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Thas (Se) sofisfies oll condibons fo be o Nduc\t'\ﬁ
sequen @ for X

Tm Lt X be o conbnuoue (ol W&nﬁq‘q st X=0.
F X i also o Fnite vorghon PO thon X¢=0) Ytas.

frod  (ef

Sp=inf{ 20 S: | dX| =V\§\
Sin S, s @ sxropp'r\g HMe) X is a lecol WG"H’BO‘Q
b% OST. It is S(l\SO bounded s

et = 1579x, | <1 1wl <n.

Tus XS i o morfingale Lot (£)5 & o parkilen of
0,t] Than d M

2 K .
EGF =2 EIXE“ - X * gnce Xk g mﬁngde
X
< mx - S 05

— 74
snood s | <
—0 s A0 ©
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Toke A()—0. By con‘rinui}\a and DC,
EDG =0
> Xr=0as. ¥t = X0 as. W
= X =0 Yelwn® a.s,

Using ot X is continuous, hene X=O0 ¥t a.s,

1.3, 1> bonded rvwhngaleg
Below ~ moans ‘léeV\HRCaHOV\ oF ‘lnd‘lsf knﬁu‘\sha‘o[e P‘DCOSSQ_Q,
Defn. Defing o Spaces
M -IX Qxpo) =R X is a c&d\c}j marfingale
bath i YEIXJQ%EP
M~ X e ™ X(w,e) is anfinweus for ol W/
with  norm

It = (sup EXE)" = (EXS)*

Hot tecoll fhat (2AP): i Xe M than
Xe = Xa as ond in
() is a %m{m&dﬁ, O th iEXt S inmqsivg
* Deobs [ ‘\V\qufl}‘%: IE(S(’?? X3'> SHEXG

n
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M s o Hilbef spce with nom ke ond
%VQ& PrOc\qu £ Xoo Yo PG K is a dosed suiogoaca,

froct. The DHE,‘ nontrivial propary fo prove s thatt

M s comPle CThus et (X0 M be o Cau&\j Squana
E(Xe-Xa) —0 0s n,m=>00,

B{j Pas@img lro 0} S\AIDSQC,\,QMCQ, We maj OSSuMQ ﬁm\
EOG-Xe ) <2

ord 1t ufficos To show Frat the su\oseﬂww& Coneryed
o onclude Fal the crainal seciw\cg converes . Now

2bs g XX ‘) < ? E(@gg XX

> X s o CO\U\A/\% SijQV\CQ In D([DDO\\))\\'\\OQ 0.5.

B:ﬁ Comp lelanoss o D([@QO\), H\QM‘OTQ
X" Xl =0 For somg Xe DD ) 0.

&f X=0 Q)wk‘\ck b os e Then XﬁD@?&» for all W
Cim: E(sp I=X[) = 0.
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<luif E{sp X-%77)

Cloam: X is o rvw*hngl\e

IECGT) - Xe b € TEOG-E TN + 16 Kol
(A-ne mﬁﬁa ad XV i< o M&rﬁn%m@
k |

X0 + 10K
< LE(sup XX 1) = 0
Thus Xl and we hoe chown o M i c@v\a\&q.

C‘mr\a) Hois o sesma o M5 I s comPletz (Jﬁ/\us C(DSQA)
B% The Sane 0«8(,\7\'\10\&»0‘\](‘/\ D00l ‘QPKO\LQ ha Cogw),

4. Quadrahc vanahon

Defn. for o squenc o protesses (X°) ond o process X
X' — X w/\iFo«m\% on Covwlmt}s in Pcobo\b'\\{l\g, (UCP)
maons fhat Y20 €0 lP(gggthQ‘X,Pﬁ) —0.
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Thm et M be o continuous lecal mark |Q Ther thare
sk o Ungw ( ¥o indigt) increns] pcocsLss (M)
= (Mo sh M> =Q (WJ M- s o onhinuous

|om‘ Qi JQ Moreovgr FO)’ oy SQuon@ BIY p&rthV\S
") of R, mjxjr)\/\ AE™N— O ¢

M — (), R, e (57 =2 (o My o
(We ol onla ned and prove fhis fox dﬁudic parti fions. )

Pefn. The procass (M) i H\szquadraﬁc anohon of ™

SMQ lef B ke o dondard Brewnion mehion. Then
Bt-t 5 o mrhmaq‘ﬂ Thus B, =t

To grove the fugoran, we W‘Q% ossume that M.=0
Lemmo, (0 quszmss\ There s o Mot one process (M) (uP

ko mcils’rmtcjwst\ubhw 0S ster,ed in Tha Thoom.

Rod. SU\P g bty (&) ond (®) dae% ondi hons
aserled for (M) Twem

At - Br (Ht \ (Ht At)

h——»__

Fy COanmU\oo\S ool mar{'irgu\Q
= A=R os.
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lemma (sfopping). Suppose M s o continueus focal

mo\rHv\Sulq for which (M exde s in twe thoorm) Lot
Tk sjropplna fme. Then M exisfs and

(M), = (M, (\){) fo ‘Indisjriv\&ﬂs%ahﬁw\

ook, Sina Mi-4H; s o confinuons loxal martingale,
9 s Mo = My, The cam follows from U1 O3S,

lemma (Finfe case). Assume thee are delerminishic
corstonte C and T such that

leK— C , Mt ‘M{;/\T, (B)
et P=(8)2 be o parkihon of [0,7) and wt
P = 2 (Min = Mg

(=

X(tP): Z .. [Mh/\{ B Hti_‘At).
Then: () XP'is o bowded VV\OFHV\SU'Q
i) (M}f: s hoesing in k
(i) MmO = XD for k=0,
() E(KMDe)*) < 12 C

Pod. (& (i) obvigs
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i) (M0 = 22 (1, -, )
[ M{:L Mt; Mtg-\\ - Ml’t—t U}l&( - Mt 1—1)
= -2 Mic M= M) £ (MM ) M-

=9 (M- ME) -2XP = M2 —ax?

< (41‘8) Cz Z E (Mtz - Mtz-.)z
- RCTE(Me-Ma) ¢ RCY

lemmo. Assume M safishes (B). Lof P™ e 6 wquena

of roskd purtfiors with ACP™)—0. Then (X)),
ConRIes in Me 06 M=o

tor r\ojrcxhom\ con\/evuencsz We bo\“ n fcmf 0sSime HuﬂL

the porhhov\s a® dégdg:
=™ whae =0, -, N0 L27T)
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Proct. XMeMe s M is a bowdel mortingale . Tor
m' > one has

Nim!

Xo'i' - Xoo ‘Z (Mli~nl""' ) m-of‘""‘] l_m>(M¢2'""-|\1[i-nZ"">

nm‘

= EO@ - ) ;E(M( g ML(HnM | M \1(H£2"“— HU—M'MB2
(orH\oaomi incemauts)

Nen!

E(‘{;‘SS)ALMt M \ZZ ‘1 - M“_DZ-M‘),Z)
(g

<F (Eﬁﬁ STMIMt _ Hsﬁ)‘/l E((( Wg‘\)z) Vo
(Caucwd Schuoarz)

< (ac E(p, M-t
Sincg. 1M, - M|<(lc)*
s (M- O by o C@V\ﬁmt?e 1 el
by DT, this Esup MM-MIY) — 0,

3 B0~ )Y =0 o5 mud—oo; X i Guchy in M&
= Theeis Xe)ft sb X=X in M

28



lot X be fhe it from T Prev‘@ms lemmar. et
My, = M=%

Then (M) is confinuous s M and X are.

M*={M=2X s a mrﬁrxaode e X s .

M is ‘\ncreqétna S MPY i ncreasing en the SQ)F o
fines B)=P™ ond fhe onvergence M= 2XE) > (M)
5 unitorm in T bfj the vt femmat

lemma. Assume (B). Then (MF"— (M) LCP.

Poct Since (MY = (Mgt (Ms Mo

_ m) 2 —_
- 1 = DX on + Mz M Mo

Ohe Mg

SUtP M- <M>(tm| < 3@? d | My Mizmggom = Hgfl”‘tjz*‘l =)

+ Sud)ll Xg= Xprggow | (@)

+ s\ép 2 Ximgam ™ B)“’d Z‘M\ (=(ﬂl))

Dod @ knd o 0 as. sine Mond X e undorm
conhinuouns en 1O, T].

0T) ferds fo 0 in L sin@ K"~ X in 1 implies
H Sup Xe =Xl 1. —0

\33 Dedos ‘W\eosua\‘ljf%.

3
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Proct of thaoem. let M be o corfjnuous local mmﬁmggle
o T W 200 M>niAan
Then M sahisfies (B) so <M™) exisls as obove.

Bd Uniouangss,
(M), = <HTnﬂ>tl\ Tn -

Thas thae is o Eomgs M st Mg, and <MW, are
indissﬂhamsmuil rall neN.

M) is iv\cwasmc(} sn e <M o

M*- M) s o Lol W\QVJW\SQJQ dna T.000 a8, pnd
(4 - YT = (M- MW s @ rarfingple.

F remamns fo show et (M — M) UCP
(Sup M- (M), >€) < | <T_)
/ ’P(We“”s -4

—0 by lud lemma

This COW\P\QJ[Q the Pm¥ .
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E@P_ et M be o continueus locol mﬁncj&\e with M,=0.

Then M=0 iff (M)=0.

feet,  Clear ‘3, M=0 imp\ies M=0 CovNQrSe)a, it <M=
then M & r\om\q%ahve o maﬁ(h%x\e o ay o

suprartingale. Thas EME < EM- for oll b
The dam ne follows From Covﬁrivxm%.

E[q1 et M b o confinuews lecol wm’n'ngoi«a with M,=0
Then Me M2 iff EMR, <00 and then M=<™ s o
UT mar{‘msa‘e and

IMie = (ECM)=
Moot Firsh assume MeM? and EXM), <00, Then
Me = Qe € sop My + M)
T =ze | by Deobs inequal ity

Thae M={M) & Ul ond we hove olso san that
M- 1S o (frw) mm'Hvxgale s’raerg of 0. Theelore

My = i EM; = h@ B, = EM),

Claim: Me M2 = (M), el

[of T Wnf{ 20 (Mh2n], Then (M™),= (M), <n
and Sine MeM? also Mhe
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Thus by ) OPP\\QCS o M
E Moy, = EAMyar,
Toke t=o0: Mi/\m — EH%\ bj DA (Es\ép thw,\ <°°)
E{M,n,— EXM, by monotone ONVergn@
Toke nvon: E My, = EM, bj DT UE%O N, <)
EAM — B, bﬁ Monotong ENOrINQ
> EMy, = EME <o,

Com: My, €L = Me )t
et To= id {120 |>n£ n (MW= g o
o,

o fue mqrhﬂgale By
EM, < lmid EMiay, = lmind B (M = B,

N>

Thas Me I

Z.5. (ovanghon

Ofn. for M and N continueus el Mrhnaa\es debine
He covarghon or budet & M and N & He progss,

MAD = ({00 ().
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Pﬂp
() (MWD is the wniaque (Up o indish) Finte vaiahion proess
such H\Scdr MN - 17\\0 S a cc)/\’nmg\xg ool marhpfv'ime

u) W\QW\C\P M ,N ) = <H)N> IS bilingar ore Sbmm\‘f\c.
() For oy ddodic norbon [t with AE7)=Q

(N = <, N, L
wku«e

(N < z (Mo~ M) N =N

(iv) o Ry 5lroH3m3 fivg 1
<HT, NT>JC = <HT, N>t = <M,N>t/\'|‘.

(v For MNeHe, MN=(MND is o I marﬁr)SO\\Q ord
(M-H,, N-Noke = BN,

Pt ESSQV\hQ% e somo ag for M=N

Bangl lob Bond B be inde deey\\L Brownian  mehans

Q?t( | wih r@spQ& o tha wwg Kltrobion Then BB s

o rortingpk, (8 B> =0 Lef B'=gBt[¢ B for
SomQ g&aﬁﬂ Then B's alko o BM and bj b\)v&&ﬂ)ﬁ)

(8,07, =gt.
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Pron. (Kunifa - Wofanabe ineauallify). et M ond N be
Enp’rinuws lecal martin cjgg }()dm\ et Hond K be
maasmUe POWSIES . | 0.S.

(V%) ‘/L
S

g o) <] ot s {T a0 )!

Pool. The iden s 1o Prok(moia indeq rols 53 wmS Ond
than opp\a Cmdxxﬂ—grimrz. Wit

MNE = (NN, - (N
Com: W 0<sst KMNEL < [(MME [N ¢t)

By CDV\ﬁnuﬂ\ép ® n oswe et < ond T o dyadic
mbonals. In Hug cage ) proboloi!i%% and fhus Qevmwt
sm\% along @ &Bseqwnw)

, (P“I) ' 2t B
KM)N>3I = rl\[m% 2‘;\544( HZ'"LP Hl‘n(i“\)(NZ'"L NZ"\U—{))I

@) Zv 2 | 2% &)—
< lim | 2 (= My | |2, O =Ny

A

"o 1 LN NS

Novo F\x an Qvevljr On w(/vcjn (*\ kD\clS go{ OJ\ S(JL (rah‘ona)
and by gonﬁmi% b ol rahenel st as well).

Cuim: ¥ 0esct, FIHHN,L ¢ JOUME [NF
For ang parhifion L) of S we indeed have
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iKM Y | 4 “ J(mt [NNE

Ccs) (

The clo[lm &)”Owg Btj ]Lalw% H'/\a Sle o\l od\ 93.1’ HHOMS-
Cleam: R all bownced Borel SQJS BC[OPO),
(o < [T, [Tom,

fr Bo Fabe waon of mkf\/als this folows from fhe
Couchy = Schnor2 \hec‘vaol 05 (ﬂoove %zmuoi B, it
@(lows fom, o menpfthe, class q;gwwzv& (exercise).

(aim: KW\ M{{g (F H= Zh iBe od K= %hi& for
dlS ont ‘Dowdecj EO&& SdB B[

{ ) (0] = X kel S 10t
<3 Il (3, 00 o)
(7 g0 (7 0,
- (J1 o) J g 00y

ﬁvm\la) For %QV\QIOJ H, K, Q?Proximﬁ bfj H,K o8 above

5 ) 3 oo |- R SN
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16, Swv\irvcxrﬁwdmkg

Defn. A conbnaous) o«\op‘ed pro@ss X is & continuous
Serv\imarHﬂ%o\Le it
X=),+H A

oth e, M Q(COV\HHLL?\L%) ool vmanaole with M0
ond A o (onfuons) Finte variohen procss with A,<O.

Rk The d@@wp&ihm s Wnioy.

Defn. For X=X HM+A ond X =% tM+A cotinuous
§emivv~orHr\301es, fhe qwxclru&‘\c \onahon and covarohion
S =M, OO~

beag K )T o neskd 0\30(1(‘(. pof fons of [01] ’
(X,Y}tr)= ;(Xh‘xh_‘\)(\{bi’\fﬁ_\\ — XY, P

|=
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3 The t0 lvxleaval
3 Smde DIOTOSEES,

Defn. For Me € ord Hs= 2 Ho dw 41 € @ Sthle procoss
the [10 Iv\leﬁfol (S c\eH\szc\ bﬁ

(ot = (HeM) = 3 s (Mo~ Mt

Pop. Let Me He and HeE. Then H-MeMC ond
WM < T d0)  © (8 oy
Bed. Coim: H-Me

Lﬁ’j Xt = HH(Mt Ak H‘c—«’\t’) SW\CQ H H ()— X \JV SUH‘ILQS
bo dow that X' €Mz, lndead for t2,

T osety 0 EUCIE)=H. ((wm M. )= X
Ms

b)

Fsct E(GIR)= Bl Mo EMuMa F)15) 0K

O
S0 X is o mrﬁngule\ Nso) X'e M sin
Bl = sop BT € LHHL, Ml <00

Cloum: (EX;X;],Q =0 i(j
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ndead, sinaa . 2 t;,
EXo X, = EE(H;-‘ (M- M) R E My~ My 1) =0
0

Cloim 0% E(I 1 d<M>)
[ndead

)

B0 = E( 5 Bt~ M) 1)

——

EOME - 2M Mgt Me T
= E( Ht - Mé—( l %k?-u)
< B (M~ Mo | T

- E( H:‘: ((M>tc - <M>ﬁ-|>>
t
&[5 1 o,

b summary, (K HE - 3 €07 B[] 009

PLQ(L leF MNeHe and Heg. Than
(HeM OND = He {M,ND
e

(SH v, N) = SH NN,
l%o \r\ksﬂﬂ tle\oesawz SFiddtes lﬂ{egﬂ

3



M let |'|'r\1’2)<.t 0S W PYQV&D(LS PTCD]C ThQV\
<XL; N> = HH <Mtf B Mt;-.'\' R N>1? v
= Hi (0= 00 ) =] He dUN,

S (MY, < H 00, = (He o),

3). 15 isomefvg

Defn. for MeMe define (M) to be fhe s of
(uivolenca classes) of pmd‘&able H: Q) x[00)— R sk

[l = [H], =(E[ ] H do))* <oo
for HKe (M) s )
(HR) gy = (HK), =B ) Hoks i),

lad (204 = U(x{o0), 7, dP dMY) is . Hilert spoca.
Emgl let Me Mz Thew € is deng in L(M)

ﬂo_i S\r\cg l, (M) S O H\“oeﬁ gk& (CDM HSLI) ﬁ'
sufficos 1o ghow (H K v HeE IVV\P\\QS K=0

S0 QSSUMQ Haa (H, K\M <0 k)l' ol Hee ond SQt
5 e d(M)
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X'is o well-defined fiak variohion pocess sina
E§ ) o, € ([ IR g0 B <0

<00 INQ@ <00 §ine

Claim: X is o confinuons mart nsoJe.

e} sct, Fek bowded mndom \arialle, H= Fleg €F
(ass

(K, H), - B[ F ko)
< E(F(X,~) = E(FlEc13)-X,)
Since. Hhis helds, for all bounded T
EX [R)=X as.. so X is a mrﬁngo\\e.
% X is o ontinueus local Miv\gm\e od o Fnl

wnedion process |, o X=0.

3 k=0 for dM-ae 0 as.
> K=0 in ().

T, Lot Me M, Then tha map He€ > H-Me M exdends
uv{\c‘w‘% 10 on isowxo}v% (M)~ 1 (the 11D iomalw).
Moreowel, HM is fle unige mﬁﬂgﬂe in Mo sk~
CHM N = HAMNY - N e |
(Kuniba-Wafinabe ideaif

= 0=
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Defn Tor Metf and He PMM) the MO 'lvﬁegm) IS
JH, M, o= (HM).

oot Tor He€ we howe Q\K’C\Cléj san fhot
-1l = ] d<ws)= gy

Sinct ECL2M) & dene and Mz s oom[)\ej&, T follows
that He H-M exlends uv\iqw\} fo all oF B(M) onel Hat

fhe exfension i on (soyvxo.w.

Nso, we hoe san alreody ot (HeM N = Qv ) hdlds
for He€. Given He B(MF choose M) CE st H'—=H in
M), Then H“-ﬁ — H’M bj the first Paﬁ[ We wyll
‘Aus’ri% the Hlowmﬁ it

et N € iy (MY, i L
= [y (H- M),
He (MND in L

ndead , f) holds by fie Kunta- WNado.nabe ine ualt'@: |
B CH-M=H M, Ny ¢ (E<H-M—H“°N>3"ZQE NLY

= IH-M=H Ml N

= "H‘Hn“,_zm)""‘ 0.
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ond
El(H-H0- ), | € TH-1h, INL, =0,

Thas (HM N), = (H+<M '\DL ong \acmg N by fhe
Sbﬂaqd Morhw OE Nt S‘VQS
(4N, 7 (M MNEY, = : - M), = f (He N2 L
oty f woncbon oo Prperty'ef covoraion
7 (H- D),
preperky of Lebesyue-Srielfes i{\lecjf&l
riopansss: osume eIt olso sofisties
OGN = HAMNY - VNeX;
X-HMN =0 YNeM:
X=H-M X=HM)=0
[X-HeMlp <0 = X=H-M,

lor KT 50 sbpp\na fime . fhon
(i[o,T]H)‘M = (HM)Ta H MT

Pk Lot Ne S Then

4+ 4 L
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(kw) (

H- (M), -
(Hiwﬂ (M N>)
R CTRERIVOY

((H-MT N, = (HMN)

tAT

2 (MM = Hipm * M

i, (HoMT A= (€D, = (€1 )
HM = Hipg M.

tar, 0

(or. (H-M, KN) MN} £
([Hoav, KdN> Hst<HN>

Pod, (et kN = (K 0 ek (M)
() M

where & s fhe assouah)rb ot the lebesguo-Shelfes inkegul

o df ko), = [hkdo,,

G B Ro)=0, E(f ot 1%) - [,

([ ) § o) = (] o ct,)

Rock. HeM qnd (HEMY(NM) = {HK N ope mﬁmgﬂeg
s+ar+\n3 of D.
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Gr lef He F(M) Then KHe BM) # Ke P(HM) and
W (k) M= K- (He M)
Poet S H+{M) = (H-M)
e{ K e dey ) - €T dtwem)
M)
so KeLUH-H) & KHel M) Thon for ony Ne:,

(KH)-M, NY = (K - (4.\),
[ 0N, = e (H 0,
JH- M),
(KAHM), N = Ko (HeMOND = Ke (e CMN)
B~3 IR NS fhe daim follows.

33 1o Weqm\ for SQM!MMSQ)_S

Defn. For M o continuons Tocal mortin o\e let [ (M) be fthe
Spacy, of | eﬂm\/a\enco classes of) pved %QH‘Z poasses H st

OH dM, <0 for all 150, g5

v process H is locally bowrded
SuD H,| < ©0 gov al £20, as
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foct. - /\% CONTINAOUS PrOss i lecally bounded.

I H s local\a bounded and A is g fnife vanabon
pros fhen

Flid Al <0 for ol £50.

0

* In porheddor, iFH s loco \\3 bownded and prediulde, and
Mis o continuous lag] Vm(HvxgoJQ, than He [ (M).
Trm. let M be a continuwous lexal matrHV\Sa\e. Then:

) for ey He Lo (M) Hare exists a wniqua confinugus
local VV\O\”HV\SOL\Q H'M with (H-M)y,=0 uch that

(H:M, N> = H-MN) W cont. loc. part N

G) ¥ Hel M) and K is PTQC\‘\C{‘CKLDLQV) Thon Ke LZQ(HN)
iF HKe [Foe™M) ond then

H (M) = HR)R M.
W) K Tis o s‘q)pimg Fime )
foriHF M = H-M] = He M

Fimllé) £ MeHe and Hel'(M) thon the definhion of H-M
wincides wih fhe Pre\/fDus ore,

ok () Assive Mo=0 and (seﬂing H=0 for w0 for which
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tis fuk):
[ H g, <oy ol 0, wel

S A
To=ib{t20: | (W H) &y > nj,

Tren T, i o stepprg fime, Tofoo as., ond
(M7, = My, <1

Tus Mhete ond SHe dif™ <

* HeCO™) and H-MP s alvody delined
H- MW = (H- M) o m>n

Snce Tty acs. e s o wnipue AOGSS HM st

H M= = M@ fy ol e This process s odapled
continuous, ond lJr. s o local mrﬁngq\e Sin H':‘)Q
HeMY™™ o mar{wngq[es.

Coim: (HM N = H-MN for 6l ot lec. mark N

Assume No=0 ond s S=inf{ t20: N> nf. Then
N GIﬁ ow\d

(HeMND™S = ((HeMY NS = { He Mo, NSo)
= Ho (MT NS = (H. ( M)N»Tn’\sr\.
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Sace ToAS, Too fhus (HeM NY= H-(HN Unioueness
Follows erCH% 0s in fhe 1 bowded case.

Meo, (i) & (iic) follexo eXaaLIU os i fhe I° bownded e
§\WCQ H\m& 0/\\%( UL (i)_

Finally, i Me e ond HEL(M) then H-M €M by () whidy
oo, (HH = H- (M ol s, THME ~EQER, <00

Uniguaness n fhe [* bowded case 'lfv\ﬁ\es thal  bofh
definhons  concide

Defn Lot X-XotMHA Te & contausns samimartingole o
o Hke o pecidoble bl bowded o, The 6
ivx\eSml He X)=TH dX s ﬁa COMINUOUS ggM\tvar‘lV\gOle

HeX =HM t H"tA
T,| A e jjﬁsaw—SHdﬁe& ivdeam)

34 /\pprokarmhor\ o o ‘W\k‘%@&

ﬁn&(ﬁo&mﬁc MT). let X be 0 corfinuous emi-
MmO

ngole, and et H ond HY be predic;’mb\e locally bosrged
Pro®eNes, and I K e & PreclidaUe procss, (e >0
ond assung frad 0.
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[) H "= He fo ol seld,d]

W H < K h{all se¢f0,t] and neN

() R + Tk 48 <oo uhae X=X, tA M
(a‘t«m&s sobisPed Kok [omi\& bouv\(feoo

Then ¢

(g — [ Hodx

Poof Lot X=XrA+™M. The sial DXT imP\‘\Qg

t

[ H A — [ HodA,.
Sef To=inf{t20" g K d{Ms >m . Then

(R o -1 R on)  Ef [l ey 50
He P(MAM)o HeM™m ¢ M2 DCT

Sincg Tt =1 gveni\m\\xa,u.s.) fhe CONNeINQ holds {er
fixed

Cor. Lef X be o confinugus SQ\IV\\W\OI‘H/\TBCA\Q/ ond fet H
% o lé)coﬂ& boeded left ~confinuous procass, Then for
ony - Q4uencl o pafh hora ) of (000 oth A ™ —0)

‘ N ep £
l&-ﬁf\w ‘Z Ht?-l (xt?"t_ Xttfb B ‘( HS dxs

\

Poel. Smabar as in Fnile vanodion case us'mg sochoshe DT
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Exqmp|e
o O Yo (X~ Y ) = JX dX,

M0 [

X ‘
l‘&l Xip K= %)= lim iXt.(Xr Xe )
flhm )(tt )( )

—jXS dXS £ X0,
for ex(xvvxple, i Xis BM fhen U0t o the diffsence

o honhaviol.

Rk, The doica. of fra ldt ey\d[bm’r gives Ho (10 inleamal
for X and Y confmuons sevmmwhngodeg fhe
SHQ:#OV\OV(AA M‘Qﬁf@l i deft ned bj

£X 9= [ de + 40,
It H\us cOnespov\ds 10 the appmanhom
Zi( Rt o (e e
Noty fhof g X oY i %Qmm“% ng o loal rvu[flrinjoje.

49



Lemmg (nfesradion et X ond Y be confinuous
seMivvaerk\fﬂ | ﬂr\gjm apajs all t

XYY, = (R d% + T di G,

R The fem XD & qlled the I conechon. It is
doset i X or Y &5 oF fnde woriofion. Asp, in terms

o the Srobonovich ivdegro\l ,
XY X% =% 0% ] Y. 0%

Bk Gy
Xt\{t - )(SYS = Xs(\(t-Ys) T Ys (X Xs) T O(t' Xs) (\(t’\(s>
for ang prtibon () & O, thus
Xt\ﬁc ~X0Y° - j(xﬁ \(tt— Xta-‘ Yﬁ-\)

=

) ﬁ( (Xh‘-‘ (\rh;- Yte-\ \Jr Ylm (th—x’ﬁ-\> t
(Xu e )(Yu - Yt;«)) .
bk}na ok ID{HH&/\S wih AG) =0, for ong >0, thus
XY %Y, = 00y, +(X), + 0N,
By wﬂﬁmﬂ\g, this olso helds for oll £ as.



lJFOS ﬁ)(mulu) Leji X XP he C@nhnucous Sem) -
Marﬁvxﬂa(es ard lef hQ%R be in C Than a.s.

B 100 - 1045 § 200 15 185,00 44k
o K= (G, - XJ
Pt For f oot 6 s dovious.
Cam: Assume 8 holds for some T. Then 1t olso helds
for o defined by 3(X)=xt¥(x s
Indeed O\Plﬁ B uafh X- kac Y =H(X):
%) -9 = § xd%xs+f¥(x>d>¢ CNERYY

By ) or £ ond H-feX) = (HK)- ><J3

=500, =2 £ & e 42, ¢ 5 06) o
By @ for § ond (0 HO= H- )

(X BN, = ZK L0 o0 XN

3 g(X) = 8()(\*‘2[@30@&& ‘ri)_ [3 ¥ d(X X>

Bg, vduc\wvu &) ho\&s fer all polgr\owaie
lof X - XL+ M +/-\ b th S‘viuvmr(‘wgode dQDMPOs\‘\O/\ o X

b1



Coirm: &) holds fox all PeC'
< o all B0 well

hdead, [95 e Wejer shaf) opproxmaion thaorew), there ase
'ﬂ(GV\U/V\\O«‘S PK S+
i ( i ~plol + VAR -Vp bl + [V -V, (0] Sik‘

Tukma Iimik
VARSVARSTRRYFARD(
g (%) dX: |lW| ( AX bg sodoshe DT

2L 00 Y - LM -3;%;0@ ) 406X, by 0T

Coim: @ helde tothoud recichon en X,

let T =iRt20: rvnx|>C|>D g The above
o - Ten opding

o) = H00)+ T B0 0 + 1S ) dooty
B[(Q h= o0,
Rk In fems of fhe & Sroborovich 'W\ieara‘)
() 1092 | Eoodx
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honol ules
il Z-Z - Hodx & (Z-Hd%
Z-2,- 0, = [ 40, = dZ, = d% oY,

o' formula:

d F) = i d)( +1§§jaxd X' gx

for Browanian mohen, XV =d®=dt This
B, = F(X)dX+ 3 FOO L.

ASSDUQJ'\W)F%.

HobkedX) = (K & He(CX) = (HK)-X
Kanito— Wotonobe 'scimﬁmt

HodXodY, = (HedX) dYs & H QLD = XY
IV\LQ%TUHDV\ bﬁ roﬂ";t

dNe) = X % + YedX + X dY
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4 Applications fo Rroonion tofion and (vnanSo&eg
A Levg‘s chomcteriohion oF Brownian mohion

Thm, let X= (X, ,XJ) e contnuous focal martnagles,
Sajrisf\é‘mg X,=0 oed OCXD =51 for ol £20. Then X &
o Sondard ¢ dimensional Brownion metion.

Bese. It suffiws fo sow fhal
E(ei0%) %) = o 889) by ol st DeR!
Procf of thw. Fix BER ond et o= B+X, ’iezxit. Then
{Y), - <Y,Y>t=%6i83 (XﬂX")f Bl by assumle'on.

[of 7, = M0 o piM+iRI Bﬂ tos formula, &W(iecl o
X= 1+ 5% ond k) =

0Z,= dHX) = Zlid¥er 5 (0, ~1ddny) = iZc g\

ﬂ.) ‘ t |
VA LfoLdYb = LZ°Y)t-

Thus Z i o local mortingole . Sine Z s oo bounded,
it s fadt o () w\qr\lvxﬂale\ Henco

EZI%)=2, 2 E(elW[F) - B
whidh is e doim.

.
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43 Dubing=Schaarz Thoorem

T Lot M be o comtinuas local W\(AFHV\SO\‘Q with 1,:=0
ond ML =00, lef

o | T
T =iHt20: (M)psj) /_TS/ ”

S
- - sk Te is the nalt -continuous
Th Bs MTS , GS 7:TS . inverse 0{: t_’_)'a(H)t .
eh

(G is o Filtahon Sulriswmg e wsuol condihons,
(B) & a stondard Brownian mohe adap\ecl fo (&),

Mis {rwxdom) fime d\avx%e o B M =B,
lemna, Almeg smela, for all v,

M is constout on vl © M) is constort on [yl .
Proot. By continuiby ard gince (M) s incrensing | it sulficas
10 s Bikq# For %l\ Fed <y, :

{M=M, Vteluad] = {0 as
of Ny =My =My = [dMe. Then (N} = T, = 0 -C9,,

lef Te= iv&i t201 ANy >¢) Than N € Me sinn <NkQ < €
ond ENE) =R, <&

= |E(/—1KH).,=<M>“T Nt\ - Hi(“bv:o N:)
= lE(j—(N)v:D NfATa) ¢ WCO( telud
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= Ny=0 a5, on {0 =M T Felun]
Thus (M), = (M), lmp\\es M i costout on lun] as.
Ollgr direchon: eerciee (Fey exawp\q B:) O\Wrox'u viohon)

'J’.MQ_. R i conhnuous.
Post. Sinca Ty i cidlag ond ™M s conkinuons, Bs= M i
riglr&%orxﬁnum& Ld’r—conﬁvmi\\& IS es,w'\\/cxky\f o

=B @ My = My dor T =id] £200 (2}
Thos & T=Te than B s left-cortinuons ot .

On fhe oher hand ) £ To> T then (M is constant on Us-,Ts})
as., ond by the e M s ongort also, o again MMy

lawin. () & o fifohon obegm e uagl condibions,
G, and B) is Qdop‘eol fot

Pof AeG, & An{Tcujef VYu
2> AOT cuy= AoiTeuin{T cut €5 Yu
& Aes, it tzs

So (&) i & Flrohon. Righ’hmnﬁmi% folows from thdt of
(F) and s T, ond mpleleness from thf of (%),

TO SR H‘Oj Bse Gs =7:Ts We OPP\H H\Q PO“O(AIV\% F()d {:(DM AP'.
it X s Q&d%ﬁ ad | @ SFopp’mS Fmg then X €T,
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Lemmg. B is o moﬂﬁnauk w‘\H'\ fQSFQ(} o (GQ ond <B>;=S.

Poct Sing (M%), = (M, =s <00, Mi e M. Thus
(M*-<MYs is o W vvnrh'ngal& Hencg, bﬂ C8T, for r<s,

F(B, &) = B(M5 | 7)== Mp = B

E(B-s la) = E(M <) |7 )= Mg -( =B -r
= Bis o continacus rvur\ir\au‘e wih =5
Root ¢ fhm BU L&vg's raaderisohen, the femmas iW\D\ﬁr

ol B is o thidord Brawnian mokion. Tth alo jonply
the oher osserhons.

4 3 Girarnoy Theoem

Bompe. Lof X be on ‘n-di Mensionod cew’fmo‘ Gousion vec|'or
wikh vanone max C=G):

B (ot )7 § I e ™ e M-C
> EHXto) = (A ol 5\‘/2 (L\ Hy) 5 £(x-0, M{x-0)) ox

B g

_ e;:'z(x,Hx) Q‘éL@\)NC«H(x,Ho)
= E(Z$00) — 70

T i X« NOC) under o maasie P then XvN@,0 under
H'\Q meoswe L bdNZ‘Q %%:Z
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E_Xample. lot B be o dendard Brownion mohon andl Fi
0=t < <{—n, Then (Bn\?d IS O cm‘\ed Gougion
vechor ot "

(& G -Xe
EFHB)) = cond. jmwt(x\ e2% L dx - X,
For ony dekminishic fundhon b R~ R
EH((Bth),) = EZ B))
Z=op[12 B ‘3 kmi-u.ﬂ\(g,-mi.h)

R T e t; -t

Defn. lef M be o conbinnomns focal vmﬁﬂ'ngo\e. The sochashic

QX,TDL\QV\th\ o Mis
E(M) = oMt -5 |
d. I M0 Z=8M) s o cotinuons lecal Wm'hf\f)ﬂ\e o)
0% = Z. M, ie, 2= 1+ §ZdM
. Mgl 1 Fornd,
M ((7( rsqnov\_ L& L bQ Q COV\H NUOWS IOCa\ vt r\gcxl@.
Lo'sH\d—Lo -0, Suppee that E(L) s o UL muanﬂuk, Suppose
0 _
g = thks.

Then it Mis a cpvxjfir\mms ool rijriﬂsoke Ik, P, then
M= M={M,D is o wrt. O
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R, <M> (M)

Preek Lot To=if{t20° leI>n ﬂ\@y\ Tn i O\SLOPPIHS
hvwz and P(TnTo0)= | by conbinaily of . Sice Q=P
olso ATt} =1, Thus it suffias 16 show that Mo ic

0 Ontianons local wurhv\go\'e wil O

Uoim: iF Y=Ma~{MW L) ond Z=60L) than YZ s a
CDV\HVMOMS ‘Ocal W\(}r{waale W.l * P

42N Yz, Z.d% + 4T
= . Zydly t Z (M -dMW D) + Z, d(Hm LY,
since. d(ZY) = oKz, M) : ZK L, H™
02=2dL and @-L,MW =7+ (LMW
=Y Zdl, tZ, dM
Sina. L ond MW ose locel nmjr{nao&es, o is 7Y
(o ZY is o W WHV\SQ‘Q

This folows from fhe fud o Z- €(L) is a UL mortinguke
Egcxssw\r\f)how and < s bowded. lndend, UT g S’uq:
Lmdu v hp\nm On bow/lchd ravdom \Iar\ab\es SO ZY 1S
UL To s 1t i o fach ngcﬂe wecall S is ec[wvmvﬂL fo

It X -1t Ts o shoppin fine, Tt s UL
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Cum: Y is a Maan(cjoJQ wrh O
Indad, snw Z and ZY are UT mortingoles
ERLY, -, [7.) = |E°D(Z,9Yt‘2%‘{s %)
3 VARYARFARY
Ts V=M= )" i wortinople and Tt o5, Hea
M-ML i o lo W\aeraa@.

(or let B be o dondard Brownlon mohon under P
ord ket L be o confinuous loml martingle with L,=0
such thof @) s I Then B=BHBD & o

standard  Brovonion mohon under Q.

Proct Qirsamv’s Thaprem ) B o a @nhinuous
loce)  worh r\ga‘e\ Sin®

(B, = 4B =1
53 Lﬂ\@\s dwudd\%oﬁow) B o o Sandord Brownion

vohon .

E@[& Sﬂ)oge UL s bounded e, Dy $C. Then
lP(%g% L2a) <o (+)

ord i porH awaf €D s o W mrﬁmgulq.
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Pod Lot T=id{t20: Li>0f and BeR. Then
7 - e@LI—,{Bz(Df

s o bounded vvor{w'nga‘e. Hong EZo=kZ =1 Thus

Plswp Li2a) = P( U 2a) = P (% 2 80725C)
< e‘@&%—,‘[_@ac

Ta\(in% the inf over O 6ives. K.

onsgantly, Elsup L)) < EoplspL)
=) Plep(supL) 24) d)
- |+fe‘“°3>)a/zc I\ <00,

Thus &01) 15 bownded S, € L. This implies
o) is o U mrHr\aal:& Ei i

A more %vaqm\ cnlenon e Novikov's condibien.

Thm (Novikou), Let M be a confrinuous el mﬁm\z}l\e
whh M=0. Thew

Fe3{ha) <oo
imp\ies fht €M) i o UT eortingale.
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@W\P‘e Congder The DE
dxt = l:)(xt) O\J( T dBt 5 JCQT

Org. cun constuct o1 weok solubion (se bber) as folows
e} X be o shandard Bovnion mobon wder B S

L~ B0 3

Q\?“\f bﬂxi %D&cxan\gn Mor H\amle. This & fo emmP|e

X~ 0L, = X, =T b 6, = X, =5 box) s

i o standard Brownion mehon wnder @ wohare
d0/dP = (D Densle B= X=X, L. Than

% =17 bl ds + B,

Ll The Cawveron- Markin formula

Defn. The Wieror Sl (W, W,P) is aiven by W=CR,R),
W =o(X, : £20) 'whar Xt‘: W= R ?s 8\\(@/\?53 Xt(w\=w[t)/
ond Pis fre nigue P@bﬁ)&% maose on (WW) that
mkqs X o S‘Uhaord Brovnion moHOV)\ TN& gewluP IS 0\50
alled the canonical v of Brownian mchon.
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Defn. The Cameron = Martn YyoQ i<
5 = {heW : h) =S qs) ds for some g PR
fr heX fhe nchon 3=F\ s the weak dewhwe of h.

Rk W deﬁings o Hilbert o wih  inner pmduc)F

(h, Fle =] Fls) £(s) ds.
Its dual SpoCg. Cain e idenhfed with

K =] pe MR - {7 (sat) pldd) ) = (e 25, 0 [
e for &0+ R bounded linaor, Uh)= ) hEuldt) for some

Thm (Gaveron-Nortin). Let he X and defire P by
Pr (A = PUweW : wiheRAS) for A, They
h 0, .
%% = W(fh@ dXs— 3§ ) ds).

0 0

frodt. A?PB Girsorov with L =§ h©) dXs Since
L, = TR ds = Ihle <0,

0

) is o W Minau\e\

Rk Intui hvela, Brownion W\%ROV\ ﬁ\ouu \)Q HQ §U/\dard
Gonssion mapsir on €. This does nal exigh, bub te
Gweton —Morfin formula gives Q oy o inlerpret s,
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4 5. Burkholder —Povie,- wacxg 'ch{m\‘» hes
le} M, - up M

Ty, for p0, fla ove ¢,,G2Q such Hal for ey

Conhmom; locci mcx(ﬁwﬁa‘e M with M=0 ond ew

SLOPPW% hima ; / J
o EAMF= < I < GECGD

froot. Examp\e Jat
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5 Stochastic Diffesevtiol En‘wﬂm

S Nebons of <olihons

Dn. o d,meN, b RexRi— R o Rpx R — R
e \oca“g bowxdecJ A weak sduhm to the SDE

dX, = bit, Xe) dt + oft X )dB, (B b)

corsigs of

0 Flleed prokabil Q,7, &) P) obeying the
sl &cofdro’nong% i 9

° Qn M- d\mQy\slom\ - BCG/UI\\QV\ mehen ;

*an &) odapsed Conhnwmg - volued PIOCGSS such fieg
Xl ol ) B+ b K ds. OO

Ddn. for o & %59'\/\55210 fo Ec‘b we cpecity Hho
Proba‘o[l gmz (5, F P) ond o Brobb*f\\cxpl/\eCj L@Hm 2y
ond dooR ( WBQMW€ ’rthvvgwalecl
b‘() B. Than o ghong solwhon is an (%) —adoP‘ed
process X such 4 hads.

&I& The P leled (also alled auamanied) Flrohion is

{5 conbms oll (&, P)-nullsets. I can be shawn
ot it is in fod v\g\n‘( ~continuous (= Komdzas- Seye.
Prq; 1)
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Defn. for the SDE, wesm&%f Hee s
* Wiguensss in bw (or weok W\'quu&s} & ol weak

Tolu‘lio/\g to Eob) wth Xo=xel have the samo
0.

+ podhuice wiguengss (o sLmnp \WW\Q@ E for fixed
Q% (F), P) ond B, ol sdlubions o E,b) are
ino\lsj[imguighaﬂe.

@mdg (Toncka) The SDE

6 d = sn0X) By, Jo=x,  wdore sig 1 2

oS o, weak soldion ond  weak w\'\o\uszmsg hads, bt

ith WS GUONRSS feuls.

oot lﬂ{X be o Javdard BM ot Xo=x. Set
B, =1 san(X| aX,.

= Xt g:saanog dBs = fﬁ%@ld& = Xe

l
Thus  dX; = s‘\vaO(t\ dB;, Xo=x. Mocower Bis a
sbhdmd Brownion mohon S ‘\f s o local n\ar\‘v80\l€
OV\(!! <®t = QCKXQ = -t\

In fod b(tj fha some O\FSKAW\QY\\L/ 0“3 soubion & o Sudard
M. S0 WNGURNESS law holds.
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Jam: X o solubon with =0 than =X
ako o In particular, pothui ugONESS fails.

\V\cl@c{/ ~X,c= - gsignog st
= S}tg\‘gn(.‘xs\ st t Z f iXs"O st
[

Clam = N=0
ndead l:§ ik & contiuous loc MONI\SOL\Q ard
N, = £ g00s =0
Gincg. The ze0 s & Brownion mekion fos LQ\ZQ&@ULQ )

Sinc N0, both X ond K sote &) and here podhusise

N Gueness foils

R X is nef g Sh’DV\g wolubion.

T, (fomoda—Wataralde) Assing D) hus o week.
sdufion with Ko=x and tof pothusise ogpaness holds.
Then UNIGUNESS in bws holds ond for any QFF) P
ond B fhee s a un\c\uQ S\TOV\S lufon 16 Elob)

ook omitled (result will we be ueed)
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Thw. Suppese trat b ond o o local Ln\)s&\'\{z, in the
o5 bt Boe o ke O sich trat S bl £20 ond
x|, lyl<n,

[bltx)-bltyl < Kn x|
ot x)-ott y) < Kalxyl,
Then paW WIS \mguwass holds for EGh),

Do Lot X and X be two solubions fo Fiob) defined
on The e pmhobi\itlj o wih Pt X, =% as,

2 1200 2 o Xel2n,
00 = B X, Kot ).

confinuih of X ond X iF saffices o dhowo e for
oll nond £, one has fulf)=0.

By 1195 fomula, o
Xt~ Xypr =1

0

2K (bls X)-Hs.K)) s

<_ KV\ le"Xvsfl

A L0 (ofs o)1 ) B,

0

| dlts X -ofs R0
< Ka X=X

6]



Sncg (%~ Xs) (0(3/ Xs) - U(S)YS)) S bO\LV\tSQd on S< Th )
fe middle fem is o men O worﬁnaox\e. Thug

L)< 20 SR ds

S $0)=0 and T s bowded, Gronunl's ‘meciua\i‘zj
]mP|‘|QS (AB=0 for all t and 1

bronaal's nequaldy. (> Brougle ded). 1ot T>0 ond It
F o1 —0,m) bk o boded Borel funchion. Then

fit) <ot biﬂs\ds for oll £<T
imp\i&s
< ae® for ol teT.

K The ot @ e fheorem dlso dows et colubions
dofivad \A?b e T et gL up o bve T

Y Shon% exisence for le)sda‘\\z ety

Tm. Assune b ond & ar %\obu\\g Loschie, e, fhee is
>0 sudh thek for oll x,yeR* ond tzﬁg,

[bltx)~blt,y)| < K (X~

ot x)-ott, )| < K lxyl,

for any (Q,7,(F),P), any (%)~ brownan mohon B, ong
Xe“l(s y [ S;(OY\S SI;Q\AHO\ to Hobl with X.=x.
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fedt. To s'nw»Pl% ndoton 0ssuve d-m=l. Define
), = x +$ls,Xo) dBy + § M, X ds

Given ang &) we will Find on () -adupkd X st\
fhat F&&X Such o fixed P@wx’r 5 a g‘rmvg ubien
she we @n take (%) fo be fhe Blfohon iducd lzj B,
The proof s bj P therahion. et T>0. Tor X comﬁnua%
adu‘)‘ed, %]

Iy = & g F)?

O A

—

0

Then B=1 X: Q00T R continuous, odoled: Xl 0]
=yl dt
bhdeed, FX)- NI < 2 Elsupl)
| (atb} S.‘l&flb"T/V Hrl
(Dbt ) :

s o Banach Spoce.
Com: NIF) - RNl < (T +8)K°
5 X)-b. ) ds )
td E(St%?r‘ MQ/&\"G(S,Y&)st 7
=0 + @)
n ey (]t ) -ofs Yol ds ) i et

wd (0 EUT ] s ) ~bls Y do) <
IE%QQ_‘MJQ = LE[EM'(&' = LHE<M>T
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Claim:  NFO) iy <00
FO) = x + f bls,0) dS t i U(S,m dBS
+ JIFIC< 3@)(\2 + fb(s,O\ ds \||;+ \\lgcs(s,()) (& ||t) <00

~y

Tl 0fds <4 ELflots o) ds)
b 2 =0 and XM= F(X). Then
I =Xl < C e =X dt
< QH X=X s
i ﬁ""————(fdto) b, b X XCUE

‘F” l Fr(o\ \
= \ \-

= f ™ =X Il <oo
3 X nerges anfor Ml\a, on [O,T]) Q.S

3 FX)=X on [0,T)

B% N OURNESS solahons definad uslv% dffeent T must
09 whan both oe definee . HencoYwe can Find a
oluhon defined on all of (Do) {

R Whan =1 the 'lecdroJ qwﬁ\'or\ Xf)(;rﬁ;b(s,Xs) ds B,
con be solved for am& Conttnuoes fun chion b the same
Q!%(m\mf MP\O\CEV\S (e bﬂ [\ = up Xyl
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53 The soluhon mop

The follow Proposih()f\ ovdes a rough edimal on
ho degnddlc & e <cbion on th (it condition

R Undr ho samg osSumphons o5 in The Thoonem, lef
X< b the selufion wibh mihal erdibon Xo=x. for psz/

X < f
‘E(E\QE X - Yﬁ\") - Cp,t lx’j\
foct. Fix Xy € ’QA ond fet T=inHE20: D120 or \Xi\Zn},
Sina lowb+cl? € 3P (lalf +[blf + [P
‘E(SS%R; I)(;AT - X:I\T ‘P)

< 3{’-' [ [x-yIP + IF(SS%Q Sf T(G(t’, Xy)=ot, Xjr)) dRr

(A)

[ b 55)-blr52) | F))

P

P

+Elgg

(BRG)

whar (&) € CP[E(@Nlm x’i\—i},mf dc)%)
(Holder

2,68 B[ ot 40l 0P &

(Holder) A
<

@ Gt (] 1o 6)-ble, KO o
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Using fhe Lipsthifz cndifion for o and b, Haefore
H\Qﬁ% Q. Q(ﬁt S(XC}\ &\of .
E{sop Do =X ) € 37 beP () Bl X

ft) < Hs)

Nok that T k& bounded beaue of the stoppim tine T
By Gmnmll,gﬂmn - W% |

HH < ¥ xylf €)<P( )
By Totou, we awn tabe n—o ond gt He coim,

S’W\S soubons are hwdione o Bownon wmehon in
fhe Bloaing serse, Recoll the d-dimengionol Wienor sl
(WWP) e W= (R, R, The smee W eon be given

e fopdleny of unifom convergene on compdt interyals,
wka&qi%w by fhe wdn&c?@\ per i

dln i) = 3 0 sup -t 1
&)( Ohg  SeqLen@ (DKK\C(O,OO) m‘rHJ\ D <00 This mehne
mahsmd 0 CQMP[QJ[Q, SePche mahvie zal (o ‘Pelich s‘mi),

Thm, Under fre e osaumphions as the. previens Haotem,
for x <R Ha exish mops

Fe: OR K" — CRRY)
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MQQSNQUQ w.f.!r\ H\Q QOW\OH\'OV\ @} vl aml wrt, )\)d gu&\ H\of

() V20, xe®: Rlwlis measuroble wrk. olwls) : s¢ ),
for P-a.e. we W

() Ywe CR R x> Blw)e CR R is continuons,

i) Vxew,V(Q,}: (), P) Suﬁs%vxg the sual
tondihong, every (%)~ Brownion” mohon B (ith
B=0, fhe QU sduhon to E@b) with X.=x
S X’ce\:x(%)t.

(W) In the setup of i), it ek thon RuB)y is the
WAIgue luhon with X= W,

fot For simpler netahion, d=m=. Let
Gt=U(N(S):()SS£t>\/N, G=Go

whare Nare Hhe P-nollefz. BU the fosf thaprem, Yhare g
a tmiqmz Jrong sduhon X* to Elo,b) with % =x,
with respect B UEE),P) ord Blw) - wlt)

By the lost propesifion, cheosing (k) approprotily,
EILe Y < E{ (300 3 06 2))

&S o By X1

< byl o Gore < iyl ()

4



A version o Kol mogofov's coanu:’@ entenon O\PPhQS o
processes X* indexed b \Qo\ ya\uog N o Comyﬁ[(a
mehne space, provided t% holds ot p>d. Henc fhare
is o iHcoF'i@n RVeet F K)ert Tt is

conbinuous in xeR &t
E((w)‘-xx(W) = O’ZE ("\’))tzo.

Then (i) i¢ mwediodz. To s 0), nolz we X*(w)
is G- meoswable. Sincg X*=X* as. this gives (i)

To show (i), ossome (0% P) and B are given, ard sef

Xt = F,((@)t .
Since. Fi mops into C(R, R‘l) X s confinuous in 1. Sin
F(B) comcides a.s. with o randon variable measpble
ith repact fo e CDMP\QM Rltahion guated by B and
F enlgine. s filfradion, Xis adpled. By 'mf?ovu)

%= x ¢} W(SH,S\Q dBs « § bls X) ds

® 1

= X +[m ZM o, Xer,) (Be—Be) +§ Hs X ds

M00 (=( [

in P-prcbolonli by ovd s s, ol
a g&m&%&& W raw hix E

Gnce X(w) = Fli) thus, for -ae weW™

=X tlin i olte, Ey, ) (g - R, +§ bls, ¥ ds.
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S«\m B Ms \om P on : u\as.{‘\hr\\m B anc\ H'\QV]
wdov% tha agamxml\m of Hvz s’r@dnaghc Meaml gves

X x‘rS oo, X,) dB, +Sb(s Xo) ds
as c\aimd
(V) omified (@r@)ﬁf s smlo).
G The sgufins {0 Fob) with Yomxe® cn be

Con SMC,LQ(J ?0( (ﬂl Xe‘%l S\M\A\N\Qovda, sud/\ H'ojf Q. S.
X i ontinone n e wilial condifon x.

Ok Emmp\g;& Pks

The Omsiém ‘\MQV\EQCL\ DOss . Let N0, The Omslein -
Uhlenkeck. DIOCSS 15 Ha w\'\c‘w suflon to

= -AX dt +dB,

?@u; g\v; W*Xt awn b hed e)@l\c\’rla /*?plej to's

dl@*X) = A eM X dt et d)e = eMdBy
& Qx( Xt = Xa - S: Q:\S st / Wiener ‘V\legra‘
@ X=X+ gD g
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m F|X X XGR (OV GC\\&!OV\‘) W\QV\ (t) (N0} GO\\A@ION\

powss, e, G, i omHlé Govgson for all t=0<tic~ <t

ed hEXt’e‘th (0\,()(t \)= i&( Al '\It-tsl)
Posf. EX, =™ EX + ft -ms) dR. = ey

Bg the Kunko - Wohunaboe |denM5)
Cou%, %) = E( 0% EX) 0 BX)
‘FE“ X[‘m\d&f Msm)dg)

EltH- BYK- B)) = E(H:B, kB = E(HK<B),
I ~u<£ ~>\({-~u\))u‘A e—k(s-u\) d\k

Q—MHS) g o &\A _ &J:\ e NHS)( IN(sAt) l)

Cor, X~ Me&x -e *) fo vy 020, %=xeR

‘—’O —)5’2\ QS 't—)OO

This S\/\%CG&S\'S e dichibahon NO,3) s invoriont. This s
indeed 0y fo chack.

fod §Xr NOK) fan Kv NO,Z) for all 120, ond

X i a shhu\qva Gou<Sion p?ocass waith

(e X, Y ) = (o (6, Y 4= e

7



Gearre e Brownian mebon  Tor we (R R) dofine T (w) bj
[l = x eolowlt) - §)t)

Ik Bis a s%mo\ard Brownion mohon wiHn B,=0 than
Xt = Fx(B)f SQ"ISF\QS

3 = o X, dB, t X dt.

On o otba \qu t e duse w’robeomhtsw\i]ﬁh/
then y, = Filw); )¢ sahiches the ODE

dﬂt‘ G Y Cjwt +("* —)

Mtﬁ fle 1o tvuPF whclies the wnon\c] et:\vabon on smedth
g,

53 Local Solubons

ks Tor ODEs, solhons fo Phs do f\d duays st Yo
all Himes. For SDEs fhe prfog\m Fine 1S rondem,

Rrop. (Loal 115 formuda) M >< (x' XY b centinuens
semimar fhnoples, e Jc@ 01/\6 L 0~=® b C
S Tt (020Xl A lt<T

H) = mei 00«51 2 1) 06Xy
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&& . g s ol o 0 e
\y\HJPO d\SHXt U)< ; ll

Emmp, let B be o sfancord mwimms(ord Rroanion
mofion with B, Tak\ws U= (090] fu) ={x Swes

(B, - ‘*LS B ds - g} B ds

O

for T<T=H{120: B=0)

Thwm, Lejr AR b evon and br Rex U= Hld ond
RxU— Hld‘""iﬁ \Ocal\%!, LtPScLuﬁ o Nuous. Than

.

m QF F) P )ondB eweny xell, thoe exiss
Q SH)Y;?{\ ting T S\MJ« for fé\f-’L

Y, - mngg asddsxs\d&
and for all com KCW, &xP{RT X EKY<T. Thi

S)LOPPIV\& hMQ T 1S c;xued HAQ g&pjﬂs\m_ﬂm

e Fix K.l COM@ such thof k2K, ond UKe=0)
Dnecov\%\o‘b and o, defined o oll of B sich fhob
b |tR,xK,\ blﬁh Kn O\V\f) G'l& Kn™ U‘WK,\ de gucl/\ H’\Cﬁ b
ov\d Gh OR g?lo\mﬂ @h sd«\\z ctinuus, Henco, for oy

xell ond n To n Phaf x<Ko, thor o on
bors Xt D) o Yo L

n "‘Y\HEZQ X0¢Knﬁ
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%\Zum szvxszss X" also soves Eo, b.) uﬁ to five Tn |
X, for E<Th ond we o deting X, for

T gp T by equiring o Xem X3 for £<T,.
Clam: Lot KTl ke compcd. Than on {T<o0] @.5.
splt<T KeKj<T

lot L be anothar o soch thof Kelelclh.
Lt @:U— R ke C°such that Pe=1 aud Plee =0,

let R =inf] tz0 - X, £L
S.= inH t2R, 0 X eKIAT
R~ inH £25, 0 Xz L S
leb N be He number chresg'\v%g o X from C* 4o K.
Then on {T<t, N2nj
h=2 (%)~ ‘P(ng))

£ Do aues B2 00 0000

0o+l ds) -2
ot H" ond F Pwo\'dvb‘e and boedled wiform 4 in n.
+ 0 et Nanf <) 2 P(Tet Nzn) < 0 B < €%
+ P(T<¢4, N=0)=0 = P(T<d N=00) =0 qs dqm\.



M{)ﬁ Consides e WDEs
I, = B OG) dt+dBy Xex.
Assma Hhoe are 020, >0 sudn Heof
x*blx) < ald+c.
Than the SDE o a@lobl soluhion, 1e, T=00 s,
Rodf. [ot T,=in{tz0: IXf‘ 2n). Then bj 10 formla
£ Wy, [ = £ +UE >@ b(X) ds + (ATnd

¢ twdoﬂi G Ag + [+t
CENS+ @ikt nlog ElXour, | ds.
By Groweall's in@s‘@i% /
E Yo [* < (EMF +ldilt)
Clt)

5 P(Toet) < &

The exp(oslon fme T sohiskies T= (lM T bj the thegrem.
Henca b:j ’ra‘rou

PT<t)=0 for e £>0.
3 P(T=w)=1I
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6 Applicah'ong fo PDE< and Modkoy OCESSeS
6.1. Dinchlet -Pokson oroblem
et UCRY be opon, U# g For locully bowrded coefficienty
0: (- RE cmc& b u—~ R, Consugfr
=47 00 25, (0 +3 bi) 0

Defn | ic i EQm\sd glhphc‘ F thoe is A>0 such Hot
a2 2 N3P for ol EBeRY

Dirichlet-Poisson problem. Given fedW) qe CLOW),
fird ue GO = N LT such Tt

{ ~lub) =) for xell
W6 =90d  for xeoll

Dirichlet probem: =0
Poisson probiem q=0

(= Bvs, G(llwg—dem Assume UL s bownded cath
Smoo% Bouv\dqn? tho o ov\d b ae Holder confinuous
and Fhal L is " usbormd ellighc. Than for eve Holder
contnoous 2 L= R and evew conti NS =R

the. Dinche) - Poissen pbbbm hed” soluhon
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Thon Lot UCR' b en, bowded, Ut 0 b b 0= ¥
and o W= R be bownded Berel fonchions and
OLSSume H\oxjr 0= coo" U — R s v\m\Form\g/ ellipﬁ‘a-
Asqave ke CLD & o Bhbion to (OP) and ~ that X
s a solubon to Elo,b) with Xo=x. Llet Ty = inf{
£20: X €W, Then ETu< ond

) = (o) — " LuCk) o)
~[E g0+ [ HX) ds) (ki fo
Lo e ich Yo x

fecse Lo b R R and g R = RE™ be bounded
Bordl funchons ond assunme X is & Slution to Eo,b).
Tren for #: R xR = R fot is €' in t and C in x,

=, %) HO.X) = (R4 L) Hs.%) s

is 0 corfinuous lecal rv\mHnga\f.

Debn. L s colled the gestofor of X
Emvvxple\ *d=dB — L=1iA
QX =—-Xdt +dB l((}vxéeiw%kmb&k PfO(QSS)
—> [_:_,LlAﬁx.,v

8 belovo: f0r0,b Hokder, oW SrYlG:)]rh, V exisfs bfj obove gewam\ H\aomm\
But in gerema| (@erise) org wn find wd o v eplicy.
(Hink: @t vid = Ce*®=% Jor congonks o, R ond C hrga.)

83



Pedf (havem). Let To= inf1E2 07 XeBU) oot
Un={x €L : dislc,O) > 4]

Then fhae are Un€ oK) 54 unlu: uluﬂ Note Hrat

MY = (M2 =ty Donta) = n (%) = g Lun(%s) ds

s o local VVIOT"'W\SO‘Q bowdecj for F< L, &)f OV\j J[ >0
o o () rmengale Thus {}0( 0 IQF%Q evwov@t)

069 = 1) = () L) s
) bl oy U0Gn)  ~Fl06)

on xell

To ke He it 1A T2 T we will ned BT <00,

Tosa ETu<oo, kb v ke a sdufion” fo (DP) with
2 | ¥x and 9020 ¥x. Then

E(taT.)> Hs"“‘"(«w () ds) = Vi)~ E(v(Xer)
IS I

By monotone anvergene ol naa Tl Ty 0s., thu
‘ETVL < Q.“Vl\oo.

Ta
Coim: ul) = E(ur) S, (%) ds ) .
hded, Sin £4T, 1 Ty s noso0, b4, and since
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H TS)“\F(XQ\ c\s) < |fle BTy <o0,
the DCT iwp\\eg
1 Ty
fJH06) ds) — B T00) ds)
Sinca w i confimous on L, olso by DT

Elulent)) — ‘\E(u(Xm)).

0d Cgu&\\&j proHQm

Tre Gy suobem is fo fird, sven € CL®) & beuek
soldion W Ry s B = R Hrod Q\VQC‘? in Jcbavtcs\ (" in x

fo i o
@ %%—‘é-h& on (0;00) R
uo,-)=f on R

Tho. (> bvons, Gilbass ~Tudirger | Assome L is wador
eJl‘\(ﬁc, Than for ev@% fe C??Rd)) H\Qmuis 0 som}w\ 11? (P).

Jhrl\&‘rubeabotmcjed SO‘\AHW\}D@).M(D(&V\S
soluhon X fo Elgb) wih X=x, xe® 0¢sct

ult x) =1, H(X)
(Mc& , Mo %em{aﬂg)

UZ(G'()@ | qfs) = uUC-s) Xs\.
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P(LOP 85 usswv\phom 3(5,)(3:»&({—5, x) satishes
&+L) 360 =0

-ﬂnereForﬁ S(S,Xs)—g(O, X) & o marHr\BOJe. Thus
ulh-s. %) = 9(s. %) = E(q b, Xe) 1 72) = E(FHH5),

Thm (Fe:jnwnn—Koc formala), Let feCa(RY), Vel (R) and)
SUPPOR e RxR— R is o bowded solhen to

f %= Ly +Vu on RexP
Ry L
u(O,-\ 2{: POW\JM\SQ mu‘hf)\\co\hen

& X be o soluion fo E6.b) with Xo=xe R Thon for
ol Jr?O,

Wtx) = Bl §(%) €><p(§:r V(%) ds).
frood. [ef F= exPU: V(X)) ds). For s<t, sef
M= ulb-s, %) & .
Tron M i rmanau‘e on [0,1] Indend, it &5 bownded and
dMg == 3 -5 KB ds + Vults, X)E, ofk) dB,
+ 1o (b6, X B ds tults ) V&) E ds
=0+ Vult=s, X E ofX) ol .
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Henc
ud x)= M= EMy = Eul(0 %) B = EHX) Bt

6.3 Morkoy p(opg[g

et BIR) be the Buradh spoa d bowded Bosel forchips
ot IFl= g ol fo T pypd).

Debn. () A @lection of townded lnay operabors Gy on
B®| i a fangben svigroup 0§20 ge f 20
ge, Gul-1 e 100=1dor ol xeR hQcli<l ond

Qs = 0.0 T oll L5200

(i) A0 B)~adapled process X is o Morkoy process with
fransihon &ch;oup P(Qt) it

B %)= BetX)  For ol o120 feR(RY),

T ld bR od o B R e Lipschib.
Assame X is o sduhon fo Hob) on some Fﬂfr—,(ﬁ),ﬂ’),
Then X is 0 Morkov prowss  wath &amibmv\p

BHx) = EFXD) = | F(Blw),) Pldw)
where F s fhe sohbion ap O Wierer $pac oo P i the

Wievar M SE.
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frod. et X be o @luhen Yo Egb)

Cloim: Ef(¥ees) %)= QeHX)

dad, %= X+ {) 4B+ {BX) du
Xs = Y[ 0K, B, +] "B ds

%ﬂ% Xt:XHQ , %; =ﬁ+s) Oﬂd (ge: BHS'_BSI ﬂD-tQ Hfﬂ+
Q.7 (%) P) i onothes Filfered ?:Pfohﬂo\\(hj Sl Ok%\r\lj

o usal condihons ond & gn )~ Brownion mohon:

e have .

% = X +{o(%) dB.+ { bK) due t
ndeed, this foloos trom j o(X) dB. - io-(%,) 4B, whids
Con DR S&n \9«6 OWO)(\MY\& both sides \?J wms .

Tus X olves EGD) ioth Xo=Xs ond tharefre in rm of
e sdudion op X - K (B) as.

+ B 1) = LRI £ LGB 1) - QuH00)

| B i indep. o Xe

on

Qs 09 = B, M) = B Bl fkd 7)) = B Q)
0 HX,)

Rk Usng. fha grom Mavkoy properly e Brewanion wofion,
one Cavv\i& prove PZ\?S [quver’fgj F&PQF s\‘mi\arb‘
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ot CoURA\ be H\Q PDV\GC‘/\ Spu(Q oF COhH NUOWS Fund\‘ow\s
bAchm% to O ot @ with nom IIH = %@lﬂﬂl.

Defn. A fronsi Ron seMiSroup hos fhe feller pRer % 't
() treG,t>0: Qe

W) ¥eG: Bef-H1—0 os t=0.
Tm, The semigroup of fhe lust thoorem is Feler
fod DSSUMINg & and b e beurded). Let feCo

Coim: Qef s continueus
Indeed), Singg x > EW) i cont ety bﬂ DA

/

Qe Fee) - QHyl < §Rw).) - HE, W) Pld) — 0.
Jom: QF6=0 g5 k=0
Sna K= x+ [ BG) ds + L o) 0B, ard ob o bruwdel
HX-x [ < CE+)
e PUXE-xI> A) € K'C = 0 os A-at
> [0 < B RS e+ NFIPLG -X17A)

= ‘,Mgﬁ) )Qt{—(x)\ < O t “H\ ‘R\X:’XbA\J \VLA
x| .

" S 1()-+0 08 x=>00,

% o, 6~ 0
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COowe: 105~ =0
Sup LB - )| € l&j& Equ)‘?(j)\ + LU P X -x|>£>

< Ce™ (tH+t)
-0 o8 £t 0

<+ [im IQe+-F1 <0
£-0

Defn. Lef
D(L) = { feG @ £(QF ) Converges in Co 0s £00)
LF = Jim $QF-F) for fe D)

The linaar eperator L: DI =G s wlied fle qimm
of the SQVV\]%(OUP (Qf).

Pp Lo} feDUL) Than Qe DIL), Leh)- QUL and
Qcf ~F +[ Lk ds =f<f LQ:F ds

fod To s@ Qde D) ond L(GH)= Q) role
106~ 6d) = &(4GF-P) = Gl as sio,
— Lf sinc Qef<}.

Sinee the K -hovdl side s %@us*“@&), Ot is ako
ricd\nhdiF&vaoUe with r'\ca\/& -denohve Qelt. Sin this n'jM-
dervabve is conbiuous i £, in fad O s difkerenbioble n b
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Thm Lot ?,36&. Then tha Fo\\owing QR ec\m\;cxlevxkf
() fe D) ond L9
) for ety xe B, HG)-{q(Xd ds is a ma%mgcde.
Prool. ()= (i)

E(80%) ~{a00) dr 1%)

< E(QHG) - {90k )dr )

Q.f - {:*SQrg dl’ bg (i)
~406)+ [al)de ([ 0.q0 ) de - 0 e 1)

=0

(i) = 6) By Gi),
H = ECH0) - § 40) )
= Q) - § Gyl dr
* 1049 - 4] g0 dr— g as £40

Cor. The SQV\Q(OJ‘OF of fhe sam| w0 o e DE o5 in the
logf Hhaonems, satishies CE(R) ¢ DI,

Ve M), L5 s o5 in Sedion b,



0t (onergerte i equilibnum

Debn. LgHQQ be o Hongi Ron Semigroup and et 2 be @
probub\\'\}g measure on R Then us

() invewnat wnder Q) if
[0, () plde) = [ plde) e BE)
(i) everslle pder Q)
gl ) lde) = | Qegld £ uldy) ¥5,9€BERY

fod. rversible 2 Invaront

Pjﬂ\ TO\kQ 8=1 Oﬂcx UR @tif i

fact. Under the same a%swprWQ ,

() imanout i SLE d)u =0 for ol fe D)

() teversible iff {qlf dW [(9)f dp tor all £i9e D(L).
R In prachce, DXL) is rue 13 kndan exp\\cj’r\%. However, it
DCOWL) i o dense sk such thod Q€D for feD

and £>0 thon it suffces to dheck the condihons Por Fel).
for emvv\P‘e) for feD, ;

%SQ&S dwgl.@dy =fL‘”rde=D.
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Pﬁp let Qu be the er%i\';()l/\ SQW\\SVGAP OF te SDE
dX, = ~VHOG) ot +12 dBy.

Acsume that Heci(llf) Wi SQ"HUHVH\)(OO. Than The
probabilty. moosure. plde)=2.eH dx s teversie

Preof. For £q¢ (g (RS)
S glLH) e M dy = Sg(j&% - VHjF\ e Mol

7. (@) e ) samg Ouswvanj(
= ‘XVF W% e My gﬁg e k.

T\Vlmo ijumq ot H s MJEQ[M_HM e, fhart ic

S Heso HE 2 MzP Do ol xeR el
Lef X and Y be fwo sdubons 1o the SDE w.rit. the same

Brownion mohon. Then, 0.5,
‘xt_ Ytl < \\Xo' \(o\ Q,_M; &—
e B}j”rg's . uJa} t MAEp.@‘{ dimengion
S i XVl o™ de

-4 K Y)-(THOE) - VHY) €™ s
< Po-Yolr 2 M
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Cor. for St 1eC, (R) EFX) — ‘E,nt volwre ic the
invanount probcxbﬂg ML OSAR pt(dx | & M dx

Root. I suffices fo assuma that feC. Then € Yo~ 1,
EHX) =ERY) + O B - ) — E8) = B

< e I XYol

Gor. The measue wohishey the Poinare m@'@%
\or, T < 5 fEFIVH e CRY).

Fool. B e moan-valuw ﬂwo&m
l@& ®+H3| = ElFOG) le o EIVHZ - Ix—y)

e Z, lies on fhe fing from X¢ lo X2,

7 QBB ¢ o gioiz

B& (mhmhﬁ of the sluheon Mop,

# [VQetbal € e EIVFX] = €™ Qe 1VH ),

Toas Vor, = B~ (BT - fn (R~ B, )
-1 B, 260LQ) ds

f@WQH

< li Y I < LEITHR
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Infad, the Po[low‘w% émn%q ‘m@cfua((h(f holde..

Cor. The measure [ sohisRes, the Loa-Sohnley inequalihy :
for oll FEQR) i B0,

Gt logh) - €N B)) <35 6 F

) =ﬁn¥»@)

Pk, As in fho bg preef,
VQA| < e Q, IV

Sing QeFx) = E ), for ol shicﬂ% pogihve £
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