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1. Wick formula. Let 〈·〉 be the expectation of a Gaussian field (𝜑𝑥)𝑥∈Λ. Show the Wick formula:

〈𝜑𝑥1 · · · 𝜑𝑥2𝑘 〉 =
∑︁
𝜋

𝑘∏
𝑖=1

〈𝜑𝑥𝜋 (2𝑖−1) 𝜑𝑥𝜋 (2𝑖) 〉

where the sum runs over pairings 𝜋 of 1, . . . , 2𝑘 .

2. Newman inequality. For a 1-component 𝜑4 model and the Ising model (on a finite set Λ with ℎ = 0)
show

〈𝜑𝑥1 · · · 𝜑𝑥2𝑘 〉 6
∑︁
𝜋

𝑘∏
𝑖=1

〈𝜑𝑥𝜋 (2𝑖−1) 𝜑𝑥𝜋 (2𝑖) 〉,

where 𝜋 is as in the previous question.

3. Intersections of simple random walks. Let 𝑋1 and 𝑋2 be independent simple random walks on
Z𝑑 with initial condition 𝑋1

0 = 𝑋2
0 = 0. Show that the expected time that the two walks intersect each other

satisfies

E

[∫ ∞

0

∫ ∞

0
1𝑋1

𝑡1
=𝑋2

𝑡2
𝑑𝑡1 𝑑𝑡2

] {
= ∞ (𝑑 6 4)
< ∞ (𝑑 > 4).

Show further that if 𝑑 > 4 and the two walks start at 𝑥 and 𝑦, respectively, then the expected time the two
walks intersect each other tends to 0 as |𝑥 − 𝑦 | → ∞.

4. Edwards–Sokal coupling. Complete the parts omitted in the proof of the Edwards–Sokal coupling
in class and in the lecture notes.

5. Percolation, 𝑑 = 1. For percolation P𝑝 on Z compute P𝑝 (0 ↔ 𝑥). Compute the analogous
probability for the random cluster model with 𝑞 > 0.

6. Percolation, high temperature. For percolation P𝑝 on Z𝑑 , 𝑑 > 1, show that there is 𝑝0 > 0 such
that P𝑝 (0 ↔ 𝑥) 6 𝐶𝑒−𝑐 |𝑥 | for 𝑝 < 𝑝0.

7. Percolation, low temperature. For percolation P𝑝 on Z𝑑 , 𝑑 > 2, use a Peierls’ argument to show
that there is 𝑝1 < 1 such that P𝑝 (0 ↔ 𝑥) > 𝑐 > 0 for 𝑝 > 𝑝1.

8. Random current representation. Let 𝐴 ⊂ Λ and 𝑛 : 𝐸 → N0. Show that

2−|Λ |
∑︁

𝜎∈{±1}Λ

∏
𝑥∈𝐴

𝜎𝑥

∏
𝑥𝑦∈𝐸

(𝜎𝑥𝜎𝑦)𝑛𝑥𝑦 = 1𝜕𝑛=𝐴

where (𝑑∗𝑛)𝑥 =
∑

𝑦:𝑦∼𝑥 𝑛𝑥𝑦 and 𝜕𝑛 ⊂ Λ is the set of vertices such that (𝑑∗𝑛)𝑥 is odd. The 𝑛 : 𝐸 → N0 are
called currents and 𝜕𝑛 its sources. Show that the Ising partition function (with ℎ = 0) can be written as

𝑍𝛽 = 2−|Λ |
∑︁

𝜎∈{±1}Λ
𝑒𝛽

∑
𝑥𝑦 𝜎𝑥𝜎𝑦 =

∑︁
𝑛:𝐸→N0:𝜕𝑛=∅

𝑊𝛽 (𝑛), 𝑊𝛽 (𝑛) =
∏
𝑥𝑦∈𝐸

𝛽𝑛𝑥𝑦

𝑛𝑥𝑦!
.

9. Switching lemma. Let 𝑥, 𝑦 ∈ Λ and 𝐴 ⊂ Λ. For any 𝐹 : {±1}𝐸 → R,∑︁
𝜕𝑛1={𝑥,𝑦 }

∑︁
𝜕𝑛2=𝐴

𝐹 (𝑛1 + 𝑛2)𝑊𝛽 (𝑛1)𝑊𝛽 (𝑛2) =
∑︁

𝜕𝑛1=∅

∑︁
𝜕𝑛2=𝐴Δ{𝑥,𝑦 }

𝐹 (𝑛1 + 𝑛2)𝑊𝛽 (𝑛1)𝑊𝛽 (𝑛2)1𝑥↔𝑦 in 𝑛1+𝑛2 ,

where the sums run over currents 𝑛1 and 𝑛2, Δ denotes the symmetric difference of sets, and 𝑥 ↔ 𝑦 in
𝑛1 + 𝑛2 means that there is a sequence of edges 𝑒 connecting 𝑥 and 𝑦 with 𝑛1

𝑒 + 𝑛2
𝑒 > 0.
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10. Two-point function and random currents. By applying the switching lemma, show that the square
of the two-point function of the Ising model can be expressed in terms of currents as

〈𝜎𝑥𝜎𝑦〉2 =

∑
𝜕𝑛1=∅

∑
𝜕𝑛2=∅𝑊𝛽 (𝑛1)𝑊𝛽 (𝑛2)1𝑥↔𝑦 in 𝑛1+𝑛2∑

𝜕𝑛1=∅
∑

𝜕𝑛2=∅𝑊𝛽 (𝑛1)𝑊𝛽 (𝑛2)
.

11. Simon–Lieb inequality from random currents. Prove the Simon–Lieb inequality for the Ising
model by using the random current representation.
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