
Example Tossing 2 coins 1. 4

2 = SHH ,
HT ,

TH
, TTY

Fl =

power set ofa

P(A) = 1A1/4 ,
AereAF
2 w = H

X : number of H
,
X (w) = E I, w = HT or TH

O
& w = TT.



1
.

5

X = result of coin flip -

Y = parity of dice



XI , Xu , ..., Xn independent ,
Y= max Xi

, iEr

(i = h

P(y = x) = 4 (max Xi = x)

= P(X= x , ..., Xn = x)

= P(X : = x)
.



Recall X , ~Poisson (x) if PDF of X
, is (10) 17X

p(x ; x) = e* X = 0
, 1

,
2

,

-..

Suppose XI
,

:

,
Xn independent, Xi~ Poisson (xi),

= Xi

MGF of X- Poisson (X) is

M(t) = E(e
+X) = ze+X

--
X=0 X !

=exce Yet-1)
-

MGF of Y : My(t) = EletY) = EletXi)
= Eleti) = Elei)= let

This showsY Poisson (i)



(1- p)
*-

p -

Geometric 118



XI ,
X2

,

"

,
Xn indep . Xi ~ Gammaldi

,
x) 112

Then = Xi ~ Gamma (Li , x)
.

-

MGF of X ~ Gamma (2 , x)

Mx(t) = E(e
+X) = ( + x

- Dy*+
.e
*

/()dx
o

= X/x- +1d ,
+ X

-d
My() = E(e

+Y) = Mx;() = C-



P(x)= e

-

*X
1126

[(x) = S% P(t)d+
e



X= z ,
z
, .. NO 1. 27

Ele
+X) = (E(e+zi)y"

=Set dz}
= e

-z(t - +)

dz]
k

t - T=
-

/" r= Fit

=
-k

-K
= (t-2+ )

Xi = Gamma (t
,
1)



X, . . ., Xn NCM , 1). 2
.2

- -

= Xi is unbiased because

En() = EntXi) = Eu(Xi) =M.

X) X (1) EX(2) = ... Xm) order statistics
.

-M
4DF : p(X(z) = x) n- 1 n-1

-

[ 2

+
ny

= (in-(2) (E(x))
=
p(x)(1- E(x))=Tax

is symmetric around 0. ) E(X) -M) = 0
.



MSE18) = Eo 18-012 deterministicfunction ofo 2. 3

= Eo)-Ego) + / a b
2

= Fa (18- Fo + (Ea8-0 + 2Ea1-Er (ev-al)
- -m
-

Var(E) bins)
2

=2(E0-0) · Eo18-Eg)
-

= 0



Suppose E = TIX) is unbiased. Then
27

e= Ex1)=Te* for all x
-

By using Maclanin series
,

&i. = e
*=

X= g

This shows T(x) = 1-1)
Y

,

X= 0
,

1
,

2
,

"

.



Proof of factorization criterion
.
(in discrete case ( 3

= suppose plxiO( = g(T( ,
0) · h(x)

·

P(X= v(T = + ) =
Pa(X= x

,
T=+)

a)T= + )

Po(X= X) . 1ST(x) = + 3
=

>Pa(X= X
, T= +)

=+,0) . h(x) · 1ST(x) = +3
-

+,0) . h(x) - ](T(x) = +)

does not depend on 0
.

So T(X) is sufficient.



=> Suppose T is sufficient
. w .p .

l given X=x
32

Po(X =x) = Po(X= x
,TT(x)

= Po(X = x/T(x) =T()) · PolT(X) = T(x)
- -

h(x) g(T(x) ,
0)

doesn't depend on O by sufficiency

Bernoulli example : P(xi0) = (1-0)(
IX

1
- z

g(T(x) , 0) h(x)

So TM= Xi is sufficient.



Ex X1
, . .., Xn & Unifto , 07 ,

X= (X, . - -

,
Xn) 22.2

U

p(x ; a)= 1soevison
=En : 190 = minxi = maxxi = 03. · I

= En : Ismaxxi03 · 140cminxi max Xi
- ~
g([(x) , 0) h(f)

So T(x) = maxXi is a sufficient statistic.



Pretorminimal sufficiency : 23. 3

Sufficiency Let It representative element from <X : T(x)= t] ,
then

-

P(X ; a) = p(z +() : O)·
- -
g(t(x) , 0) h(x) b

. c .

T(x =T(z)

so T(x) is sufficient
.

=> o doesn'tdaa
Minimality Let S(X) be another suff stat

.
So

P(x; 0) = g(S(x) , 0) · Y(x)
.

Suppose S(x)= Sly) . Then #xid() T(x) = T(y) .E(y)
So TW) is minimal suffe



EX
.

X,
,

. .

., Xn NM , 52) &
a = (u , 8)

. 23. 3

exp-expl-ilyiuiy
= expl-co (IX- [Y? ) - E (EXi-1gil]

So T(x) = /X , Xi) is minimal sufficient .

Recall minimal sufficient stat. is unique up to bijection.

F(x) = ( ,
5) = CXi, -*(

= It[Xi , (EXE-n *2) is also min
. suff.



T = S(X)Po(XIt)dx is a function of t 2.5
~

doesn't depend on O by suff.

ProofRao-Blackwell law of total expectation

ECE) = ELECTI) * ECO) .

So bias(E) = bics18)
.

Var() = Ed Var(IT)Y + Var(ECIT))
.

T- min
law ofereal

variance 20 = Var(E)

So Vario) =Vario)
.

and MSElE) EMSECO)
.

Equality if/ Var(IT) = 0 w
.p .

1 #t E is tune of T

.



* = 1(X ,
= 0) F() = Po(Xi = o) = e TFEXi

-36

E(ITE = P(X=01Xi = +)

= P(X1 = 0, Xi = + 1 Xi = +)

=
P(X= 0 plEXi = +)

#Xi= + )

I
-. e-m - 1X.
=.

= (E ?

So = 11-** Sanity check : - *** -> -T= 0
.

-m



X , ..., Xn & Unit 10 . 03 .
Q20 unknown

.

26

T = max Xi is sufficient .

Kien

X12 Unif to , 0]. Fa(X) = E So =2
, is unbiased

.

(t) = E((T =+) = 2E(X ,1 Xi = t

= 2) E(X , 1 Xi = max Xi =+
kin

- E(X 1 / X ,<t , max Xi = +))
2i= n

= 2( + =E(X , (X , xt))
= 25+

= So . maxXi is unbiased.



1 . X .,
:"

,
Xu Bernoulli (0). 4.2

((0) = p(X ; a) = &Xi
.

(1-Xi
&

-

(10) = leg((0) = Xi ) · logo + (n-Xi) log (10)

eco) = :Xi-o (n-Xi) .

& solves &10) = 0
,

so (1) . IXi = . (n-Xi)

= Xi =
.

unbiased.



2. X , ,

. .

.,
Xn ** NIM , 5)

,

0= 1 . 2) EIRXIRT.
#

L(0) = p(Xia) = CTr-. expl-Enit]
110 = by (10) = - - logi- With

zir). Xi=

I
= -Wi-u. -

= SxX/n
-

More is unbiased (for M).

Later will show ·

= Eline) =F r bissed.



3. X .. ..., Xn #Unif [0 ,
03

,
0x0

1.2
2(0) = p(X : 0) = Hoxido

= 10 min Xi < maxxio]
= En · 1(maxX : = 02 (with probability 1).

401 1

So OLE = max Xi
·

i

----- Elonce)= 0
.

& So EMLE bissed in finite n,

maXi
>
0

.

but asyntotically unbiased.



(0) = p(X : e)
= g(T(X) , 0) h(X)

.

#3

factorizatio

L (k) = P(new colour 1st) . P(new color 2nd) P(3rd = 1st)
.

P(new 4th)

= I. . 1. 4
.

(k- 1) (k-2)
-

-



= (N; )
= Ex =j3)= PIX: ( =j)=I .

4
.

5
-

E(M(t)) = EC19 doesn't
appear in first n.

(
appear 11 in next ut b

= EC1(Xi11) = 0
, Xi(yHt) = 13) = ElZIXi = o

-

Xi(1 : | ++ ) = 13 (
.

= e-X -e
- xit

3
.

-

= zeitDit)"

X = E(Nj)
.

(x= N
,-NitNs. .= .

So an unbiased estimator off ESMH)) is 1 +
5

. N .

/



Suppose X~P(X : 0 , ) , 10 , 7) - XH
. I

& is called primary parameter , n is nuissance parameter.

Def A set S(X) & G is a 119)-confidence set/region of O if

Pon(OES(X)) = 19 for all 10 , 4) EXH.

Ben = is often difficult. Some authors just require 7



X ,

"

,
Xn NCO

, 1 .

5 . 2

1
.

Find pivot
-

We know X-N(0 , +) or quincerely /X-0) ~N10 , 1).

2. Use quantiles of pivot .
distribution.

Po)-zan = M(x -0) = za) = 1-d
.

for all 021 , & = 0
. 5

,

x+xz = &
.

3. Rearrange terms
.

((x)) So Po(X-

-
1

. So a (19)-cI of O is

1 [X-E ,
X+

wor Entr
> Y I 1

. 96 SE
&

2

X
, X

.

SE-standard error En)
.



h : IR- IR is monotone & (EIR). [3

Po(h(() = h(d) < h(U) (

= PoCL = 0 = U)

= 1-d
,

for all OCD.



XI ,

.
.

., Xn & Bernoulli (p)
.

=% .
25

m(X - p) = N(0 , P(t4))
.

P - P d
1. Wald/symmetric CI based on M- -> N 10

,
1)

.

F(t)

-1242 :E
SE= = = 0

.
0

En

1
= n = 252 = 625

.

U Y



5 .5
2. No -

Pl-z < M. zam) + d when

=> closed - form CI for p.

3. Exact :

P(QIn ,pnY = Q
-achp)) = /d .

Plot : Pp(pE[L , vs)= (*) p
*

C-p)
*

Y



[0IX) < (0) p(X(0) T10 · g(TiiO) G
-

factorization
thm

.

To=/X= 1) < 10 = 1) ·P= 1) = 2% + 98% ↳.
3

# (0= 0 /X =1) < T10= %) · P(X= 110= 0) = 98% "1 %

So To = 1/X= 1) = 3
.



on Beta (a , p) T(0) & od+ 11-094
,

Octo , 13
. 24

n - X

X O ~ Binru(u
,
0) <(a = p(X(0) = (*) . 0% (-01

So [10(X) < (0) p(x(0) < O
x+ X-1

· (1- &B+n- x -

1

So OIX-Betald+ X , B + n-X)

If( = B = / (so On Unifto , 1) a privri) ,
then

O X - Beta (X + 1
, n - X + 1)

.

E(01X) = *
-



A > B. E(A) = 5 + 1000
↳

66

E(B) = P(blue) x1000

P(blue) < -

> D E(c) = Ex100

#(D) = (1-PIblue)) + 1000

Plblu) >5



1
. R107 = -10-010/X) do 27

R'(8) = (218 - 1) 10/X) do

So satisfies /WTOXIdo = 90 Moxido .

(x) = E(0(X) .

2. R1) = S1-01 10/X) do

= 1-0) : Moxido + 910-0) To do

R= Odo + -1 . MOM) do

So solves 10x) do= do. Po =P



/
28

wo



mm)ae
- z(m -Mo

6
. 9

P(X(m)e -
(x-mi [* is suff

. ~N( ,
i)]

.

-

π(m(X)( + (M) - P(X(M) = c

-
M -Mo - * CX-Mi

&

& e- + (noMo + nx)M

X-IM-
C

=> MIX-NI nu) ·
5 - N(M , h)



1. X ~ Bin (n , p) . Ho : p=E Hi : P /
Curbineed) (biased)

2.Xm Multi (n , (prPu , 4 , Pu))
,

Ho : P1= , Pr=B =

o , t
.

3
.

X .

. .

., X2 LP
,

Y1
, . . ., Yo p.

Ho: P = pl Hi : P + P
.



Type I
.

L(T , 0) = S
I

& if Otto and T=1
=3I

0 otherwise

Type I

↳ (T , 0) = S
I

/ if REA ,
and T= O

O
Y otherwise

.

Type I error rate = Ea(L (T ,0

I = Ea (h (T
,
0l)

.



-Grafof N-P 1
* X

Let R =<X : T(x) = 13 be the rejection region of LRT.

*

B (T ; 0) = P(T
*

= 1) = (x P(x ,dax
,

Optimization :
maximize Sp PlXid)dy s

.t
. SpPXi0) = &

.

Take any test T(X) E30
, 13 with size . Let R=<X : TW= 1.

& (T*; 0 .) - b(T ; 0) = Sp* P(Xi0 , (dx- SpPNig)dX
= Sr*Mexi · pexogdx-SRIR*

P(X ; 0
, )

· p(x ;0)dX-

P(X : 00] p(X ; 00)
~

um
1(x)>

M(x)C
= c)SRR PIX : 00dx- SPIR* Plxio dy 3
= c . ((r* - SR3P(x :0dX = C · (x-size of T) = 0

.



XI
, ..., Xn NCM , 58) ,

to is known
. M .

>

No given

Ho : M=Mo US
. Hin =

M1 . 1

~ (x)= ina
= exp)Mn

To

So 1(X) is a monotone increasing function in X.

So T = 1(1(x) > c) = 1(x > b)

Size of T = Pro(T = 1) = Pro (X > b)

=p 2b ( =1-(Mo
-

~No, 1) under Mo



B(m) = Pr(T(X) = 1) = Pu(mM(z) 8. I

[(X -M)= Pr(- > ZatMTo

-

~ N(0 , 1)

=I- G(zx +m(
-Mo)-

.To

At M=Mo . B( = 1 - E(za) = d.



UMP z-test rejects M=lo if z= M M > 22
·

T= 1 /zz2].
-

& Note that this test doesn't depend on M. 8.2

By the N-P Lemma
,
the same test is most powerful against anyMTMo.

(x)
Meaning B (F :Mi) = BIT ;Mi) if BIFiMo) = BITiMo).

& Power function of the z-test BITiM) = 1-2 12a+ M
is increasing in M. So sup BITiM) = BITiMo) = C

.

MEMo
③ For

any test F With size [C
, BIFiMo < C

.

Then apply (*)



A model has monotone likelihood ratio if there exists S : X+R
.

St
. 8 . 2
-

i is an increasing furc
.
of S(X) , 800 0

One example : Cone-parameter) exponentialy family
h(GS(X) - K(0)

P(x ; 0) = e · p(x;o) , PEXIR
.

h is increasing in O. & (X) is a sufficient statistic .



XI , ..., An
*
NIM , 58) ,

58 is known 16
Ho : M =

Mo US
.

Hi :

M +Mo No given.

sup

->iM ex)-50x : -*2)1(x) = MEU4,

-

U ( expl- X:
-MoP)

So 210p 1(x)= [Wi-Mol" - EX-XP] -O= z

So LRT rejectsHo if
22 X/2

2log1(x) = z2 >
.

algebra

#
where Z

Pro(22 > (2) = ProlEIE-Mol > (n) = 2 So ( = X 1).
~-

(X-Mo)
Under Ho FrN(M , ) z= ~ N(0, 1)

To



1. 00 = 30oh
, df = 0

. 87
2. Go = (0EP : 0 .

=... = Op = 03. df = P-Po.

3. AEIRPOX
,
berPo Qu= OEP : Ad=b) ofline subspace

df= P-Po .

4. Go = <OEIP : Di =fi(q) ,
i = 1 , ... , p for ERP-403

.

Under regularity conditions , of = p-Po.



TK) = 151) > Cay ,

Ca is chosen sot
.
P(1(X) = c=
-

assume continuous.

So Ch = inf (c : supPp(11) > <) = 2)
DEPr

This tells me

T() = 1 () 11x) > (E) SupPoIE >NMI

-
p-value
-
One-sided normal location :

↑ = P(EZ) = 1- 01z) = G(z)
EmN(0 , 1)

Two-side --
- - : P = P(1E(z)) = 2E(-171)

.

E - N(0 , 1)



Let F(t) = Poo (1(x) = +) .

fit) = F'()
. density

. &
Then P = 1-F(1) = S f(t)dt.
P(P = u) = P(1- F(1) = u)

= PP(F(n) = 1 -u)

= IP (1 = F
+ (1-u)

= 1 - F(F +
(1 - u)

= 1 - (-u)

= u .

for all ne To
, 17.



PMF
1 Pl*) > A crot reject). Al

-

i P(X) = C Creject)
-

· MMMMM
>
1



Dualiny &.
3

Prof T100 ,
X) has size & for Ho : 0=00

,
XPED

--

=) Po (T10 ,
X) = 1) = C

, FOED

#) Poo ( 0kI()) = L
,
VOER

E) Pol PEII) = 1-d , VBED
.

=> [(x) is (1-2) - Confidence set. for 0 .

P-value : P(00 , X) is prvalve for Ho : R= 00.

Then T10
,
x)= 1 < P(O ,H & &

. ]
& () = 50 : P10 .

1) > &3 .
is a C +2)-CI because P(O , 1)

is a pivotal quantity.



EX (two-sided normal ( X, .... An NCM ,
58

,
2830 known

-

x

CICl-1) = [F-Et,
Test : T(o ,

x) = ISIE-MOK 3

p-value : D = p((* ) > 121(7)

= 2(1) ·



p = (p, .
.

-, PK). Pi = 1
.

o =S Pol
.

Po = (Pol , ---

, Pok) given.

L(p) < p ,

"
... p l(p) = log((p) = [Nilogp ; + cust

.

2log1 = 2 /sup l(p) - supl(p)). 195
PED, UQ

, PtQ.

= 2 ( Sh[Nilyp-Nil
Lagraye multiplier : Nitypi + X ([Pi -1) =

+ X

Set this to zero
, I : & N

: so Pi=

211 = 2 [Nily .

= 2[0i · log (i)
where Oi = Ni , Ei = Poi

"Observed" "expected"
.



Pearson's statistic
.

Let di = 0
:

- Ei ,
assume 20

-

2log 1 = 20 : log (Ei 9,5
-

=> 2[(Ei +Fil log (1+
& 2[(Ei + di) · (E-
~ z(di+-
= 2[ri + I=
w

= 0

2 2By Wilks' theorem ,
2 lug 1 Xino)-dimo) =

X-0X
2

RejectHo if Clog1 > XiK) or >X 1).



2 log 1 = 2 9 sup llp)-sup elps] 10.

Pizo
,
[Pi= P= p(a)

,
0

e(p) = [Nilgp ; +cust.
= 2[e(p) - exp()

(
-

I
↑=

10 ;
= 2 [Ni log =Nili

"Ei = [(0i-Eil?
-

i
Ei-T maximizes &(PCM)= NAA2ly0 + NAalgROCHOSY + Naa - 2 lyc-0).

=> = 2 NAA+ NAa By Wilks' theorem
2

I

2n
2 U

II- zhy1 & dim ( W,) -din(NoHo
- -

-



M

Px+ = Pxy P
+y = Pxy , 143

"marginal probabilities"
. e(p)= Nay by Pay + coust.

MLE under Ho : Exy = Ext Pey = N Clagrage
multiplier ?

MLE under HoUHi : Pay=y
So2 boy 1 = 2 Nxy log

n

Nx+ N+y/n
=2 Nay by

Oxy

NX+ N+y /n =

Exy
d 2 ↳

= 2[]Oxy log &xy -> X(c-l) - cr-1) -(-1)
= X(

-+(-1
Exy Ho

II 15
Wilks' thm

.



10 . 4
P , l , P21 / P3/1

-

P, 12 Pul P3/2
P

, /3 P213 P313
I

Ho : P ,
in !



↑ (x1 = 01
, Y ,

= y ,
--

,
Anita

,
Yn = yn) 15

= P(Xi = xi , Yi = yi)

= P(Xi = Xi ) P(Yi = yi)

= P( = Xi) : (
= yi)

n

= : =xi) P(Yai) = Ya()

----

= P(X = X
, Y = Ya .

--- (



permutation
p-value =

+

n 19211(, = 2hy1(,)3.
15

- Monte-Carlo approximation.

sample B random permutating.

B

↑ =#[S2li)
= 2 ly sa



I
E(X , )

I = (
Var(t) -- Cov(X

,
An)

IM = E() =

= ,
2 = ((x)
: :

E(Xu) Corin
, 4) --- Var(tre)

aix-N(aYu ,
a TI a) #1.

zu NIM ,
C")

,
ZEIR

.

E(ez) = S ene- dz
-
12-Mtr ]
-

= Se 252

2

dz ·e
-

DDF of N/M+c? (*)

= C
n + 2/2

&
So Mx( =E(eax) =gan + aT2912



If X-N( ,
2)

,
then (2 z = 2)

z
-( -m) - N)0 , I) #

I II

" b = 21 u AlAT

Let z1, ... Zu N10 . 1)
.

z = (z 1,
· . .

,
2n) -N 10

, 1)

By uniqueness of MVN ,
PDF of NCo

, In is

(2x)
-nzzk



z = d Z-test
-

11
.2
-

No
-> known Y

Ho : M
=

Mo. xxt + +

Xi

m
Xi -Y

Mp
.

Z-No , In) ,

VER
,
rvr =In

then UZ ~ No
,
In



If - i ---- # 11. 2
↓ =

o O ---- O

UT to( Ex

I

--- O Ii iii !
↓is s this --.

Not difficult to verify UTU = UUT = In. [1= (i) .].
* ~ N(M], 2) u.2 = (i)
Y = uX = ) = (m) - N/(M , (2)(

]



Y = () n)() , (2) Y= uX

Y =I #2

Y2 + ... +Y = YTy - Y
-

= XiX - nX2

= + -nF
i = 1

= [Ixi-F) = Sxx
.

i = /

YIEE 1 (Y
,

. . ., Yn) No
, 2)
-

SX is a function of

=



Student's t :
Ho

: M=M. #.
2

-
[Compare with Z =(

-

EN(M,)

Sat
Fr

~ fin-1
under Ho

-# independent

upper a quatile
= try of In-1

,

↓
One-side +- test :

Ho : MEMo vs. Hi :M >Mo · Reject of T> tr (x)

Two-sided -test :
Ho : M =Mo vs

.

Hi :MEMo . Rejec if > th)
·



X1 , ..., An NI , 27 , MER ,
a so unknown. ↳

F = Iti-NIM, In-1F = Sat = IAi-FE-rX

Two-sided CI :
EI the

standard error



12
.
2

=~
-

Mic

Ho : Mi = . - - =Mk .

vs . Hi : M . ,
. - .Mi EIR . (bHo is not true)

General problem
TN(M(0) ,

2"In

MLE : L 10 , 2) = RM- 18In 1
*
expl-*- Mal 10In)" Curl]

=> (25221h2· expl-zlY-Mcally
,

So = arguin 11Y-MCO11,



210 ,
it = 1222h expl-slY-Mally

,
12. 2

& 10 , 5) = - Elogo-211Y-MIOI + const.

= - -M

=>8 = 11 %-Mi (18
,
2)<Lea"2I1YG

1 = me ,
s=

sup
MEIR ,

wo
-> = += is

-Y

& =()S
2

SST
=> Reje age



Vancedecomposition 12
. 2
-

SST = (Yij - Y
++
1

= 2)Yij - Tit + Yi+ - Y++ )
ij

= [ (Yij
- Jith + [ (Yi+ - Y++

)"
ij

~ -m

SSAE "within group" SSAA "between group".
kni

+ 2[m(Yj - Ji+ ) (Yi+ - Y++ ) = 0
.i= 1j=

---

=- It follows from totest :

2 2= SSA + SSE. &~ -1) = Xn-k
-

So we reject to if S is large. ② ~Xi. [later]·
② SSAISSE

.



=(i)
225

x

= = I
--- Xup

Numlinear undel : Y = XB +&, SLX , EN10 , In)

#

x )= ).



X
full

= (741m)= (i) 1. 5
X
saturated

= (10 .. ) = In. Y= XB + E

1

saturated Y = projection of > onto colspan(Xsaturated) = IRM

f =

J
= Prem of is on colpe as

= (E) = Yet In = pejessie of > one colspan (X
**

)

SSA = 11 full -uni ,
SSE = 11 St-full 112.

SST = SSA +SSE = 11usat. Full 11 ?



12
. 5

x = (ii) , p - ()
-

[abuse notation .]
.

1 An

Y= XB + 2 = 2 + Bxi + di



1. Y= XB + E
,
EHX

,

3 - N10
,

2 In) 13.

Yi = XB + Ei
,
E

, . ., in No
, 5 ,
E, En) IX.

2. Y = X B + S
,
E(s(X) = 0

,
Var(2(x) =@In

.

Lip ,2 = 12)*. 1rIn/* expl-ICY-XA) (In)" (Y-XB)3 .

· PX()

Y(x) zcoust.

Bon
& (8 . 22 = - Elogo" - in11Y-XBIR + coust 1. 2

=> MLE S = arguin 114-XB/1 = arguin (4: -XT9) ?
BEIRP BEIRP i= 1

-

Least squares.



-XPIR
= 2(Yi-xi) . Vil

k= 1,
,

p. 132
2Bk

So MLE T solves = Mi -X
:TB) Xik = 0

,

k= 1 , . -

, P.
i = 1

X has full col, rank

() AxB = XTY -> T = (TX)
+

x
*

Y-

E)xT(y- xp) = 0 "normal equation" .

# Simple linear
regression : Yi = < + BXi + Ei

,

SiBN10 ,5

(5
, 5) solves min . E (Yi-dasti
So Y:

- -xil = 0 E) = - - 5F·
-

↓Mi--ti) . Xi = 0. So -51-5Ai -1) Sti =0
.

i= 1



=> p = -)xi-CKi-)xi ki-1

Pf (Gauss-Markov) 1. 2

* is lineen in
Y.

-

T is unbiased because E (5 (x) = E((TX
+
X

+

Y(x)
-

= (xiX(
+ XT E(Y(x)

= (x
+

7) - x + B

fixed non matrix
= B ~

-

Now consider & = CY.

& is unbiased <) B = E(5(x) = C . E(Y(x) = CXB EBER!
=> CX = Ip



[x= pan usually p much smaller
. Skinny metrictly
1. 2

A = c - (** (
*XT

,

so At = CX-X = Ip-Ep = 0

Var(5(x) = Var(CY (x) = c . (In) · CT

= r(CT = 2 (A +A) T)(A + AT)
*XT)T

= rA+2.(*** +" +AIA?
-

=0 = O

= f(xx)" + cAAT

Var(B1) = Var (AT***TY (x)

= Ax*+T . &In - - ATA)
+

= rC*H%



Var(aTix) = 02 a T (**x)"a + 22 a AATa
13

.
2

= Var(aT(x) + r lAall" -

= Var(aT5 /x) .

Mi =xi 13
. 4
-

P = X(***XT is symmetric , idempotent .

pr = (x(xx)]. (x(XT) = P
.



=> F recolspan(P) ,
so v = Pw

,

wERh 13
. 4
-

Pu = P(Pw) = Pw = Pw = v

Now for any VE colspan(P)t
,

then pr = o by definition.

So Pr = pTr = 0
.

50 P = uT
.

# If P= CUT
· symmetric

↑= Uriv UT = out = P
. idempotent-

z

= Irank(p>



(1 - P)T = I - PT = I - P 13.5

(I -P((I - p) = I - 2p + p = I - 2p + 4 = I- P
.

1 .

Y=X + S. B = argain 11-XBIK .

BEIRR

M

u
= angmin 11 Y-Mll = PY

.

Mecolspan(x)

2
.t-test.

Y
1. --, Yn Nu ,

2% x = (i ) -

Mince = 5
. p = xX = ) p=E



Syy = -Y = 11 Y- PYI = 11) 11
= ll(l-P)Y/1

.

lip , 2) = - Elys-11Y-XBI
2 #.

I

= - + X
2

=> Fince= 11Y-X5IP . 5 = (xix) *XTY

= Ally- Py11
= 11(I- P)Y11?



it.(P) = (
-p)2

#4. 3

~ N(0
, (p)rI(p)")

= N (0
, 2)(P2 PLI-P)()

[I- P)P (I- p))

= v (0
, r( Ip)) .

2. P = UUT
,
VERuxankip) orthormal basis for robpa(p)

[TPs
=

110TE111PaIPPTP-A -

52 22

raip ~ * vank(P)
.

[via-N10 , UrIU) =No,I]
i= 1



Theoremprof Y = (x
+x)

+

X
T

Y 14. 3

= (πx)+ X (xp +2) [HmN(0
, r])

= B + (xx
+XT3

[PX =X

=

B + (x)XTP3 sox"P =XTPT=X! ]
- NLP ,

CTHYXTCI · XAETY =NIB , GATASY)
&NE = AllY-XI

= All (I-P) YIR
2

= /l (l -p) AB +&(11

2
= Ell(I-P)d11

. NE FrakLIP)= Emp
,

5 o T is a function of PC
, JincE is a fenc of (I-P)5 .

= 15MLE
,



Student's+ Y
,
..., In Nair

,

X = In = ( % ) · FM

B = (xx)
+xy= =Y 143

Eme = /Y-X =-Y = Syy/n -

=> I
.

51 Sky .

2. T-N(U , 0 ).

3
. Sin



↑
j

- N(pj ,
2 (x)jj) 144

82 = 1)Y -/P .

(8 -Poj)/NET ~ N10 , 1) under to
7

jj

2

and -Xu p
are independent.

tj = = -Poj underHo

y
~ tu-p

C-2)-CI for B : j1tmp(k)+
jj



* EN(P, Ex) E AECE-Bol -N10 , ]p) .

11X1B-PoIIE = CT-Bol ***T-8o) - Xp. #E ?
-

-Moli
14. 4

-PoliTE/P
~F

pup under to
&/p

CHA)-unfidence set of B : <BER1p)11
pyn

= Fp, m-p())

[is an ellipsoid . J.



-or, 1 = (ur)

1145

xix =

(n
+

mm) , (in)
X Y = (IATIBi) = InEY
SITY m . ( -m(nA+ mis) + (n+m) .mi)

= m \nmB-nmEy = B - #
.



* - N(92 , **2) = NCM2-M .,22 14. 5

II
= N(M2 - M1.

52 (A+ ))
·

B-*

To test Ho : MEMn ED B2 = 0
.

The two-sided+- test ujectsHo if

# tapE
22 . (h+ )



One-wayANORA SSbetween = U (A-5m (B-
nF+m52

C ->
n+m

(SSA)
= n (F-5) 14. 5

12SSwithin (m +n - 2) a

ISSE)

The ANOVA test rejects Ho if
(E -51/1

/,
> F
,m

If T =

up the~ Fi
X=/P



15. )

B ,
t
/

Pr= 1

P = 2

·
Boto

n= 3



E = (1 - p)s + (P - P .)2 + PoE 1!

Im (I-P)E I-P

-1022 - N(0 , 0 p500) .(
PoE
( 82 (

-0 Po

2II E-p(all/~Xa-p
1) (p-po) E11/2 - ** -

P.

11 Po11/2 ~ X
·



Ho : sub-model E)Ho
: B ,

= 0 B = (B)
BEIRP

B, ERP

# Under Ho
, B1 = 0 so Y= XB+ 2 = Xo Bo+ 1. 2

(P - Po(Y = (P - Po)(58 + S) = CP- Po)E
.

(I - P)Y = (I - P(kobo + 2) = (I -P)3

11 (P-PoLYIR/(p-po)
-> I OppoPR
11 (l- P(YIP/(n- p) -p/(u - p)

~ Fp-po
, n -p .


