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Examples : Hell - IN,A4) -1414)
• Lattice models : A -- -A"
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dh. = -OHHH dt t Bdwt
Infinitesimal generator It, =

,
I - (OH,D= etHl? e

-H O)
•

¥.Fei.. ⇐III.¥.
• van is reversible Eva FHIHGI = Eva (PF, PG)
• Ito ⇒ Fetch = Eeo =p FHel solves Ft Ft -- AH Ft
Law of It satisfies Eq F = Eu. Ft .

• If dut = II due then 2- Ft f Ati Ft
= An Ft

adj . w.r.t.ua



Ergodicily implies ut→ v. . How fast ?

Relative entropy : HCut Ivan) = ttuafog where F- 9¥
.

Entu
.

F

Pinsker's inequality : "ve - van HE, I 2Huelva)

Fisher information : ICut Ivan) = Eva9 = 4 Eun (OFT > O

de Bruin identity : It Hl ut lud -

- - II ut tun) -- O



de Bruin identity : It Hlutlu.) -

- - Hutton) -- 0

Proof
. It Eva#E) - Eva E'CETTE

→

Iolxtxlogx = Evan ⑤
'

AHAHA
E'Cxtlogxtl = -Eu

.lt#EPFe)DbgFt---IEuaPfIK=-ICutlua )



de Bruin identity : It Hlutlu.) -

- - Hutton) -- O

Upshot : Huelva) E e-Zrttkuoluan)
⇒ It Huelva) E -28 Huelva)
-

⇐ Ilutlvalz 28 Hht Ivan) Log - Sob .

Log- Sobolev inequality : Entuaf IF Empty
'

- -(LSI) Halva) if I
,
Itv1 Un)

u = Fun

Exercise : CSI) ⇒ Spectral gap : Varna f- If Eu. F)
2



Bakery - Emery Theorem .

Valde) a e
-"" dy = e

- IHA'll -Weldy

Hess HH) Z X id H>O) ⇒ LS ineq .
with y> X .

proof
.

Udit. in 4 AZ kid
,
Hess 1120

HIvolva) =-I It Hht Ivan) dt using Huelva )→0
a

= S tht Ivan) dt
O

± Ig Iho Ivan )

if Iht Ivan ) I e -Ht ICvolva)
.



To see this
,
differentiate again :

FtIhHud= # Euan
Fi -Atif

= - 2Eua( Ftltksslogftka -
elementary zotfehlogE.lt/essHI0logEI)but tedious -

exercise Zaid
← -24 #*

IET
-

Ft
= - 2x Ilutlva)



HIVtt Van )Summary :
↳Iwas

Fr VaVt Intl Van )

Remarks
.

. Tensorization : if µ and u satisfy LS inequalities
with constant r then xoxo satisfies the LS inequality with
constant g on the product space .

° Holley- Strood perturbation theorem : if u satisfies the LS

inequality with const . y and dye -- Fdu then µ satisfies
the LS inequality with const . f- sinner .



• Herbst argument (Gaussian concentration) : if v satisfies the
↳ inequality with constant g and F is I- Lipschitz then
Eu eat - aEuF e e - a428

.

• Variational formula for the entropy
H Hulu) = sup f Ea F - log En eFf

Entropy inequality
Ea F ± L HGulu) t I log Eu leaf ) .



Example (Gaussian free field) .
1-1141=119

,
Ace)
,

A = -I't m2 on Td n e Rd
Invariant measure is EFF on IT! Dynamics is diagonal in
Fourier basis :

DICK) = - UH'tm2) HH dttfdwck)
⇒ Different Fourier modes f- length scales)

equilibrate at different rates .

Small scales ( 1H xD converge quickly .

Macroscopic modes (Khl) are slowest .



Difficulty : HH) = EH , Ae 4) + µ 44)
Eu49×1 local non - linear

→ non- local in Fourier
space



Gaussian integration .

Let Cs = ! Es. ds' , Es is pos
-det

.
matrix on RN

.

Pcs be Gaussian measure with cat . Cs
.

Example . Es -- e - s 't ⇒ c. = At
A = -II +m2 ⇒ Pc is GFF

.

Careful : two

very differentDefn
. Ais =¥g cscx.gzfzpygj-a.CO) / Laplacians !



Rk
.

Let gj
'
= Is .

Then Ac; = Ags is the Laplace - Beltrami
operator on R"⇐ RN ) associated to the metric g , = etSA .
If Ig
,
I I ⇐ / et SAR f Iz e I
←

heat kernel

⇐ f- = e
- SAH fo

,
Holz I 1

The unit ball consists of functions smooth at scale Rs
.

Prop . Is Rs =L Ac; Rs .



Prop . Is Rs =L Ac; Pg . His Fishy13¥26 )

Proof
. Is e-H%= zesty, G-

'

4k; Peste)- (const. ) Rdd
-

C Es Cie ) = CG
-' tis

this Pcs = { (G-' 4)Is Poste) - (const .) Pcs 14 )
⇒ Hs - I Ac; ) PcsH) - forest. ) Pesce) .
Since the integral of the LHS is 0, the RHS is O .



Cor
.

Let t's = Pcs * Fo
,
i. e.
,
Fs HI = Ecs Felts) . Then

IsFs = { Acs Fs
Fs CO) = Ecs Fo .

In particular , if F is a polynomial in 4 then (Wick's rule)
Fs = et Acs fo = ( Itf Acs t - - - ) fo

Exercise
. Again F is a polyn . Define : F :c

,

= e
- IAG F
(Wick ordering) .

Then e Thes : f :g - F and in particular
Ecs : F :c, = FLO).



Renormalised potential
e-VsH) = (Pg t e-Vo) (9) = Ecs (e-Yo 14+57 )

⇐ Is e-Vs = Iz dis e
-Vs Hillis -- T.gcicx.us/ulx7Hy)

• diffusion pH .

- I .
⇒ Is lls = I Ici Vs - INlls Polchinski equation (P)

↳ Polchinski
, Renormalization

Prop . Suppose Vs satisfies (P) , and and Effective Lagrangians,

FS Fs = I Ago F- (Dlf ,D F)g. = ↳ f.
""t Phys . B 1984)

Then the following is indep .
of s :

f Pc
.
-↳(4) e

-"s"' EM) dy



Prop . Suppose Vs satisfies CP)
,
and

Fs Fs = tacos F - COY .P F)is = Ls F.
Then the following is indep .

of s :

f Pc
.
-↳(4) e

-"s"' EM) dy
Tide Eton)

Proof
.

Define 2191 -- e-Ysl" Fs H)
.

Then Es Zs = I Ac's Zs
.

⇒ Is DY -- H-this Pa -a) ftp.esltzttcslsl/d9
= O



Renormalised measureuscdet-R.e.ly/e-VsHldePokhinskisemigroupPs;sFl4l=et'""Egz¥I¥
⇒ EuoF=Eu

.
Past

Exercise : Is Eusf - - Euslsf. Ls - IAG -016,02's

¥ Bss F - ↳ Ps:sF

Is, Ps:sF= -Psis Lsf



Summary : two ways to evolve measure
due = Edvan with ft ft -- Ift -OH, Pfe) = AH Ft

Glauber semigroup
Tends to invariant measure van .

dust-- Edus. with Is FEIIci Fs- tolls,DESK; = ↳ F'
Polchinski semigroup
(time - dependent)

Tends to 9=80
.



Example . Hess Vo ZO ⇒ Hess Vs 20 Its>0
.

Proof 1
. e-Vd 'll a f e -B, CI's) - Yolet's) dy
tale 14,51

Brascamp
- Lieb ineq . : marginals of log- concave Meas . are log-concave .

Proof 2
.
Is Ys - IAC'sVs- ItOWES

⇒ Is Dlls = { A- 'gals - cab ,HessVs k; =L!TVs
⇒ Is Hess Vs = Ls Hess Vs - (HessVs ) Es (Hess Vs)

suppose htt . Then this is simply
Bfs = ↳ fs - fi fs = Vs"



Maximum principle : f-20 ⇒ ↳f- 20

⇒ Bfs ? - fi
,

fo ? O ⇒ 120
.

General dimension : Maximum principle for symmetric tensors .



Thm 1131349 )
.
Assume A- I hid aO) and o be negative !

*
-

allowed t

Qs Hess VsH) Qs Z tis id . Qs = e
-SAN

⇒ Log- Sob . with f =/ e -H - 2µs ds, µ, = Iiis . ds ' .
Rk

.

In terms of the metric gs
-

- et't the condition is
Hess
, Vs Z figs .

Rk
.

If Ho is convex this recovers Bakng
-Emery :

A -- kid
,
V -- H -EH,Ace)

⇒ lies to Its ⇒ I ± f- e- is = I



Proof idea
.
Like Baking -Emery but use Pokhinski semigroup .

Is Eu
,
Effs) = Eos f-↳ Effs) + E'CE) Es )

1- / -
usrnormlmeas .

= EvstILsts- I Io" IF)OF
FE Poff t¥lf9L#

Iofxkxlogx
= - I Eos Es )
= - 2 Eu

, (Offs)#
' Fisher information

'

at scales



Next step : consider change of Eusltftsks .

g. = e. sa

⇐ - 4) DESK: - TRAK; .- c;= -Ac:

-20A
,
Estkssllscs Offs )

Qs e-SAR
- Y Fsl ( Hess log Fs ) 1,2
-

↳ ZO

E - (Offs
, QsfAt2QsHessVsQs)Qs0ftf
-

Z4t2pis) id
"

assumption



⇒ ffs - Ls)@Estes E - Attias) Ifs):
4G) = Eu

,
@FIDES satisfies

⇐ e
-SA

ills) E - At4614151
4G) E e

-Xs -2µs 410) -- e
- Xs -2µs ECPTF )¥!

⇒ Entuf ELLIE's -2ms ds) Eu FT
-

Yr



Rk
.

. The same proof gives the LS inequality for the
renormalised measure us

.

• Moreover
,
it shows that the Fluctuation measures

'

defined
BY Eµg

,

F = Pas FH)

satisfy LS inequalities with constants Vs as 8 :

Is = Is l - - - ) .

Small scales equilibrate quickly .



Summary of argument :
It Hlutlva) - - Iolutluas) Glauber

Is Hattusa) - - Islutslua) Pokhinski

Is Islutlua) E -Hikes) Islutslusa)
⇒ Iscutl Ee

-d54usIo(VELU: )
⇒ Huelva)I{( IC - -7) Iocueluas)

⇒ ItHhHua) E -28 Huelva)



0 It. a

¥:
"

time

scale



Exercise
.

Let A- kid and V -- V't Yb with

Hess V' 20 and 11441oz car .
Show that

Hess Vs Z - C for all 520
.



Continuum sine -Gordon model in30

""""Pt: "⇒⇒⇐ .*.
+ 22 e

-¥1
cos 4)) ) It,!k

In various works (under varyingassumption13,2, m2 ) , it is known that :
For Be 8Th the limits exo (and lean) exist and define
non- Gaussian measure t properties .

Efiohlich
,
F-Seiler

,
F-Park, Bentattoo-Gallavotti-Nicolo, N- Renn-Steinmann,

Brydges-Kennedy , Dimock-Hurd ,
tacoin-Rhodes-Vargas , . .. -I

For P28T all continuum limits are expected to be Gaussian
.



Comparing with the 9
" model

. B roughly plays the role
of dimension d with the correspondence

BT 41T CSG) X d=L (94)
13561T (SGI T d=3 (44)
13=817 (SH ta d -4 ( 44)

In fact
,
there is an infinite sequence of thresholds that one

encounters in the construction occurring at
Bn = 81T ( t - In) .

The physical meaning of these thresholds remains debated,
but the consensus appears to be that they have no physical meaning .



Relation to Yukawa gas f- sine
-Gordon transformation)

let 4 be a Gaussian field with Cox
.

C- C-Atm9
"

⇒ Ele ir
,
Eihkxiloi) = e- E oioiccxi, x;)

← Yukawa potential
= e
- E Oi Oi HITmy

-'
Hi , Xj)

⇒ EfeBloom eirp??Woi) a e- E ¥; Oig. TA'tm5'Hi, xj )
For the ID Yukawa potential : ta'tmy-40,01=24, tog e

- '
t dm) toll)

e
E COO) x const

. E
- 1444



Partition function of ID Yukawa gas

ZYG = 2nF
.

EMI e
-Fi,EjOiOjfAkm5'Lxi,xj)

Xi, .

.gl/nEReQ,...,OnC-EIll3i--KiioifEfz?En.eEuo.ome2n
,?.ge?rBEi4kiloi/--fe2Eoeirp4lxloY--fe2E2cosLrpecxD)"

'Efexpfe?Ea2ze¥y9;%, cos cecal) ) -- Zsa
.



Glauber dynamics (Dynamical sine-Gordon model)
dy = II 4 - my t Iz e

-BATI FB sin VB 4) t RdW
'

we standard BM with respect to inner product
A.g) - E¥reffxlglx) .

Chandra- Hairer - Shen : limit well-posed for all Pc 81T
We'll keep eso but will derive estimates uniform in e .

Dirichlet form : D 'CFI = f. Ere Eve (Eye,Y .



. .gg/*Bngdges-Federbush e⇒

It
."

÷¥E÷±:.
Falco

,
Dimock-Hurd



Thm (BB ' 19)
.

Let BE GIT, ze IR, m2 >O, GO .

Then there is

r = 843,2 , m , L) > O and independent of E s
.

t
.

Entire F E f Delft ) .
Moreover

,
if th-24314T 14 I 8ps then

r z m
'
t 0p/mBAIT Kl) . * independent of L

Rk
. Analogous result for Kawasaki (conservative) dynamics .
D:# ' et E

,
Evel IIe -ft

Measure restricted to -2×461 - const .



Normalisation

11141=5×7%22 E
-Rt"

cos 964) macro
.
norm

.

=¥r
,

224-1314" cos Cfp Ux)) micro
. norm

.

A - - I't m2 with respect to Laddie
'

reulxlvlxl macro .

A = -At ein' with respect to lie
,H -- ¥, eulxlvlxl micro .

T unit lattice Laplacian
Macros

.
norm

.

: SPDE as oxo
Micros

. norm .
: lattice system with weak interaction

.



Yukawa gas representation of the rnorm . potential (Brydges& Kennedy)
we write

HH -I:#9. HIGH 'm.÷÷±o;q¥yfts .. . . ..net?EHxiloiTr ← 3i-txi.ci )
E" considered part of IT

Initial potential : 1%13
,)=zo=e2

- 1314*2
Hol} . . .. . ,3n) -- O 1h22)

Pokhinski equation : 2-Vt -- IAH - I Yell;
,
E -- e-ta



Pokhinski equation : 2-Vt -- IAH - I Yell;
,
E -- e-TA

EHMKE: tn! ?.at#iTts......3n)eirBEiKxiloi
c-

where 'zAIs .. . ..int - ftp.ii.poiofilxi#/vT3......3n)
-

wtf .. .. ., En )

←

f-BEtlxj.lk/OjOk)IC3Ii)VC3Iz)catheter. -Bnl E± ..cn, - Tje't,,kEIz Its; , 5k)
{IF i)iEI

,



Polchinski equation in
'Fourier space

'
:

A- If3 . . . . . .sn) = - hitB . . . . .,3n) Tees .. . . . . 3rd
→

Duhamel formula ;

- I Keke CE . . . . 3rd .

IIB , .
. . .Bn) = e-Wtf "" -isnt IT (3 . . . .. , }n)

+ IIe-Ht-w:&. - is?÷¥÷¥,iiskiskhty.IE) Tsf
depend on En - l
particles since IHO

.



h =L
.
If3 .) = e-Wtf ) If(3 ,) = e - ECHO,07 zod EZ

-Putz

na: this . . . . ..sn# Ite is?÷¥÷¥±!ski . Is#NsfI 1

By induction, It less . .. . 3n) is well - defined for all t , n .

Fact
. It the series K) converges absolutely , then it gives

the unique solution to the Pdchinski equation .

(Brydges- Kennedy : It are the Ursell function of a regularised
Yukawa gas)



C

Heat kernel Ethyl = e-t¥,y) = eat Cx,y) e
-nie't

A- = -I + pig2
unit lattice Laplacian
re e

- c Ix-y14T

Define length scale E- ( l v rt) a met
Exercise : Gtx

,
x) = ! Islands = IT, log le tall

sypfcilx.gl ± e-nie't
← Sifts = It, log ft
=: z micro.rupling

⇒ live B.) = lie- ¥49012. = LI¥1 q2- BAIT z = (ele)2-Putz
n -- I



-1hm
.

(Brydges & Kennedy) . Let 134M .

Then for m2
,

ltsu.PE?...zntTtH.---.3nllInn-2Cpmktl ?
← Ei -- (x; , o,)

e
-9 . Clxigkidvslxj ,#Is Gye ,Xg )

Proof
.
Assume bound holds for Ken

.

ThenI dispatch..tl
NIK

.
. . .
sit e- so!÷¥÷.li?nzgaEski.xidlKsB.Iy!! !!?!?⇒ I

⇒ sy.PE?..gnlItBu....3nHImEilnm)ftlkslllNsmHllVn-mllds-

- ee
-met tmmE↳mmT± ,11541

-



s:p?.it . .mn#EiinmtIehhEfhIEI.In::hd:
et i' (nm) mm-4n-mln-m-Ycpn-2ftkslnes-4dsfskesf-E.it-

←
--

IE! (nm) mm- ' Ch-mln-m" I tnlztnlt'

=2lnt if 1344T ,nz2

±iffk4ThhZ2

o.IE#Hnei4dseq.rssMEin-2dsn, piny:*"
"

.int#EIn



s:p?. . .. "trim" '
'EE

'

th!Ifh÷¥"¥¥!I÷÷, 'm'd:
e t i' (nm) mm-2 (n -mln-m-2) Cpn-2 ft lashes-4 ds flees5-But
-

.-
--

± 2 In-D n
"-2

I th 12+1 " LIZ

I hn
-2

Cpn
-'

Kt In f-2

End of proof .



Cor
.
Let Pt 41T and assume CpKH et . Then

"t = If this?
. .

.sn#tf3i.....3n1eirBE..Kxi7oi
converges absolutely and gives the sdn .

to the Pokhinskieqn .

Moreover
,

e: 104.19,X) l E KH

lift HessVtol, Kyl l E KH



Proof
-

e; yep,
k tht een

1- I
I Eto 's ! nm KpKeith III.

o

Ce Cplatt
"

rooted -

I I 12
# pts . in R

OHH,HI I II C -- - I I lat
et f t Hess HM, x,g) I I C- - -I



Note that Kel = (Elt)2-BAT KI E m
- 243141T 121

.

T f -- l v ft) aTm -

so the last corollary provides the required estimates
for all t when m -24314'T KI E Sp .

Car
.
Let PT 4T, Klm-41314

' Esp .

Then the Log - Sob .

const
.satisfyz m2 t O(Kl mBHT)

.

a- independent of L
Proof

.

At Hess Ht th Qt Z pit id with pit = Reet e-m
'
e 't

Ee -m3412 got pi, dg = ft Ksl e -nie's deff E htt
adds



Since A = -At e'm
'
z e' m2 and taking into account that

the Dirichlet form is

Delft -- I ? C - -I
,

we find

tg.gg/e-Em4-tOlkHl=tmz(ltOCl2tI ))



If m
-2431444 is not small

,
then the

'

Fourier
'

series does
not converge for all t, but it still does for t s .t . Cp Kfc te .
Kt
.
I = Celt. )2-13/4*14 I ¥e

⇐ E lto E do * const . that depends on B, 121

⇐ lto E GI a- macroscoptic !

⇒
'

Fourier
'

expansion converges up to macrosceptic
length scales

, Ito is mac roseoptically smooth .



Recall that e-Htt'll -- Eq-↳(e
-Violets)

⇒ PUTH) = ethel 'll Ect

.co/e-VtoHt5)0Vtolet5D--Pto,tC0Vto7l41HessHtl4)=Pto.tfHessVto)
(Pto

,
etat. Wto)
- (Pto.tk/to)0lPto,tOVtoD



For Uto we already have the following estimates :
(Qtf
, Alto)
'
± Op ,↳milk14 HAE e

-m't

(Qtf
,
Hess Vto Qtf ) z - Op , z, m 4111HE e

-m't

⇒ Hess Vt (4) Z - --

this gives the Log- Sob. ineg . as before, but note that
the constant now depends on L C it is still unit

. in e)
.



What goes wrong if 13741T ? £
Consider Tek

,
3) = ! e-Nt -Ws) "HIDE,Nick) lists ,Wds

e: It 13 , , 34=12+12 ( t - e- 13902 "K' ) q. =C×i
,od-

if 0,02=-1 then x ( kief)
- 1%4

⇒ le
'

F Nthx,HI , ly , -1771 is not bd . in e .

⇒ Hess VI is not bd
.

below
.

R 2-part . contr .

But we need Qt HessVIQt .



Open problems :
• Conj . Mayer exp .

for the Yukawa gas converges up to
Be 8TH - Int if the first n coefficients are removed

.

• Continuum 94 ? Cd-2,37
• Lattice she -Gordon ? 43781T)
• Lattice critical 44 ? Cd 241
• Lattice critical king? Cd ? 4)

:)


