~) = ~XJ+t, { ~JK) d~ +i~~,r~xl(X,) dt:/J~~ 
L1ue X~ (~ , ---) X!)-
M fir f CD~ciadtt tt-) (c; ~iM-
Ch;M: AssWVIQ (f) ~d~ b ~fl"Q f _ ~ i~ oJ~ ~'ds 
for ~ ckB~ ~ jCY-l : xt t&L 

• k.~ ~D~ tJK. 
I~ 

1 
w~ lef ~~~ x~ 't- u.v? y ==-~X): 

J(Xr) -5(X.,)::: r x: d~Xs) +~\{_~)a~-~- <'l-) «X1>t. 
~ (f) fa f ovd H·~D X) ~ (HK) ·X) 

IV< ~\ £ t k. df i ..f. t t<. ctt ~ . 
V' • fDO;t ~ ~ f Xs £ (XJ dXs + i ~, ~ X6 ~~ l~) dOO<!)s 

B~ ~fl tor f o.V\d (X, H· '-() ~ I+ (X,Y)J 
p t (:)f \~ . 

('/-, HX)\ ~ ~ f ax- (XJ d(x_J X')~ 

~ 9()\) ~~(Xij) + t.l ~ (Xs) d~ tlt, 1 h)~ d(i)~>s 
~ ~r<:1v.d1oV), Cf) hdds fcr all ~jt\OMio,k. 

[J X~ c ~ + M• + ~ k +k <£~twnrti~~e d<r.oW\fo~hO'\ of X. 
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Cb.im: ft) ~)d~ f'o o.l\ fE C if 
I~L(JJ) I ~ n tor tAJI h OJ IA)d2 

1~, b~ fk ~sb.~ ~~rvn.kD\') fuotw~J f4te rue 
[Xi~haY\io-ls. PK ~+' 

SA~ (lffx)-~(x) It IV'~ -V p!L(x) t I \ff(x)- V'R[x)/) ~t . 
1x1-n 

To.ki~ fiMikJ 

ftK)- RXo) ~ ~~ RJXt) -p~(XJ 

f ~(~) d~ = J! f ~ dX~ b~ s~Wn~hc OCT 
t ~n . . . \ r;, ~ . 
f ~tl~) dZt,t>s = ~~ ~ ~ (Ks) d(XJ(l>s ~ Ln. 

CbiM: l~) ~d<; ~cxJ resh1ck~ m X. 

~t 0~1~Fft>O: ~IX\:I>nf. ~ ap~~i~ 1k CAlow 

- - ¥-'"..a£ l 1 tl':m_ ~ ; 
~1J- UX,)+ f ~ rrx:~)d~ t 2~~ a~M(>() d('x)(>s. 

t,~ h~oO, 

fSl 1~ hvn~ d ~ 31oJoY1a-fch ·IV\~roL 

We) ~ H~) -r ~ ~ ~ (~) d~ _ 
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j-~- farrwJ m~~oV\o.\ Me<5 
Wnfi Z -Zo =f Hs dX ~ dZt ~ HtdXt-

D 

4- Za ~ <:t)Y>t ~ f d\X~'l\ (9 d4 ~ d~ d'l'*' 

ltb1s fa--VVtLda! 

dffXtJ=-fQ£ di t 1f B_. dX;dX~ 
, =, ax:: ~ i \~'a)( ax~ 

fir ~n\OVI I\I\Oh~> 6X)~"" d(B) " dt _ ThLLS 

df(~) "'"" f1(X) dX t 1 ~'CX') dt. 
Associo.h vi t~: 

Hr(ktd~)'"' (litk:t)dXt t2> H·LK·X) .. (HK)·X 

f<m,; tv.-Wok~ kb{i ~ ~ 

Ht dKdYt ~ LHtd~l dYt ~ H· \)(~~> = (H·X)~) 

IV\~~ro~l)tl ~ ~ ~ 
dlXc ~c) -:> X d'l't + Yt d~ -t d'Xt dYt 
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4 hwkd1a1S fo &-rMnl~ flttOnoVJ cmd rvor+-tra<Jes 
~.1. l£.~ ~ &atnd-er\ Ji01 d Brov.J~bn mohP'J 
lhM. ~~ X"()( .. )(d) . ~ CDn~VUJ.OU..S loco.\ MO.~p\e~J 
sah~f~iVI~ Xo-0 (}V'(\ (Y..\ 'X1) -~t b o.ll hO. Th.eVJ X is 
~ s~Wci d- d\rruMSlOV\Q\ &oU1V\\cm tvd-ion. 

Ex~rcis~ . It 5Wfi crLS to ~lN that 
lE(eLe-cx~-Xs) [~)-= e.-il~lt-s) ~ 0J\ s<t I ~cR'. 

furl oF M. Fix et~ uvJ ~ Yt-~ G·Xt ~ f e;x~. Th~~ -, 
(Y)"., <Y, '()t: ~ e'ei ()(Xi)t-: lBN ~ o.~v.01ph'oo. 

lJ z~-= eil(l+1_('f>t ~ ~i\+Mer"t. ~ \tO's fofiYILL\o_ 0-ff(ied t-o 
x~ ~ 'f T i_ {~)t Oncl f&l = ~ 

d4: d H~ I : Zrl i-dYl-+ i d<Y>t ~ 1d <Y>t) = i,lt d\ 
' 

'-t..) t 

4 -z. ~ d 4d'rt = ~~·'()t 
0 

!h(A<; ~ i~ o. loccJ rttCMh~cp.le. S\itCQ Z is o.\so bcu~) 
1t Is IV\ 6-d o.. [trw_\ WtOJf\ ~£. H0lCQ. 

IElZt l t:s) = z~ ~ IE( ei~t-Y~) I:;) ~ e -~12.lt-c:.) 

whIch is fke d o.iM . 

54



~. ~. Dl!bi~s -5£~ llimm 
Jh!L LJ H b<1 0. mt+IV\UOJ..S loco.~ IY'UJi~ok IN'Ifh 1\ -=:Q 
ovtd \~ ~ ro. W <M> 1 ,.. 

I Is 

Ts ~ inf{t ">Q: \H)t >~I~ 
B~ ~ Mr~ , Gs "' Trs . 

----~--- 5 ~ 
I 

T~ S 
SH Ts ~~ ~ ri5l,d -CO\+\ V\LU9Ll~ 
i vtV~() f>f t-r+ (H)t · 

The~ 
(bs) is o. filhuhoV) ~Hb~\"8 \h ~s~\ C(l)vdi koV15) 

(Bs) is a. sbclorol BroUJ\IOVl m.oho1 ado.p\trl fa C~s\ 
M is o_ lrwJQv1) h/Lt\Q. doof d B: Mt = B<~t . 

b~. Aln.t0Si- swel~ , b ~\ u<v) 

H ·,~ co~d'ililt Oh fu)v] # (M/ \s WI\Skwtt 0'\ U,t)v1 _ 

Pcoof. ~ WA+i~~ uv-d s.ivo. <M) is in~S~J i+ s~cas 
to s~ ~t fa oJI fixed u<v 

j 

{Mt:M~ VtE[u)v]~ == {{~11 :\H)\1~ o..s. 
t t 

LJ Nt = Ht- Ht-"lA ~ 1 dMs. The.V1 (N)t ::. ! d<M)!."' (~ -(M)t/'1!· 
~ ~~ 

~t Tt ~ irtf f t2 0: <~ >t~. ~ N'~ ~ N~ sin~ {Nl~ ~ t 
ond E~f' ~ IE{Nt~ <E. 

-=> fl1l<H)., "-{M)k ~ ~) = E{ i(N)v ~o N~) 
~ E(i<t-Ov ~o N~"rJ < £ -fa te~.~1 
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~ Nt-=-0 a. s. Oh {<H)" ..,_<H)"'\ ftJ it[u) 'V 1 
Th l.ls {K:v=- <H)~ i M?l i es H is cO'lSh).vt+ Dh Lu >'J] a.. s . 

~ dlted10rl : t',(Q,Jc\~-e (To e~~ ~ ~wrai1 Vl{}.~VVI ~ _ 

lervHLt\O, B \s (f)Vl hn\AOV-S. 

!kL Sln~ t i~ crullQ~ ~ . M ~~ CoV\~V\.ll!),L~J B!> <: l'h~ is 
ri3hl--con.~Y\IA.O~- Ldt-coi'l.hV\w~ ~ ~~~t lo 

1\ ..,_ ~s- ~ Mr~ "' ~is wkre. Tc;.- "'" irS{_ h 0 ~ (H)I: ~ S t 
lhu.<:. i~ \.., Tc:.- ~ ~ ~~ ldt-~nhnlA.lliS oJ ':.. 
Dt11k otkr ~V\d J if l ) T~- thfY\ (H) is c.on'i>k~+ ()) [Ts-Js1; 
a .s _, o.nd ~ +Wz. le.trm1 H ·~ COisluvt ulc;,o~ so Qcam~ Mrs~ 1'1r ~-

~~- ~) & o. .t;\hu.htN\ obe~)~ ~ Ll)Lio.\ cond~hoVL~ 1 
~<t, oJ (Bs) IS ~ fo J. 
M A e (;.~ ~ 1\ (\ {Ts ~ Ll ~ t ru. v u.. 

~ A n[Tt-' u.~ ~An lTs~\A~ (\{Tt <Ltr e~ Vu. 
# A tt 'gt if t ~' s 

So lbs) is a- ~ ltrcJleV). Riahi--conhn.W4- foll().o<:. ~DIY\ tkt Df 
rr~) o.nd s ~ h. J and co~p kie.N.Ss frOv, trot d fh) . 

To ~ tkJ B~ E Gs:: :t~ ~ opp\(j tk ~~CN.\i~ l'od froi\A AfJ: 
i~ X ic; c.U.dl~~ o.~ T o. s6pp'1~ t\rvu~.. tkn X. ~=r<oo E h. 
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l.emmu. B is Q ~~~o.~ ~Nit{, ~~J 1-o (GsJ nnd (B~ == S. 

J1oof. Sinm (M1s)00 ~ (M\!> =s < oo, Ml!> e; rfc. ThLlcs 
lM2

-\N))ls is (). ur vvarl-11'\~r.Je. H£V1Gl) b_y CD1 fa (<S) 

lcl~l br) = E(Hll Trr) = Mrr:: Br 

ElB~ -s lbr); IE(M1 -(f't>)Ts I r,.,) = Ht-{M~r = B~ -r 

~ ~ is o. (JXIl + i V\ lkO.AS. f\"ar~ noule tN.I th ZB>s " s . 

Roof d &M. ~ ~~s ~ara~ isuhoo, tk kMiv\O.s iMP~ 
~t B i') o. &~Jd ~MlQ.V'l !Vldia1. -rrw_j cJso iMf1j 
~ d"h.r O\c:,sffii0V\~, 

4. 3 GI~V'DY ThatmJ 

E~\e.. ~t X be em . n-di!Yle~loroJ ffit!trecl ~v.S'.iov'l wd-or 
LUI~ CO\tAf\cWIC5l IV'G.~X C = lej): 

EUX)-= (dd _tj)V:.- ~ tlx) e -!(x}lx) dx M, C'. 
lrT ~ ) 

"* f f« ta) = ldd !$ )"2 f t\xl e.- l(x-a 1 M(><-a)) dx 
~V\ 

_ e,-ilxJ'1x) ~ -i~;HrA)t(xJ1~ 
~ tlZ HX)) . zlx) 

~~ '1f X N .N'LO)t) oo.ckr o. ~we. 1P thrln X rv J'\(a 10 ~( 
~~ Q_ ~t~z. 

57



DJn. kt M ~ o. {P1k"'\AD~ !tXAIIYlO.lhnfflk. The ~'c. 
ex~~\ d- M is 

UM\ = €-Ht -i(ti,>t . 

ful If Mo~q Z"" liM) i-s C\ CD'ltiV\UD~s \oco\ ~~ ov-ci 
t 

cl4 = 4dHt, i.e..) 4~ 1-t { ~dN~. 

Prod. Arpl~ ~~~~ Fo(~o.. 

1hm lG-~rso..nw). k~ L ~ u CDV1hn~Aot.L? loco.\ marf-i~~le 
wi\-h Lo =0, Supr»R ~1 ELL) t o. Lli r11r~n3o.l~. ~~ 

rl.- C'll \ clP - W-Jo\\ · 

1ben if M h o.. cpn+lntAD1.6IoccJ f\'lrA(ti~ale. w.rJ ~) thm 
M ::: M - < M ) L) {S OV\ll w ( r. +. (Q. 
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RL <M> ~ (M). 

Praf. ~t Tn =iVlHho: IR~:I~n\. ~ T" is a. ~~~rlj 
H~ m-d r LTn t 00 I " I U)'\~hll\ ~ of A. SiVlC.Q CA:~~ 
o.ko allTn 1ov) == \. lh.t.<s 1 ~CQS ~ 4-tow ~t AT" 1~ 
o co~h111AOw; I~ wu.rt1vr-l€. w.d. (R. 

Oo.iM ~ if Y= HTfl- \HT~1) ord z ~SL) ~ YZ is o 
CDVIhvtlAO~,t~ l~a.l ~ak w.rJ. IP. 

dlZ~) (ltb) Yt d4 T Zt-dYt T d(Z,'Ot 
= Yc 4 d~ + ~ld M:" -d(H1n, l{) + 4 cl{ M\ L)t 

sivtcu. d(Z,'l)= cl(Z,~) 1 zd(L)HT') 

dz.~ ldl ~d (Zl) M1'1,) "l· (LJtT.,_) 

'" \- zl: dLt + zt cl HJ ~ 
Si(\Q L o.~ M1~ o.l'e loc~ ~rRn3o..les., so IS ZY. 
Qc.l,M: ZY Is o UI rvudin<JU~· 

Thi ~ tol\o(J3 hoM fk M lkt Z ~ ELL) is a U1 mar+;~~~ 
~ CJ-S)IAW\p~o~ e1rd IYI ~ h b boUVIde<\. klrut Lt1 I<; slab~ 
~ wv.!tiP,iCCkh~ ~ ~u..~dJ ravd()¥1 ~ald~')1 so Z~ 1s 
IlL To ~ ,r 1~ o. ~rh Vl3cA~) vemll ft1~ is e.9wvo.\~t fo 

~t ~ Xt -.{ Mr: T b CA ~kw~~ ~~~) T< i ~ ·~~ 111 
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duiM; Y is o IVIQrh~ w.rl & 

lncW, s'1f1CQ Z o.nd ZY em: lti Murlirp.kx;.) 

IE<\l(\-Y~ I~):: ff:P(~ Yt -ZOo~~ ITs) 

- 1£P ( Zt Yi; -Z" Y ~ lls) =: 0 . 

~) Y = lH -\HJ))T" is Wlorl-i~u~ OVId Tn t()O n.~. ~ 
M- \~tL> i~ u I~ W1or hVl[p~· 

Coc ld B be G\ sb.vtdard BIUOV\Icm t'Y()h'~f) under P 
ore\ ~i L ~ o. ~ hV\(AO).S lOCal fYl(lfhV~cde ~i 1-h ~ ;'0 

sv._c.h thoJ tll) 1~ Ul Then B =IS -<is, L) IS CA 

~ndo . .rd BrotNn;an MDO{)l ~ ©... 

M ~ G-irso.V\Ov
1
s Tko~W~> B Is u CD1hl'\uOV-s 

lq:oJ M()fhrtl.L~. s,(\(Q 
<B> ~ \B>. =t 

t t ' 

~ ~~1 s ck.ro-deil'i:AkoVJ) e; is a ~la.vJOlfd BrD!A1'lbVJ 
rnohoV). 

~ ~~ <D is bruvtded, Le.J (l/00 ~C. The~ 
IP( ~ lt ? o.) ~ e- a7JC . (t) 

oVIfl iY\ r-urficJor C(L) is o. UI trctrHV\3ok_ 
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.&rl_ lid- T "'irtf{t> 0 : 4 > 0.~ avt.d 8 GR. Thev, 

zt -=- e. G L1 -lit <C>t 

is o.. bolk~ rvoJ\~u.~ , ~Cll. IEZo -= IEZ. ~ I . ThLLS 

Pl ~p 4? o) = P( l1 >a)=- !P lZo ~ e.aa-iez-c) 
t L 

~ e -eo. f-ie c 
Taki~ ~ l(\t Ovtf ~ ~)V{~ rt). 

eoo~vJI0 ) rtl~ ill-)t) ~ ~f(~C~ Ltl) 
=> ~ ~lexp( ~ Lt) > ~) dA 

=- It r e.- U~)/.2C- d~ (oo-
l 

Th~,~.~ ffl) b bvx!td ~ ~ Ell\ E ~. This itvfl;es 
ElL) is ~ !AI rrurf-i(\ode.. t 

A f\'\0~ ~V\Qra\ tOk.<1oY1 is. MovlkoJs COldlhrll. 
Ibm. lNOI-,ko.t). ~\- M be a W~t\IV\W)~s locu\ Hlr\i!Yf~ 
~,~h Mo~O. ~V) 

IE( e. H~) < 0() 

iMp\·,~c; fkt £.CM) is o. l.\1 cPOri-i~. 
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~Mf~. Cotsickr tk ~E 
dXt = 6(~) dt t dBt ) t~ T 

o~ CbJl CD'IJwct 0. ~ sul~oV) (~ bkf) a.~ toii()J)S' 
le_\ X ~ (\ lluvJOJd &olAitll0¥1 VVlDhOl ~er f Sci 

Lt ; tr bl~) dX, . 
0 

fu&M< fkt [L) ·,s 0\ Ll1 1\flurh~~e. This Is b OOMpl~ 
~ w b ·~ tntrded. Thw1 

tAT t"T 
><t- ('X, L'>t = Xt -J b(~) d<X>5 = Xt-) bCXs) c\s 

D 0 

is o. ~tuhdo.rd 'BruAnia.Vl Hh£fX\ ~~ & t.U~ 
d~/ dr ~ [(L\a. ~rt0~ B~ X -('>l/ L)~ ThcLn 

rtAT 
Xt =- ! bCXs) cis + Bt . 

~.4. 1k CuiVQrOn- Ho.rho for~g 
~ ~ Wlmr ~02 (WJ VV_, P) i~ ~·,vG1 b3 W~ CCRt) P--), 
\J = cr(~ ~ \-> O) 1.0~ X< ,W --7 R is ~·I~&Vl b~ Xt(w)~wltl 
o.U\d P ·l~ fk Un\9\J.Q p{tbh.l~~ ~ 0: (W) hl) &t 
roko.\ X u &lo~ord ~OAnnn mohoo. Th~ fdup is o.l~ 
CP-\I~~d tkz canon\col wr slfYl ci- trM\b.n Mci1D'L 
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Mn _ lhQ CoiYQl ()() - Mar ~f) 4D'CQ Is 

d-e ::: {heW ~ hlt) :0 i ~ls) ds for so!V'Q % t L2 0Rt~ ~. 
Fa hf~ tk Woo ~"' h ls ~ IA)eak &~wJive & h. 

Rl X deN ~s o. Hil~ ~C9- with imer pfCXhct 
(hJ)~ =c f hls) ~(s) d~. 

Its duo.l ~~ cnn \JQ lck~kRed w;th 
}t ={ f-te MCRt) : (CsAt)f-L(d)) ,u(dt ~: ~~p))f .. <~ ,u.UD()"O t 

i.e. for ~: }e -7\R ~~~d !;f\QOJ
1 
~(h)~! hlt \u(dt) for &frl~ p.. 

Th~ CCo.IV\Q_f~rY-~f\). Le.t- h~ }t O.i\d deh~ ph ~ 
Ph(A-j~P({wt-W:wthc-1\1) for 1\EW. ~ 

d.e_h CXJ Do 

dP ~ exp( I hl~) dXs- i J h(c;l d~ · 
t • 

lhd. App~ Gi~v UJifu 4 ~ ~ h(t;) dXs. SinG~ 

(L)o.. ,_ ~ h~)z d~ : l hll~ < oO_. 

HU is rA ill ~in.3o.\e. 

&l_ ln+Lli hve.l~ 1 ~fOLVY\\0!1\ ~ht}/1 ~0.~ \)Q ~ ~ 
~q;b.v\ M~U~ Of\ ~. This cbs f\D~ e>(lst) b.J \tttQ. 
Chhl~QJ()VI -MOrhv, fDrrwJa. %iv~ Q. ~ 6 ·,nkr~t ~is. 
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~- 5. BtArl<holcb - fuv·ls- Gtm.~ ·rr'\Q_'foj l ~) 
let H; = s.ftn I HJ 

S{ It 

IffiL For p>O) ~ ~re. ~, Cf > Q &Ach ~ut for e_v~Yj 
CDhtlnu.a.t? [~ t'Y\Qrti~e H w,th 1\D~o) o.ncl €._\{~~ 
~\owlY\~ h ~ 1) 

ep f <~;12 ~ IEIH;Ir ~ Cp E <H>i'~. 

lli!1 Go-~~ ~. 
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S_ L NoboV\s cf solv1oV\S 
~ w d) ME. rN) b: ~X IR.d _,l, n<) (J! Rr l( \Rd ~ Rd~tM 
b2 loa:Jia bo~mded. A W€ak sdLLhoo t-o tk SD E 

dXt = bti,~Xt) dt + crt~Xt)dRr (Elcr.,6)) 
co~\bh of-
• Q hl~d p~bl:~ ~ CQ}~ ~t fP) o~~no fu 
11~\ c.o:rl1~ohs j 

• on rn- c1·, Y\'0\~ ono.\ lti \ - &CMY~\o.V'\ md;m ; 
• O.h ~~ -crlo.pld ffi1hnUOJ--~ R'-vo.\W2d ~Ubs suck ttd 
~ =Xa -t! cis)~\ d& + ~ lis) K~) ds. (~) 

b 0 

Mn. for o sho"3 sol~on k Elo:b), we s~ftt twl 
probb'1li~ s~ (.51) t:" P) ood CA &o~kW\lo.n rv£k0() ~/ 
(}~ w l11) to tR I #a CDM leld R lhrA~ ~o.h:J 

proCQ.\<;. X such ~ hcic{s. 

~ The COrY1pleled (o.l~ <hike\ o.~"r\O.V\\ed) h"\Tro...hOV1 is 
sA. fo eothin~ oJ\ (~. f>) -nt.J\s~. I~ co.n ~ s~o 
tkt i~ is in fo.d n8ht -(()1/)h f\Cl.OJ.S ( __, Koaxlz.as-~~ \{{?-' 

PrqJ- f .1 .) 
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DJn. fa ~ SDEJ w~ 51;}.~ ~ ~ is 
o LlVIiqWlAAOS. ·,n b.w (or ~ol. \.W\i9UQ~J if o..\\ ~r.mk 

soi~Q\s, to Elt:r1b) ~th Xo-= x E: R l'nve thl1 ~ 
la.w. 

• P.tfhw\sQ uv\,q~~ lor JroVl?~ uv\19UQ.hfr:f,) it fOr ~~ 
lD.., ~ (ft;), ~) and B, o,Jr &:>luho~ to E(c>b) are_ 

lndlstiV\BLli~~. 

~ lTo.na.ko.) ThQ SDE 
(~) d X't = S ~n (Xt) d Bt 'k -:.. X ~re S\'o.n ~) '={+ 1 ~{f x.>D 

u ~ ) v -\ ' x.~o 

~s <A ~NeD..k soiJ\0'\ ~ t®k u.n~~W2.1'l.eS<; ~s, kt 
p~w\<;Q. \J..-~~~~s') klls. 

lkf l£1 X ~ a skvrbrd 2M w;th xb ~X. Se+ 
-l 

Bi = ~ ~V\(Xs) dXs. 
i: t 2 

d X t ~ s\Bn(X,~ d~s = )( t-~ aV1 SKJ dXs = Xt 
'{) 0 

I 

Th!A.s d~-::. s.iun(Xt) dBt, Xo-= X. Mo~o~ B Is o. 
~~ BroWV\ IOV\ Y\'\Cf)t)'l ~nm \t i'=> o.. locoJ ~oJe 
o.J (P> t ~ r do:!.> ':0 t 

1V\ w, b~ tk ~f\"Q ~f\'\QY\t on0 sdvn~V) is o. ~ 
et\_ ~ uh9ll2.V\ICS In lu.w ho8~. 
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Cki,(\1\ : J X 6 o.. so!J10V\ lA); l-h Xa = 0 ~ -X is. 
.J 

ako OAQ. IV\ pJtf\cuiOJ/ rfhwl\~ Wt\l~lQV\Qc;S full~. 

Inc!&!, -X1=- f sT(X;) dBs 
t t 

= I slsnl-Xs) d~ + l I 1xs~ dBs 
" # -r 

ou,(V\ : N ~o 

lndeJ, ~ k o. oonhV\UOU-S I~ Marfi"'JcJ~ o.rd 
<N\ ~ f 1Xs"'o ds ""0 

0 

sihCQ. th~ zero sJ d ~lo.."' rrd-\0') fu') le~ ~ 0 

s·,{\~ N=O) to+h X ~ -X sol~ (:{<) a.rui hence ~wi\-t 
un\ ~v.Q_ 11\Q._~s fW l s. . 

Rl X i~ ro+ o slrn~ solv.hQV\. 

ThM lYo.rvuck-WAk~<: ~ Eicr P\ fn_) 0. UX9-k 
sd.J\011 ~~\h K, -=x o.vJ ~~lA1,c;~ w\~c; hd.~s. 
Then Lm\qVQ~~ I" lo.w hclcis ord for o.V\j LlL1 ~(h) I IP) 
(}rJ ~ ~ ·IS o.. un~u2. Sr~ solvJ!v~ to Elo-1 b) . 

Proof OM·,\kJ C(e_sJt w·,!~ V\d- ~ ~)_ 
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lhM. ~pose. ~t b ovJ CJ OJe. local\~ LlpJt\k_J In 1he 
SQY\ ~ fhtf tke ore ko) 0 .suc1 1-kt Wr ~l\ t > 0 mtd 
lx\) \~\ < r\, 

I bU:,x)- b(t,~ I < 1<n lx -~I 
llrit)()-IT{t~)l < ~lx-~1. 
~ po.\t!LOh~ \JYil9wm2-SS ~[d_s for E((0b). 

M l£t X orJ X ~ nro soluhoVl~ to ECcr;b) M;(lQ_d 
[j(\ N ~M<. p-olub;\l~ Sf-CQ. ~ ~t Xo ~~ a.s. 
Let t-= l~t>o: l~tl ?.t'\ a 1Xcl>h~~ 

fr'l!) = tli~Tn- ~A11J-), 
~ conhvtl.L\k d X o.rd X It ~CQ.S +o ~ow tkJ for 
ol\ \'\ ()V\d ~~ ~ ~s. t.Jt\=0. 
P.. ltUrcs ~a 
~ Jt"1 

\)(+"1"- 4/\iJ,.[lqc.-><s)·l?Ls-'~)-~s}~)! ds 
< V ( N 1 _ ,,V\ x~ -xb1 

+rl(Ks-Xs)·lo{~_,Xsl-CYG/~~)J dBs 
+ttllcrts)<s\ -IT{s;~:;)i d~ 

D ' 1 ' 

Ki l (\J l. 
< f\ X!>- Xs l 

68



S,f\C.Q lX;-~s)·la(s,Xs)- o{!)J~)) I') boLLJe.d on s< Th; 

tk M\dd[~ ~ i~ lX ~ 0 nnarf1~~ . lhu.~ 
f~~~) ~ 1lk,Jk:;) I fols) ds 

~lf\C9. f,JG)=-0 ~ ~n i~ ~dJ ~~\\ in~uo._ll ~ 
lfVI ph~.s f"l t) ~Q fa o.ll t aJ n. 

~~1\. lnequo.lft~. ( 7 Em1e M). ~t T >0 ood !el­
f : [o, TJ --7 [o )») ~ o. bomkd ~~ kvd1on. lkn 

Bt) < u t b j t(s) ds fer o.ll t5_ T 
·,1ll·l~) D 

Ht\ < uebt for o.\1 t<T . 

.BL ~ pd d. the. ~ o.\~ ~D£ 1\-d solu!i01s 
ckht\Q_J ~ to f,rWL T rnJ Q~teR. vp lo hMt T 

5J. ~+ron~ ~·dtV\CR. for Wfchltz ccxdho~~ 
lhM. AsSJM. b ood o- ~ ~d:nl~ LJpsch~\zJ Le.; tkrt is 
k> Q ~ tt-d ~ o1\ x) j ~ uvJ till 

1 

lbU:;X:)-b(t)~l ~ k lx-~1 
I oit}.)-ott ~)I < K. I X -~1 ' 

IU O.V\~. La.,.t1 ltt-)? P)) a~ \fJ- ~r<MJVJ.UV1 ~0" ~) M~ 
XE:-~; ~ IS Cl stro~ so'tJ\0'\ m &,61 [A}(th Xo =-x.. 
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M To ~~11i~ ~~ U~<uMQ. d"'m"'l. ~fine 
ftX\t = x t-5 tJtc:.)Xs) dBs t S ~s)Xs) ds 

0 6 

Gi~ ~~ \k) V-Y<. ~Nill ~~ ru: fn-) -a.chpkd X ~ 
+ho.t fiX)~ X. Such <A filC«l ~~ IS ~ s\-~ sdJi~ 
SiV\02. vJ2 ChV) \v.k ~) -\o ~ ~ ~l\mf\~V1 j;{!u_~ ~ J5. 

~ pm ·~ ~ Pmrd i\ercJ1on. l.f.t- T>O. for X coo~tlua!S 
~,~)~ ~ 

~XII~ = [( ~&- IXt-1)]_ 

l\1eV\ B "' f X : Qx [o_, T]-} R ({)1\\lnuws ~: lllXIl~ <CXl ~ 
i~ 0.. &l.Y\OC~ ~CQ, ,. 

au,IYI~ \IIP(X)-R~\11~ ~ (llt8)K:' ~ IIIX-YUI~ dt. 
I~) IIIFO<)- fl'OIII~ ~ i t(~\!(bls,Xs)-b(~ __ \))ds ~) 

lo+bf ~\}bv ( t e.. 

t c2_ f ~~ fPt:s./~)-cr(s __ \)dBs 
-= (I) +- Cit) 

CArd (I) ~1_T IE(I lb(s)<s)- b(s,~sl d~) <2TK'-!IIX-'(1l~ c\t 
(~btltC) (T r 

l:U:) f ~ f ~ lcr~JXs)-G{~~~~JI~ d~ )~ ~ KQ.~ ll~-~\1~& 
It SA~ I Mel~ ~ ~ IE H~ =- 4IE <N>r. 

KT 
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((CAirttl : Ill Fco) lllr <ex> 
t ~ 

flO)t = x t [ ~s>O) ds t t cr(s,O) dBs 

~ ~IFill~~ 3ijxl1 
+ ''r~s.o\ds ~~;+ ~~rm~,o) ~~~~) < oo 

}: 2 T 

< T ~ [l{s,Q)I Js ~ 4 fl{ic;(~ ,D Jr ch) 

LJ ~ ~ o and xiH = FLX~) . ~ 

W XL+'- i I~* ~ C f Ill X~ -l-'111~ dt 
0 
T-l . 

5. C: I J 111 x"-i-t-1 111~ ds 
C) 0 

~ en I r~---lf dbo) dt, ---· dt'l-1 lUX'- X0 ~~ 
0 () 0 

~ ' t -> L m xltl - x~ II\ ( oo 
. T 
1:1 

.:-> l m~'~wr~~ W\ifor!'Vll~0fl [oJt a.c;. 
=> FO<)::: X Oi) [o )T] 

(\ f[O) \\
1 

I) w\9wti'\QC;.s, so[~ !9R~ ckf1 Md w;l:O d~ffeJenf- T mu.sf 
o.~ ~VI bo~ ore ck Btud . He. nee VR. cnn ~nd a 
soll.I.~C)" d~h~d o11 aij ~{ [Dpo). 

1, 

!Sl Vv~ o-: I, ~ ·~(\k~rnl ~llo.hcn Xr~ X/~ b(sJ X~ ds tBt 
CW\ bQ. ~dwl fu oo~ C6rtinuo!J0 ftm chon ~ thu SOJYLQ 

~~ ~oo~ ~~ m1 b~ 11-11T = ~w \><t-1, 
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5. 3. The soll.lhon rrop 
Th~ fo!lo~t~ ~to~t ~~ pr~vidQ~ a ~· ~i!Y\u.h . ~n 
iNl_ Je~J~UL Q- \hQ ~Q~ ~ fk. IN ha.\ Q9tl~lil0fl. 

~ lkk ~ ~Vv& ~P,n~ us in fW<. tk0tm~J let 
X: b2 tk s.dlA.nDYI VJith ·IVu ha.\ cCV~.cl ( Kon X~ " )(, Foo p ~~ 

~~~ tx: -~ \f) ~ Cf,~ lx-jl' 
Praf. Fix X~ E ~ nnd ~+ f=, irS{c ">Q: IX'tl ~n or \X~\~n }. 
SiV\02. lo.+-6tc1P ~ ?t\luiP + lblf t [dP\ 

El*~ lx;~i - x~~r I p) 

~ 3fl-' [ lx-~ IP tIE(~ \1(m~ X~)- cr(r) X~)) dBr \ P 

~Ai (A) ) 

+f(1~~~f llir)X~)-b(r)X~)) drjf) 
CB) 

IN~ (/\) CPf) cf t[ I \nr, X~)-cr(rJ~ t d~~) 
(~o~) Cf t~ _, E(rT tmr~ ~n- cr\r, x~) \r dr 

(B) l~fk(' Crtr-~ t(T lblG xn-blr) x~r)lr ~~ 
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u~ir\~ ~ Lir)chih c&\d; h~ fcr- (J ovd b, fke.~re. 
tki a.re. C-p,t- su.ch tkt t 

E(~~r ~~~- x~"Tif) ~ 3p-1 h(~lp t ~J ~ E ~~T -x;"T\f ct<; 

Ht) ~ f.Ls) 

N~k ~t f ~<; bu,Jd ~ l9f ~ ~ HfVQ. T 
~ Gmn~ll~ ~ 

fH-) < zrl lx-~!F exp( (f.tt). 

~ hlw) we Q)J'\ kb. h --1< o0 ovd cf- fk2 chim . 

Sb~ S0!u~£ms ~ W~5. ef ~~On ~on i" 
~ fOflCMl1~~ s~w. Recall fk d-diiW2VlSI~ l\)[eMY ~l.Q. 
l~~~P) ~ w':: QR4 1 ~). The Sf~ ~ co.n ~ st~ 
/-k kto\~~ of ,v.nlfoM (Ol~CQ_ 0"1 OOMrd iVL~a.k, 
wk1ch tc; i~ ~ ~ ~'c: 

dlw,W) = ~ ().~<-l ~~ !w(t\- W(t)[ "I) 
~r o.n~ w.~WM~ ~)cLO,m) wf~ I~<~. Thr~ ~t-nt 
~k2s "V.Jd o.. COvlpl~irL s~~e fY'4ie. ~CQ. (a. !Pci~h ~Q), 

Th~Y~ . lkdQ( fk ~ <l~':,q,._tvpRD'ts ct~ ~ ~v:~us ~~) 
~r x ~(Rl ~ exi~t mop~ 

F.c : QRtl !R"') J. UIRt, ~) 
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rtt~HA~e. w.r1 ~ c_o'1~hm cl h:>rl') ovJ wd. )J~ s~ -tY­
(i) \-H > 0, x Ec IR~ : Fx l w \ is MQrls ~ra.~ w.r:t. o1 w(~) ~ s ~ t)) 

~r P-u.e. w c w~ 

(li) Vwe ClRt, IR""): X~ fxlw)~ LlRr,lR4) is. ccnt\nuous. 

Gii) Vx tR1 J V (Q, ~ (1;)1 fP) ~~~, ~ ~oo..l 
ClY\d; h~n.~ I Q_~ (f:t)- ~f\l(JY) ~~ B lJ)ith 
~=(\ tho. Lml~WL sdlAhDY1 to Elo,.6) W!H-1 Xo=-X. 
is. Xt ~ Px CB)t , 

(iv) ~~ ~ si u.p cl G;~)J if U C To ~ Fu.LB\ (S tho. 
W\i ~Ia ~v.h~ LVI~ X,:. Ll' 

fd for sirv~pku 0doh0'1) cl~f\'1"""1. w-
Gt =- o-(w(s.): O< s< t) "Jr, b = ~ 

wbe J( OJe l-k p- nu.ll s£' ~ fk_ r~t ~teiYl) tkre fs 
a 009\AQ shuY\q sclu.liOVl xx fO Elcr/ b) U)ith ~ = x_) 
\Di~ tesped lli (W);,[btt P) o.nd Bt tw) == w C·l:). 

Ba tk b.~+ p-opU>\ho~J choosl~ ~) o~rapr'o.td~J 
Ed(t)~t < E( (~~ ~R 1><;- Xil/) 

(~r~ ~k. [l~t IX:-)({Ir) 

~ lx-~lp~ ~ Cp)k. ~ Clx-~1~ ti-l. 
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A Vtrs.im J- kolrvtq){JOV1~ conhn~k c~lm~V) a.pplies +o 
proCQs,s~~ xx in.de~ed ~ ~ o.rJ yCAllAD~ In a... COr1\f~"t 
Mo.IY\c s~~ provtd€d tf) hoki<; tut~h p>d. H€.nCQ ~ 
is £A rvtdil fi m.\i0n (~)~e:tRI d- 0<")~'$ tk+ is 
C.OI'\t-1 nuo.c~ iV\ x t--~. Sd-

fx(w)~X"(w) = cX;Lw))t?o. 

lkV) Cii) is IIYI~io.:k. To .S-elL [j) hok. w~-+ X~lw) 
is Gt- meo.swn..ble. SinCQ. xx "'Xx a.~s. thi~ 31ve5. Ci )_ 

To skew lit;)) o.c;s~ (D.,1="1 P) o.vJ ~ rue 3ivenJ o..rd ~e.t 
I\ 

~:: F(CB)t. 

Si~u Fx ~ in.fo ((R~J ~)~ X iS cmkYllWIAS il\ t. Sinaz_ 

FlB) c.uit\c;ckc;, a-s. \.Ud-h a tUP\.dO'V\ VOJ'b.He MQQ~e 

with tt~ to ~ c.o~pl4d Rttr~k~t\ ~:ted ~~ B ottd 
i=" cor\tdin~ thls tiltroJ\t>Vl, X is acb.pled. Bj Minlf1DV); 

~ .. x t-! crl~ 1 R'~) dBs -t ~ 1{5. >X.) ds 
o nW\ lJ i. 

~ 

=X +liM r (JI~..,XC-t)(~r;-B~~,) t ~ l{s,~) ds 
~~00 ,~, {) 

in P-~b;t; ~ avJ ttt~ P- Q.~. o.b~ 
a sub~~ Vi)~lc,k ~ F\CW Pix. 

SnCQ X(w) ~ Rw) thu,'J, for P-o..t. wcW'\ 
nM t 

Fxlw\."' X tliM 2: oi.t, ~(w\-1 )l~,JvA,- fxlw)hJ + J bls, X'J ds. 
tv\~ (~( 0 
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s(\(]_ B has b p DV1 W"", -&u.hs.tlkhn~ w=-B and ~V] 
wx!cii'Q +k ~rOX:l~ ti the &t~a.chc ·1i\+eC\RJ ~~~ 

0 t 1\ t \J 

Xt x t} cr{c;.J(J dB~ t ~ \{<)) Xs) ds 
QS dui~~ 

llv' DMiHed ~ ic:, ~Mibr) . 

.liL 1k ~Je~s W ~6) v-'>ith Xo~xe-~ can be_ 
co"~~nA.dd fa oll xt-Rl ~wJh~\kS~~ such 11-o.t CA.s. 
X i~ (1)11\tiV'W)~ iA ~ ~·lho..\ mvJl ~ x. 

5.~. b<Cl~es of SJEs 
Th~ Ornskl¥1 - Uh\en beck ~, Ltt A '>'0. Thsl. Onbkl n -
~hl~b~ pro&'b~ Is tW. ~\~u& ~iJior) to 

dX. = - ~ ~ dt + dB~ . 
~ is CW\ ~ thJ mn ~ ~\wJ ~he_~~~· fW~ ltQ S 
~ Y\'\l,l\<A to eAt xt : 

dl~~t Xt) =A ~y Xt dt -t {;-t dXt = eM dBt 

# rft Xt - Xo = f ~hs d~s ~ Wiener lttksru.l 
~ )\ "'- e>-txo + ~ e-Nt-s) dBs. 
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~- fix X~ =x E-R ([X" Ga.u.<;,io.VI)_ n-e~ (Xt) i<; CA ~~A§io.fl 
(YOCSLS~ I i.t., lXtJ :, i~ 'jciJ\~ ~~~o.n for oJ\ -L = 0< h < · -- d;, . 

~ IE)\ -= e-At X I Cav(Xt, Y..s l = $ ( e"l!-sf - e- ~ It-t~[) 

.&!£ IEXt"" e>-t [X, t E J\_-Mh) dB~ = e-~t X. 
' () --y--

B~ -the ~;lu- \J()~YlO.~ idtJn\1~) 
Col\)()~ E( L\-IEXr) (X,- E'K)) 

~ r( { (M+-u)d~ ! e)Js-u) dB~) 
IE(~· B~K· B)J = E(H·B)K·B)o = IE(HK ·(B)ko 

OQ 

= r liu<t {'_- ).(t-l.l))l i<;s e-N.s-v.)) du. 
c> SAt 

- 0-~lt-t-5) r 2AlA ' - .l -~\t-ts)( 2.~(.~"t) l) - '- J e ou. - J.A e e -
0 

Ur. ~ rv J(l_~-~ ~I ~) for ~'&~ t~o, Xox ~ R ' 
~o ~ .l ()S t~aa 

~ 

This SIA~~ tk &<;~(1) }fl()Jt) Is irt\blicm+. f~ls \s 
l~d w.~ to cJ-Q_ck ' 

Fad. ~X,~ ~CO)~ )1kV) ~'V M(_())~ J br all i~D) ~ 
>\ is o. ~m~C1Aa~ ~~~(lll) ~" ~~ 

Cov l~~ X.,\" cPv l~) ~~)" is._ e-Ait-sl_ 
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GeoMth1!:. 'BrQlA'f)iatJ ~t1hon fOr wtC~,R) d£.~fl~ ~lw) ~ 
[Fxlw)1(t) ~ x exp( crw(t) t~- ~

1

) t). 

If B is ~ ~Jard BrM1ioYJ V\'l.OhoV1 wl+-h Bo"' 0 ~ 
><t ~ Fj(( B)t ~ks ~ 

dXt ~ rrXt d& t- fA X dt. 
(M ~ o~ \uvJJ f ~ ~ w to l:x! OV\~ sMOOth p>-~,~ 
th~\1) ~t ::o t(w)t ~h\f\e.~ tk2 DDE 

d~t- = cr-~t dw&- +~- ~) dt. 

Thv_s, ~ lhi tvup F ~Hs~es, ~ \.Dr'o~1 e~~n oo ~h 
f\A~~. 

55. Lanl ~~~()h.S 
As ~r DDt~) ~l~ons to Sb~<, d? nd dtoo.~ts ~ W 
Dll h\'\~. for s~ tk ~rCBO'\ tif\,\.Q. ~~ roo.UO'Vl, 

~ llocu\ H·b for!V\tk\. lf_j. X" CX'J ... ) ~) ~ C£ntinums 
~VV\i_tv'Ofh~(Qs .. kt u crl 6e ~~ ~ Ri f~ u--7 r be. c. 
)J I "' 1 nf{'t?. 0 · Xt 1ll}. 1\Qn fa ull t <~ 

·Jtl . t ri d ' \ 
ftXt~ "'= RX~ t ~lox: lY.;) d~l + 1~r ~ ~ta,i (X~) (X~ X')s. 

78



~ Awl~ lt6's fmvtula +o X'~ ~ 

~ ~·lrtf{hO: distlXt)Uc)~ ~ ~, 

¥· ~t B be o. sfo.ncbrd ~-dirvtQV)s/a-qj ~fliOYJ 
IV\OhOt\ LVtth Bt I. Ta.kivt3 U:LOpo) J f{)<.) ~ rx j;Ves 

fBt."' It ~J Es~ ds - 1 I K311 ds 
0 ~0 

for tc T, l~~.H ho: Bt =-o~. 

ThWI. kf- Uc~ ~ ~ ard b~ ~)( Ll-; IRQ and 

() ~ Rt x u ....., IRd"IVI He loeo./1~ Li~ih C6YlhV\uou.s. Tho"' 

for e~ CO, t; (f;l) P) OVId 8, eve~ xc Ll) &rc ex.lsts 

Q ~'kj ti~ T s~ ~ fa t<r; 

X-'= x t [ b(s, Xs) cls t t o{s_, X~) dRs) 

Ov\.d h o./1 COMr:nJ kc.lA_J &p it<T: Xte. K ~ < T. This 

s~pP~~ fiMll. i Is Cstl~ fk explc&ion tifi1Q. 

~aJ. Rx. k, c U CoMrJ ~u.ch H-tut ~ ~k, avJ qK-~U. 
D,~ co.V\ hAC( b, ovtd ~ deJ.i~ ()J o.ll of ~ s~ tkxt 

b, IIR, K 1<., ::0 6114 ~ K., o.vJ crnf R." K, "' crl ~k"" ovtl ~LlL ~ tho. t bf) 

o.vJ ~ 01€. ~lob,.1l~ Li~~~itL L~I'\IA~S. HenCQ
1 

for M~ 
x.~ U a.nd f\ h~ ~ fW ~t Kt>

1 
fkrf 0.\f W'll9W2 

sdu.h0ns XV) m E(crn, ~,) wl~ X>x. Ld-

t ~ iJ{ bO : X1 £/- k, ~ _ 
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Lm.19~.v\rtr~) Xvtr' o.l~ sdw.s Elo.,, 6,) v.p to +ii'AQ T~ . 
~ X~' ., X1 fa t" l o.vd WQ coY\ c\Qtiru( Xt tl 

l<T:= ~ T" ~ ~cpiri~ ~ Xt~ Xi kr t<:Tn. 
Clck.IM: liJ kc!A be co~. k ~m {T<ro~ G.'S, 

S-Ap{t <T ~ )\E. K~ < T 
~J L be ono~ ~ soch \W tel c. Lc. U. 
W. lf: ll-7 IR be ~ ~ lf1K= \ ()11.(\ lf>ltc: 0. 

l£,t ~ = iVlft t20 : Xt-1t L ~ 
S"., lnfi hRn : ~E;K~ "T 
R"-;.. irtH t>Sn-1; >4~U 

1.& N k 1-k 1'\W'\~ cf cro;c,\1!<; of X froM L ~: +o K . 
TheV\ OVI \T~t~ N>n~ 

' 
r'\= f l~J-lf(Xf4.)) 

k_" I 

""t t~~L~) ·dXs~ 1t.~i~) cl(x'J1)s) 

= f ~= cl B~ t k~ d~) =- 4 
(,')\~ H" CMd H" ~·Jo& ond bru~ uyj,}orrn~ \n n . 

~ n
2

.inu,N~n~ ~l~)9..-} P(T~LN)n) < l'f1 1Et:J~<-~. 

=} PlT < t/ N =oo) ~ D ~ Pl T <_c~ ) N =-c0) "<:0 o.~ ch~~. 
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tx~e. ~si~ ~ ~bEs 
clX~ ~ 6~ (X~) dt T d~~ I X.:: X. 

~s~\'V\2. ~ ~ o >o) c.>O ~ fkJ 
)( • 6 (x) ~ 0 lx12. +- c. 

~ ~ SCf ~ u glo~ wkJl&\ i.~.) T-eo o..s. 

~of. ~ \: '1J{ t,.O: l~i>n~. ~ h. \'b1s fowtvlo. 
t"'" "'J 

E l~rJ = ElXJ2 + liEJ X: 6LK) ds t (t"T") d 
D 

f,l\ l r'\ 

~ tiXJ-+ 1 u IE f IX .. I2 ds t ~+ dt 
D t 2. 

~ ([X,[2.+ ~tc,)t -t .,2(} t f[Xs"1J ds. 

~ ~~l1r, iY\~~i~) 
E IXtATn 12. <. lEfXlt(dtc)tJ e2ut 

C(t) 

=} IP(T~ ~ t) ~ C~) 

~ ex~osl[)) hMe. T ~shes T"' liM Tn ~ tk ~. 
HeV\C9. ~ foJou

1 
Moa 

rPITs t) =0 for e.~ t>O. 

::} P(T-:.oo):l 
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6. Applico.hons, to PDEs o.od ~ proULs~es 
G.i. Din~ let -P~son p~ 

~t _llc.Rq ~ qyVJ) U+~ lbr IOCRII~ ~wded mJF,oen~ 
o.: ll 4 ~~ o.nd b: U. --+ fRl) considef 

LHxJ = 1 t~ o~(x) a~1xi(x) + ~ bJx) fxdx) 

jgh L ls uni for£1\~ elliplit if fhr.r€. is A >0 3.le~ rho.t 
ST o.lx) 3 ? A 1312 ror o.l\ SE IRe\. 

DiriJhl-PoissaD prab~. ~·wn f E GU) 3€ Cl()Ll)J 
Rf'd U.€ CLlQ) = Clll)n c.L(l) su.c1 ~J 

-lu.U<) ~ fb<) for xc-U 
u_(><_) = 8 ()c) for X E 0\l 

Di rich lcl pdkM: f =- 0 
PoiSS()h probkm: 3 =0 

1hm l~ burt~, G-ii~-Trw3i~} ~ l1 i~ tmvdaJ ~l:h 
9Ylcd-h OOu"~~, ~ <A ord b ~ 1-tOkJei conh h~OO-S 
o.V\d f-hct{ L I?_ W\1~!~ e!l\~c.. Thwl for evevy Holcki 
CO!h\1\\Jj)\l') f : U.-> R urcT ~v.~t~ croh nu.a.tS ~ ~ ---7' !R..) 
tk Dncht\ -P~ p-ob~ ~ o. sohJ1oo-
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Thm Le+ lJc~ b< ~~ bmv-ck\
1 
~f (/), k_+ b: U 4 ~ 

OV\d cr: U. ~ \R.dKM b< ~nded Botd -R~dims and 
D.~u.rne ~t o._:: crcrT : 0..--:- ~~d is, {Af\lfo~\<r. e.lli~. 
~SAme Ll( C\Lt) \s a ~on to CDP) and ~t X 
is u soi~A-hoo to Elcr1 b) with X~ = x. Ld Tu. =- \nf{ 
t ~ 0 : >4-~ Ll~. fun lE Tu. < oo ov"<.l 

ulx.) = ~(ttLXTJ- r(A LuLX;) ds) 
= lEJ( l9(XTll) + r~ flK) J~) ffinnkln'~ foMttloJ 

tlaw wJQ.l ~~~ Xo"' X 

fxesclsQ. W. b : IRd~ Rd ond cr-: jR\ 4 R~l<rtJ be bolWided 
~J tuvn:110'ls. ond QSsurvtt X l~ Q ~\1-~on to ECcr.,6J. 
~V\ for t : 'R~ X fRd ___... R ~t f~ c' '" t Clvtd C1 in X t / 

Mt ~tit) Xt)- HO) Xo)- t ~+ L) f(s;Xs) ds 
is o. CD'l+iV\LtolAS kxul C\'lO!hnsa.k. 
~ L Is eo.llecl tk ,~ro.b of X. 
&OMp~- • dX ,.dB --t L: lb. 

• dX =-Xdt +dB (On~n-~~ pfoCSLs~J 
~ L~ l~-X·\7 

~ be.loVJ ' fq o) b HO tkr, Oll31Yroth) v ~ ~ obme. gel'l£ro.\ ~U'Yl. 
&.tt in g<.raroJ (~rci~e) DrQ can tlt\c\ such o v ~\lc\tl.y. 
lH1rl ~ vbcl = C e. ad~.- ~x' for c~tl od~- o.rcl C P. ) 
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fur£(~_ lett= rnfft>o: Xtt~} ~te 
llr," {X c ll: di~Hx:, dlt) > ~ L 
~ ~ Q~ LtnE:~(I~) d. ~.tniUn-::Ld~. No"k 1-huf 

M~ = (Mull)~~~ = Lln (XtATJ- ~(X,) -1
1

~ lu" (Xs) ds 
D 

is o.. local ~·V'\3ak7 bw.v-ded Fer l-< to fer o~ ~ > 0) 
so o. (+M_) rm.JlnOCt~. Thlls b- r1 lOJ1& eV1ou.o.h 

u t~t ~- ) U/ 

u(x) f llnfx) ~.E(~(~I\r")- [ !-u~~~><'s) ds 
r) brq~~, der-Vldlf'19 Ll~r(l) -ffXs) 

u on xE-U 

TO~~ fk liMit t"Tn4 Tu., ~will r&:J IETu<OO. 

To ~ IE Tu < oo, ld- v ~ Q sduh(Xr)c""> to (DP) LP't\h 
~xl > I Y x cwd JCx) ~o 'tx. TheVJ 

f(t" Tn)~fE{l~
1"(.-Lv~O<s)ds) ~ v(x)- f£(v(Xi:l'-in)) 

:: I ~ 111v \bo . 

~ mono~ COV1W~CQ. OVK:\ 9Ytcg_ Th t Tu o.~.) thus 

E T~ ~ illvl\oo 
. TlA 

Oult\1: lJx;) c f(LtlXr~J- [ ffX:,) ds ) . 

IV\dJJ 9nCQ t" T(l t Tl! os n~oo, t~M I o.vJ slvn 
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IE( 1~ IHX~)I c\·J ~ II fll~ E T \,\ < oo) 
() 

tk ItT i«?li~s 

ft r~ HXs) ds) ---} ~ l RXs) d~). 
SinC!I. u. is C0'1hVluat~ 0'\ 'il, oJ~ bj DCT 

EluJXt"TV1)) ~ E(uLXrlk)). 

6. J. Ca~ p(Qb~n, 
~ Co.u.~ erotkrn is f.o HvJ) 8\ven fE ~(~)) Cl brcbj 
sd~oh ~ : Rr X Rt --j< rR- fto} is. C' i(\ t o.vtd r in X 

I 

to CCP) 1 ~ "' lu. m L0p0) )C ~~ 
l ulo, · ) = t 01 1~ 

Thn.l~ ~V\~( &;I~ -Tvwli~---L At;c;ume L ~~ ~~fcn'tt 
~li~c-~ tor evQ~ k Cb (~ )} ~ ~~ <A sollA11~ to CP). 

Jlmt 1.2.t u ~ o. lwnded ~u.n011 To CCP). Th2vl 6r ~ 
sdlAh'(f)Y) X +o Ro-1bl w',\-h Xo=x) xeRq/ O{s<~ 

ult,x) ~IE)( HX\;) 

ovtd1 InCH€. ~rQ!J\~) 
~(~Xt) I~)~ ult-5

1 
XJ 
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Rn{ ~ ussWY\p~W~ (j..r;_,x) = tA.tt-s., x) ~hstie~ 

(~ t L) ~(s,x)-= 0. 

lheJe ~ ~ (~ ~ Xs) - 3 ( 0_, x) ls o. rno.rh' ()~o.le. "ThLLCS 

u(t-s.Xs) =3Cs.,X!.)~ [(~lt,Xt)ITs)= IE(f(Xs)lfs} 

11-m U~~n!'f'OV)-Koc ~h). let ftC~r~t Vf~(Rd), o.rc) 
~~ tA: ~ x !Rd -7 IR is o. lnwde3 sol~~ to 

~ = WA +- V \,l Oh Rt-x~ 
uto).) ,_ f \. ~in-\wi~-12 mu.ltlpllto.. kon 

w X l:x> u sdtA.t\011) fb E.Ccr_, b) V-1;~ xb ~ XE ¢' lhon fer 
o.ll t>O) 

t 

!Altx) = ~( HXt) exp(l V(X) d~). 

Proof. Ld Et = eKp( r V(X~) ds). For s<( sd 
M~ = ~lt-s ~ X~) & . 

ThLY1 H is CA ourhn~k on [O~ tllrdooct it 1's ~rd~ O.V\d 

dM~ =- ~lt-.s_, ~)l;d~ -t '7'-llt-~., Xs)&, o-(~J d~ 

+ Lu. lt-s .. 'l<s) li d~ t \A lt~ _..Xs) \J(X) Es ds 
~ 0 T Yu. (t-~ J X.,) E.. oi.X.,) cl~. 
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HenGl 
LLlt) X) '"' Ho ~ IE Ht e ff: u to.~ X~;-) Et = E f( Xt) E:t . 

6. 3. tvbrkov prop?f~ 

Let B~) ~ ~ Puroch ~CQ J to~~d ~I furch~~ 
~,tfl llf-11 = ~ [t{)<)l fa tt &~). 

fMf1 ~) A cd\~?" d tru~clJ _\irmr ~u.~rs ~t ~ 
BC~\ ~ u tml\~\-;o, ~~~ 1f Qtf- 0 o.e. 1f f >0 
a.e.

1 
Ot1 '"1 ~~ iW~ ¥ ull x ~) 1\0.tll <II o.rol 

Q~~ = ~ Q!; b- oJI Ls > 0. 

lii) ~ ~)-odo.pkd P.COOLc;,s X is u. Me~ p-oc.as.s wlth 
fron~'~Vl ~i~roup (Qt) it 

IE(tcx:~tt)lh)=QtHXs) 6- u.l\s,t?OJ ~~YD(~J 

lhm ~+ b! ~~ ~ CYd (): ~~ lR11
><M ~ L\eschik. 

1\,<s~ X b u ~(,\.h~"' to El~b) ~ &)MQ lTI)=;(Jt),JPJ. 
~ x ~ ~ tbrkov pro<Rc;s v.11-h ~~iuro\llp 

Qtt{x) -::: IEJlXrl "' ~ f(Fx lw\) PCdw) 

w~ fx is h 9JIJ01 ~ on WRVf( q.nco ovrl P ~ fu. 
w·~~ \--Q( fV\OC} sure. 

87



£fool ~+ X be o. ~uhon to Eia) b) . 

doirY~: E(fLXt*~) I 'ts) = Gt-f-D<'s) 

lrv.kd) Xt= xb + [to-{X.) d~ + fbLX..) dLt 
rit

~ ({:~ 

Xtt~; ~ X. t ~ 0(K_) dB~.~ +-! \{)l) du. 

£thn~ Et: =- Xtt<; , ~ = 'A,ts.> ~nd K = ~t-t-s_~, Bs 
1 

no-k thJ-, 
CO,~ (k), ~).is o.no~_}riW.J)(06bh~ ~ ~l~ 
fk u.%.1 cO'ldt~Oi~ D¥'d B an lh)-&rurw>.t1 rn.ohm. 
~e h~ve 

X: ~ X: t r crtX:J d ~lk + ( b(X~) du. 
stt t ':\1 

ltM> H,is b~~ froiV\ I cr(t) d~ ~ S a{X'u.) dB~ which 
ClJh k SQQJ) ~ ~x~rro.hs~ bo~ sideS ~ ~s. 

lh~s ~ ~~t~ Elo~) ul~ ""~-=-Xs ond ~foe in kr~ et 
~ sd~ 9 A= ~(B) o..s. 

~ t(Hx~) I~) = EL HX't-) I ~) 1- ElK~ \~)t \ ti) .. Qt HXJ 
I ~ i~ in~. cf Xs 

anq 

Qt+~ Hx) ,: ~ ~) = h( ~( f~ts)l ~ ~ = Qs Qt Hx) 
.,........ 

~f(~) 

Rl us~~ fk 9T~ H>J~ p-o~ Per Pm,uV)\ctV) YYIOkoVl) 

of'\e CO.V'I prove ~ts P'~rt~ fb slm liar~. 
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LeJ Co(~) ~ ~ Pn~ S{llCQ cf continuolA~ funckOV\s 

bdiVJa f-o G oJ oo tNi~ norM II H ~ ~~ lf(x)l. 

lJirL 1\ hahc;l hon ~Mi 3roup ho.~ ~ &lkr pt~r~ ,·f 

(i\ \t fE-C J> D : Qt-t t Co 
lil) \ffEG: IQtf-Hl-4 0 as t--+ 0. 

Tim._ Th~ S~Mi~roup of 1k [ucJ ~t£1'}1 is fiJQf 

llid ( o.s~u~ins cr 01\d b ~ bcurded). LJ fcCo. 

Cblm : 01-f i s conh nuo.ts 

IY)detd, sinCQ x H Fx( w) i~ co+i Y\\kOI.ls.~ ~ tq 

{(~tf~)- Qi;tb)l ~ Sfflfx(w)t)- FU-;tw)t-)/ P(dw) ---+ 0. 

OoiM: Gr f6c) ~ 0 as kl ~ 0 

SiAtQ X::: X -t r b~) ds + r o{X) d& orJ oj6 ~ bwdd) 

18K-xl~ < c.tt2+t) 

H~ Pl/X~- xl >A) ~ K'Ct -? 0 o.<:. A~eiJ. 

~ IQtffx )/ < IE I HX~) 11tx~ -xl ~ f\ t llfll rux~-xl >A) 

~~ I;~~ H~tf{x)) <: 0 t 11~1\ Iff IX: -xl >A-) \fA 

l 
~® f{x)-'~0 0.~ X~~. 

1-\~00 

~> livV~ lQtt{x)\ ~ 0 
(Xl~ ' 

89



C\u(v\1\ ~ ll Qt f -f l\ ~ 0 

SW IIE(ttx:) - f{xl) I ~ t~fs.tlt{x)-~J) I+ 1~ fll ~ ffl~ -xl >e) 

~ ~+ 

< ce-' lt2.ti:) 
-+ 0 ~~ t~tJ 

D(U~{ feC,: tCQtf-f) CD1v~rcr if) Co o.s. tto] 

Lf ~ ~~ ¥Q1-f -f) fa ft [XL) 

~ linro.r q:>eroJor L: D(L) 4 C ic:, Ctll~d ~ ~~ 
of ~ ~~wo~ LQt} 

~ kt ft DLL). ~ Qtfc NLt UOt~, Q~Lf)J avd 
Qt f = f -t- ft Ck Lf ds ~ f -t f LQ f ds 

0 0 

Pmci To set Qtf e D(L) OVld L(Gtf)"' Q~(L~) rot. 
' 

1(D~lQtf)-Qt~): Gt(ilQ..t-0)--+ Q~(Lf) o.~ s!O. 

-+,. L f Str)CO llQl ~ ~ \ . 

Siro fNz ~-~J silk ic; ~~i-tsf--Qtf), Qtf is oJ~ 

ri~~~-ditkfect\~o}j~ ul~ ~kt-~\Qh~ G.t~f. ~i'nCQ ~his rijht­
d&i\U~W is CO'ltiV\U.% 111 t 1 In fad- ~ f IS dJfere~~t~Jk. In 1;_ 
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Thru Let f, J (Co. 11-t~ fu f-'dlotJin3 u~ ~Ll\\1oJenh 
(l) fE txll OVI.~ U ""-3. t 

Gn fOr t~~ x~ ~) H~)- { g(X~) ds is o. mrllrw'e. 

Proor. li) -.:7 (il). 

E( t( XXti~) - r;c.x;\ dr I Tt-) 
0 

= f(O.~HX~)- ~~OC)dr 131) 
~so 

a~ f : f t- s Qr~ dr b~ Ci) 
0 

~ Hx:) -t (~(X~) dr t f( f Q,q (x;) dr-i 3l>Q dr I f"t) 

(ii) ~ G) . B~ lil) , 
t 

t{K) = E( HX:) - ~ ~ex;) clr) 

~ Q.l Hx) - r Or 3lK) dr 

'* t lG~:f -f-)..._ tf D.r~C~) dr ~ g(W ill> iJO. 

Cor. "Tiw ~ner().6r d- ~e ~~'?f cf 4w.. SDt ~ in the 
~~~ ~f'SIW; SI hs~ C (~) c DLL)) 

v fE ~(~)) Lt i":> us if\ 5£d)01 6-1. 
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6\ Cor\Wf%'!tfQ to RqW\ibr\um 
[}dh. ~. (Q~ be o. h--on<;i~oh ~ml5roup urd [J f be a 
p-o 6b1l' ~ measure rn ~. lh:n p is 

(i) irMillmrl lAV'lkr (G..) if 
~ Qt:f(x) ~(dx) = fRx) ~dx) ~ fE-80\i) 

Ct) rewrs.ibk t»lc\er CQJ if 
J 3lx) O~f-(x) ~dx) : 1 Qt3('£) flx.) ~dx) \1-f,~E:Bl~) 

Fad. \-t\fer;~ 6\.e. =} '1nvruUvtt 
&d. Ta.k2 8 =1 ovJ u.~ Ot,i = i. 

fO..J. Uvtckr t-ht cnrvte. Q%UYV1phCY19.J 

(i) iV\\Un()JI\+ ifF 5 Lf d,u "= 0 ta oJl fe DCL) 

(;',) ~verS,bk iff 1alJ dfoo J(~)f dfA fa o.ll f~~~DlL). 

Ji In pra.chC.Q 1 lXL) is fU.teld- bV'I e.~\t.it~. H~vei, it 
De DCL) Is o. d~~ &.~ ~ \ltci QrfE_D fer feD 
o.V\.d t> G tkV\ ,f. sw:MCQ,s to ch~ ~ CDnr:l1~5. ~or fe-D. 
for ~OV\tlpb) fm f E: D, f 

&_ J Q1;3 d~ = ~ L~3· d~ ~ fLt d~=O. 
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frq1 W Qi ~ the hun<;\~oV) ~r\11·13~ d 1k SDE 

clXt "" -\7 HLXt) dt +- f1 clBt. 
AsSUJV\e ~t He C~(R') lN;~ f e-HU+l\7\·H)<oo. ~ ~ 
rro~ bt \it~ iVI(b.SUJ\. fJldx) ::: i e- !4(-,:l dx is te\refSI Be , 

fuli For { 5 ~ C~ Cl~)} 
! 9(U) ~ -H dx : ) ~ ~M-YI·VVt) e,-~dx 

y 

\l·l~fk.-H~IVUI. ~~f 

= -j~f ·~ e.-H~ : j (Lf)~ e-H c\x. 

~ ~fl+ thJ H is wllfoOV\\~ con'lex., Le.) ~ k 

"§T 1-\e.g; 11~)3. > .\ \~f ~or n.l\ X&~) ~G-R~. 

W. X and Y ~ ~ sdlA~OV\~ +o ~ ~E w.f~t. ike C?o.Vht2. 
Brown\DJI\ moh~. Th!LII\) a.s.) 

1~- \;1 ( I'Xo- Yo\ e..-M '\_ 
o...._ _r ~ "1 1 ·1ndep. eft d I fYleflsi~n 
rtc:u. 'to s fonvtwu 
~ ) t 

e!At; I~-y J• rxa-yJ + J J} IXs- Ys I!)_~ 2>-s ds. 
0 :t -J,t ~s-Yi ·lVHlYJ~ VH(~s.)) i->-s cis. 

> ~ IX&Y~l2. 
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Gr. ,for ~~~ ft(bl~), IES(4) -7!Erf LObte. f1 ic; tk 
i nva.rU\r\ t p-olx>.b; I i ~ ~aswe ~dx:) ~ e. -1-1(;<) d x. 

Prw!. I~ <::M.\tlOLs +o o.c;.sv.~ tkut ftC~. hn ~~ '(o "'~} 

[tl~)=IEfl~tl+ o(~V>t\looiEI~-~~~ \ER'lo) ~ ~t. 
~ e-~t lfJXo-Yo\ 

f.oc_ ~ meo.swe fJ- s.o.h~~e~ \-b. Pcineo.te lVI~\MJi ~ 
VarJA f ~ * ~\7fl~ Vt f q(R!). 

fulf. B~ 1k ~V\ -vo.lv& ~O~VV\) 
\G.~:Hx)- Q+H~)I "'E\f(X:)- HX~)I ~ e--At IE 1Vf{4)l· lx~l 

~ Zt lies m flt I lttt fran ~ to xr 
-=> IQt+f~~~~Sf~)i ~ e-M.IEI\lfCZt)l 

~ cmhnu4 ~ of the ~ufi0t1 Mop) 

7 (VQt Hx.)l < e-"t fEIVf(Xt)l = e.- >..t Gtl Vf I ~). 

ThLL~ Var~ t ~ ~f2 -l[GJ)!!. -!i~l ~(QJ) -tEr lQi~)!l.) 
()() 

=- i fr LLG5t)LLQS) ds 
00 

~ J.{!EriV Qt ff 
o() 

< J.l e -llt ~ \\7Hl. ~ 't ~1\lf[~ 
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IV\ fadJ ~ ~!lolA>·~ l:honcr ~M.li~ hoWe;. 
~ ~ tv\~QS\.l~. r ~h:J\es tk ~-Sdnle.~ i~~Wl.ll ~ : 
for o.ll f€ C! (~) wi~ f>OJ ,_ 

, l\7tf 
~(f l~f) - ~)(1~9)~ ~ iA ~ f 

=-~ Ent~~) 

1ki As in ~ tJ prdJ 
\VOt fj ~ e -~t Qt lVfl. 

S',flG Qtf(>c) == tJ; fC~)) fa- o.ll sfriJl~ po~ikve t 
(QtiVHt, (IE lVtl)

2 
i~ [ de.no"!Rs tW2. e~'on 

Gtf lEt w.rJ. & (Qw r:R ><t 

= (~ l~t'T(E t) lt £r- X := tE~x) I ~1 
~) ~ ~~~~!t) (8) ~ E l~fll = Q{I~W). 

~ fQQt-H2. -!lt\t Q ov f12:) 
Q~t ~ e_ t\ f . 

~ fEr f [OcJ f _ ~ f (I~~ f-) ,. r ~ IVQtfl2. ~ 1 ~ l'Vf\2.. 
0 4-f Q~f JJ. (A f 

&~d~. Poinc:we: ·~· # Var,..(Otf) ~ e- 2A~ Vor~'-t 
~-Stb. 1~9. ~ EW-r-CQJ' ~ t _m Eht;H . 
~-sob. ·,Yl~- -=>. Poinco.te iVJe~-
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