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Abstract

The classical result of Kiefer and Wolfowitz (1976) on the asymptotic closeness of the
distribution function of the maximum likelihood estimator of a monotone decreasing
density and the empirical distribution function is generalized to Donsker classes of
functions, paralleling recent results for other density estimators obtained in Nickl (2007)
and Giné and Nickl (2007, 2008). These results are then applied to efficiently estimate
the entropy functional by the associated plug-in MLE.
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1 Introduction

Let X, Xy,...,X, be iid. on [0,1] with law P and distribution function F. Define the
and the empirical cdf F,(z) = foz dP,. If P is

known to have a monotone decreasing density f, it is natural to estimate this density by

empirical measure P, = n~ !> "  dy,
the (nonparametric) maximum likelihood estimator f,(y) defined by the solution of the

optimization problem maxsern=t > 1 | log f(X;) where

1
F = {f :[0,1] — [0,00),/ f(z)dx =1, f is monotone decreasing} .
0

This estimator is known as the 'Grenander’ estimator, since it was introduced by Grenan-
der (1956), who also showed that f,, has a simple geometric interpretation: f,, is the left
derivative of the least concave majorant Fn of the empirical distribution function Fj,, see,
e.g., Section 24.4 in van der Vaart (1998). Of course ]3'7L(x) is, by absolute continuity of F,,
equal to the distribution function fom fa(y)dy of f,.



The following is a classical result of Kiefer and Wolfowitz (1976): Under several assump-
tions on f — including strict monotonicity and existence of a continuous derivative of f —
Kiefer and Wolfowitz proved that

- logn ) /3
||FnFn||m—oa.s.(< = ) (1)

so that, in particular, \/n(E, — F) converges in law to the P-Brownian bridge in the Banach
space £°°([0,1]) of bounded functions on [0,1]. We also refer to Balabdaoui and Wellner

(2007), who recently gave an 'updated’ version of the Kiefer and Wolfowitz proof, using
results by Kulikov and Lupohaé (2006).

One way to generalize this result is along the lines of recent results on uniform central
limit theorems (UCLTs) for density estimators, see Nickl (2007), Giné and Nickl (2007,
2008). In these articles, density estimators fn are viewed as random measures P, acting on
general classes of functions H via integration, and quite general central limit theorems were

proved for the processes
(vitta=P), = (Vi [0=0)

allowing, in particular, for Donsker classes H of smooth functions (such as bounded variation,
Sobolev, Holder and Besov classes). These results contain (1) as a special case upon choosing
H = {lj04] : = € [0,1]}. Such more general results have several statistical applications, see
Bickel and Ritov (2003) as well as Section 3 in Nickl (2007). In the present article we
show how the fact that the rate of convergence in (1) is faster than 1//n can be used
together with methods from approximation theory to prove such general results also for
the Grenander estimator. We then apply these results to efficiently estimate the entropy
functional by the plug-in MLE, see Theorem 3. We should remark that results similar to
(1) were also proved for estimators of monotone regression functions, see, e.g., Durot and
Tocquet (2003) and Wang and Woodroofe (2007). The proof methods of the present article

should apply to regression models as well, with the natural modifications.

2 Main Results

For Borel-measurable functions A : [0,1] — R and Borel measures p on [0, 1], we set ph :=
fol hdp, and we denote by LP([0,1], ) the usual Lebesgue-spaces of real-valued functions,

normed by || - |

pu- I du(z) = dx is Lebesgue measure on [0,1], we set LP([0,1]) :=
LP([0,1], 1), and we abbreviate the norm by || - ||, if 1 < p < oo. We also denote by
L*([0,1]) the space of bounded measurable functions on [0, 1], normed by the supnorm
|| - [loo, and, for an arbitrary (non-empty) set H, ¢*°(H) denotes the space of bounded
functions g : H — R normed by ||g||z = sup,cg |g(h)|. Throughout, the variables X; are



the coordinate projections of ([0, 1], BN, PN} and we set Pr := PN. The empirical process
indexed by H C L2([0,1], P) is given by f + /n (P, — P) h,h € H. Convergence in law —4
of random elements in ¢*° (H) is defined as, e.g., in Chapter 5 of de la Pefia and Giné (1999).
The class H is said to be P-Donsker if the centered Gaussian process Gp with covariance
EGp(f)Gp(g) = P[(f — Pf)(g — Pg)] is sample-bounded and sample-continuous w.r.t. the
covariance semimetric, and if \/n (P, — P) —4 Gp in £>°(H).

We start with the classical result of Kiefer and Wolfowitz (1976), that we give, without
loss of generality, for densities defined on [0,1]. In this case the assumptions simplify es-
sentially to requiring strictly monotone, continuously differentiable f that is bounded away

from zero.

Theorem 1 (Kiefer and Wolfowitz (1976)) Let X1, ..., X,, be i.i.d. with monotone de-
creasing density f on [0,1], assume that f’ is continuous on [0,1] and that f and f’ are
bounded away from zero. Then

Vn sup |Fn(t) — Fo(t)| = Oq.s.(n"Y5(logn)?/?), (2)
te[0,1]

so that in particular

\/’E(Fn—F) —d Gp n €°°([0, ].D
Proof. See Kiefer and Wolfowitz (1976) or Balabdaoui and Wellner (2007). =

Our goal now is to generalize Theorem 1 to general Donsker classes of functions. The
following corollary is immediate. BV ([0, 1]) will denote the space of measurable functions

h :]0,1] — R of bounded variation, equipped with the total variation norm

HM@V:am{E:hmﬁ—h@ianeNﬂ<x1<~wa%<1}.
i=1

Corollary 1 Let the assumptions of Theorem 1 hold. Define P, by dPn(y) = fu(y)dy. Let
Hp = {h right-continuous : ||h||ec + |||y < 1}. Then

1
hd(P, — P,)
0

and, if H = {h: ||h||oc + ||h]|Bv < 1}, then

Vn sup

he€HRr

= \/ﬁ”Pn — Pullng = Oa-s.(nil/ﬁ(bgn)wg)v (3)

\/H(Pn—P) —d Gp mn éOO(H)

To obtain a result more general than the previous corollary, we define Besov spaces as

follows.

Definition 1 (Besov spaces) Let 1 < p < 00, 1 < ¢ < 00, 0 < s < co. For a function
h : R — R, the difference operator A, is defined by A.h(-) = h(- 4+ 2z) — h(:) as well as



AZR(:) = AL(ALR()), and, iteratively, also AT. For h:[0,1] — R, we define AZ(h)(x) as
above if x,x 4+ rz € [0,1] and set it equal to zero otherwise. For h € LP([0,1]) and r > s,

define
1/q
11504 = </| <1[Z51/QIAZ(h)IIp]qu>

with the modification in case ¢ = oo
[fl5 00 = sup [z AZ(H)lp-
0#]z|<1

The Besov space is defined as the linear space
By ([0,1]) :={f € LP([0,1]) : [I£1I5 .4 < o0},
normed by || flls.p.q = [ Fllp + [1F1155,-

If p = g = oo, these spaces are the Holder-Zygmund spaces, which contain the classical
Holder-Lipschitz spaces. Furthermore, Sobolev spaces of order s correspond to B3, ([0, 1]),
so these Besov scales include many classical spaces but also much more, see, e.g., Triebel
(1983). In particular, for p > 1 and/or s < 1, these Besov classes contain functions that are
not of bounded variation, so that Corollary 1 does not apply.

The following proposition, which can be shown to be (essentially) best possible, follows
from results in Nickl and P&tscher (2007).

Proposition 1 Let H be a bounded subset of B, ([0,1]) where 1 < p < o0, 1 < ¢ < oo,
and let P be a probability measure on [0,1]. Let either s > max(1/p,1/2) or suppose that
1<p<2/qg=1,s=1/p simultaneously hold. Then H is P-Donsker.

Nickl (2007) showed that certain nonparametric MLEs (not including the Grenander
estimator) satisfy UCLTs over Besov classes with p > 2 and s > 1/2. More generally, Giné
and Nickl (2007, 2008) showed that kernel and wavelet density estimators satisfy UCLTs
over any Besov class featured in the previous proposition, in fact, they considered Besov
spaces over the real line. Using Corollary 1, the rate of convergence of f, to f in the
L?-norm, and an approximation argument by wavelets, one can prove the main theorem of
this article, which shows that f,, satisfies the same UCLTSs as kernel and wavelet density

estimators, if f satisfies the assumptions from Theorem 1.

Theorem 2 Let the assumptions of Theorem 1 hold. Define P, by dP,(y) = fn(y)dy. Let
H be a bounded subset of B, ([0,1]), where s, p, q satisfy one of the conditions of Proposition
1. Then

\/ﬁHpn - PnHH = OP(l)

so that, in particular,

Vn(P, = P) —4Gp in (®°(H).



Corollary 2 Let

HS = {f c Loo([o7 1]) . ||f||oo + sup |f(x) — f(y>| < 1}

ety T =yl
for some 1/2 < s < 1. Then |P, — P,|j3¢- = op(n=Y2) and
VB, —P) =4 Gp in (X(H®).
A consequence of the above results is, for example, that
B(Pn, P) = |Po = Pl = Op(n™'/?),

where [ is the usual bounded-Lipschitz metric for weak convergence of probability measures.
Note that, under the assumptions of Theorem 2, B, outperforms the empirical measure P,
in that it is not only /n-consistent in metrics for the weak topology, but also consistent in

the strong total variation norm (see Theorem 24.6 in van der Vaart (1998))
1By = Pllzv = [|fa = flli = Op(n™"/%).

Furthermore, the above results can be applied to construct simple and efficient plug-in
estimators of integral functionals. For example, proceeding as in Corollary 5 in Nickl (2007),
one shows that fol f2 is a y/n-consistent and efficient estimator of the quadratic functional

T(f) = fol f2. A slightly more involved application is estimation of the entropy functional

T(f) = / F(w)log £(y).

If X(y) is the largest order statistic, then f, is positive on [0, X(,,)], but f,,(y) is zero for all

y > X(n), so the direct plug in estimator T'(f,,) cannot be used. The natural modification is

Xn)
T, = /0 Ful9)10g fuly),

which is in fact very easy to compute: As is well known, f, is a piecewise constant function
with jumps only at the observations, so that T}, is a finite sum consisting of terms c; log c;,
j =1,...,m, where c; are some positive numbers and m < n. Using the results from above
together with Fréchet-differentiability of T'(-) and control of the probability of the event
that inf, e x,,,) fn() is small, one can prove the following result. Note that o%(f) in the
following theorem is the efficient Cramér-Rao lower bound for estimation of the parameter
T(f), see, e.g., Laurent (1996).

Theorem 3 Let the assumptions of Theorem 1 hold. Then
\/’E(Tn - T(f)) —d N(Ov Uz(f))
where o2(f) = [ flog® f — (fflogf)Z.



3 Proofs

Proof. (Corollary 1) If h is of bounded variation, right-continuous and satisfies h(0) = 0,
then there exists a unique finite signed Borel measure p, such that h(z) = [ 1jg 4 (v)dpn(v).
Since (Pn — P,)c = 0 for ¢ constant, we may assume that the elements in Hp all satisfy
h(0) = 0. We then have by Fubini, for h € Hg,

1 1
(B — PA| = / / 110,01 (0)dpn (0)d( B, — Bo)()

1 1
/ / Loy (2)A(By — Po) () dpin ()
0 0

IN

1
/0 A1 En — Fulloo < [ Fn — Falo.

This already proves the first claim of the corollary by Theorem 1. To prove the second
claim, observe that any h € H is right-continuous except at most at a countable number
of points, in particular there exists a right continuous function h such that h = h almost

everywhere. Since f’n, P are absolutely continuous measures, we have

which proves the second claim by using the first, and since H is P-Donsker (e.g., Theorem
2.1 in Dudley (1992)). m

Proof. (Theorem 2)

Step I: We will first approximate h € B ([0,1]) by a suitable sequence of functions
K;(h) € B},(]0,1]) whose Besov norm ||K;(h)||1,1,1 does not increase too fast as a function
of j. For the approximation argument, we will use wavelets, hence we will imbed our
approximation problem into a Besov space B, (R) defined over the real line. In slight abuse
of notation, we use || - ||, also to denote the norm on the sequence spaces (F(Z), and we
denote by || - ||p,r the usual LP-norms on the real line (w.r.t. Lebesgue measure on R), and

by LP(R) the associated function spaces.

Definition 2 Let 1 <p,g<o0,0<s< 5, s€R, Se&N. Let ¢,% be bounded, compactly
supported father and mother wavelet, let ¢ be S-times differentiable, and denote by ay(h) =
Je M(@)p(z—k)dx and Bu,(h) = [ 2/2h(z)y(2la—k)dz the wavelet coefficients of h € LP(R).
The Besov space ng(R) 1s defined as the set of all functions

o 1/q
q
{h € LP(R) : [|hlls.pa = llagy (W)l + (Z (212 gy (m)) ) - OO}’

=0

with modification in case ¢ = oo

1Plls.p.o0m = llewg) (Rl + sup 2! CHZZ 6,0 (1) .



Note that wavelets satisfying the above conditions for any given S exist, e.g., Daubechies’
wavelets, see Section 7 in Hérdle, Kerkyacharian, Picard and Tsybakov (1998). Given these

definitions, the following lemma is not difficult to prove.

Lemma 1 Let ¢, be bounded, compactly supported father and mother wavelet and let ¢
be S-times differentiable. Suppose g € By, (R) N Bi(R) for some 1/2 < s < S. Then the

truncated wavelet series

Ki0)) = S on(@)oly — k) + 35 fn@)2(2ly — k)
k

=0 k

(convergence pointwise and in LP(R)) satisfies, for constants ¢, ,

155 () |ls,p.00k < llg

[s.p,00.R

and
1K;(9) = gllpr < 27719l s,p,00.R

as well as

1K (9)ll11.1.8 < 27027 g]ls 1 00 -

for some 6 >0 as j — oo. (If s <1, & can be taken to equal s —1/2.)

Proof. The first claim is obvious from definition of K;(g) and the Besov norm. For the

third claim, we have that g € B (R) implies, by Definition 2, that

1By (@l < D272 gl 1 o

as well as [|a(g))ll1 < l|g]ls,1,00,r 50 that, since s > 1/2

j—1
IKi(@)lhaie = @l + Y 27218 (9)lh
=0
Jj—1
< Dgllsacor Yy 21
=0

IN

c/29(1/2=9) 9l5,1,00.R-

For the second claim, we will need that
sup Y [p(u—k)| < T,
u
k

where W is some fixed finite constant, which follows from Lemma 8.5 in Hardle et al. (1998).

Note also that g € B, (R) implies

161y (9)llp < C271CH224P) g

s,p,00,R



by Definition 2. Now, by change of variables and Holder’s inequality (with 1/p+ 1/ = 1),

we have

1Ki(9) = gllpr = ZZﬁlk )22 (2!() — k)

1>j

p,R
P 1/p
< ol ( / (Zm I (u — >|”p|w(u—k>|1/Q> du)
>3
p/q p
Sy Z|5lk(g)|p¢(U—k)|<Z¢(U—k)|> du
1> k k
1/p
< SR Gy 0 ([ )
>3
< Oy MR8 (9) ]l
l>j
< C””g”s,p,oo,]R227l8 < C2ijng s,p,00,R
>3

which completes the proof. m

To apply the above lemma to approximate a function h € B, ([0,1]), we will use that
B;,(10,1]) is equal (with equivalent norms) to the space of restrictions of elements of B, (R)
to [0, 1] (equipped with the usual quotient norm). This follows from the fact that the wavelet
definition of B, (IR) given above coincides (with equivalent norms) with the more classical
definitions of Besov spaces on R; in particular it coincides with Definition 2 on p.45 in
Triebel (1983) — see, e.g., Theorems 9.1 and 9.6 in Hérdle et al. (1998) — so that we can use
the extension and restriction theorems in Triebel (1983) in what follows.

To approximate h € B, ([0,1]) C B, ([0,1]), observe first that any h € B, ([0,1])
can be extended to a function h*** : R — R (with h*** = h on [0,1]) that is contained in
B5 . (R) and satisfies the norm estimate [[h°"[|5 p 0o < ¢[|P]|sp,00, Se€ Theorem 3.3.4 and
Section 3.4.2 in Triebel (1983). This extension can furthermore be taken to be compactly
supported (if it is not, multiply h*** with an infinitely differentiable function that is equal
to one on [0, 1] and has compact support, and use the fact that B, (R) is a multiplication
algebra under the assumptions on s, p, ¢, see Theorem 2.8.3 in Triebel (1983)). Now, since
he®t is compactly supported and contained in B, (R), one has also he®t € B (R) and
1R | 5,1,00,8 < ||h“||s 0ok (€.g., Theorem 3.3.1 in Triebel (1983)), so that we can apply
the previous lemma to approximate h®** by K;(h®*'), and use the restriction K;(h) :=
K;(he*)][0,1] of K;(h¢"*) to [0,1] to approximate h. The norm | - |5 4 is equivalent to the

restricted norm (again Theorem 3.3.4 in Triebel (1983)). Summarizing, we conclude

155 (M)]]s,p,00 < C/Hh”s,p,om (4)



and

155 (R) = hllp < €277 Alls p,oo (5)
as well as
1K (B [0 < 270270 [B]l4 oo (6)
for some 6 > 0 as j — oo, using || - ||s,1,oo <k|- ||57p7q on B;q([o, 1]) in the last step.

Step 2: The main idea to take advantage of the approximating sequence from the

previous step is similar as in the proof of Theorem 2 in Nickl (2007):

sup (P — Pa)(B)] < sup [(By = Pu) (I (h) = h)| + sup |(B — P) (K (h)))]

heH heH heH
< sup [(Py — P)(K;(h) = h)| + sup |(Pn — P)(K;(h) = h)
heH heH

sup (1B = o) (5 ()1 () 1,0, ) ()],

heH
We first prove s > max(1/p,1/2) and comment on the modifications for the limiting case
s=1/p,q=1,p < 2 at the end of the proof. Hence, for p < 2 one has s > 1/p > 1/2, so it
follows that By ([0,1]) C B5,([0,1]) for r = s —1/p+1/2 > 1/2 (Theorem 3.3.1 in Triebel
(1983)), and we may further restrict ourselves to the case p > 2 and s > 1/2. Choose now
j := jn such that 2/ ~ n'/3 and recall the continuous injection B;,([0,1]) C By ([0, 1]).
The term (i) is bounded by

/0 |(Fa = NYUEG(R) = )] < [ = fllgEj(R) = hllp = Op(n™1/3279%) = op(n™1/2),

uniformly in H, using Holder’s inequality, (5) and the fact that ||f,, — f|l, = Op(n~'/3) for
all ¢ <2, e.g., Theorem 24.6 in van der Vaart (1996).
For the second term, note supy,cq || K;(h) — hllsp00c < 00 by (4) and that

sup [|K(h) = hlls,p < csup [|[K;(h) = hll, — 0
heH heH

as j — oo by (5) and boundedness of f. Consequently

sup |(Py = P)(K;(h) = h)| = op(n~"/?)
has to hold since bounded subsets of B, ([0, 1]) are P-Donsker under the maintained con-
ditions on s,p (see Proposition 1).

For the third term (iii), observe that any bounded subset of Bi,([0,1]) consists of ab-
solutely continuous functions h (e.g., 2.5.7/10 and 3.4.2 in Triebel (1983)) with uniformly
bounded ||h]|0o, ||Dh|1, and hence is bounded in BV ([0, 1]), so that, using Corollary 1 and
(6), the term (iii) is bounded by

1P = Pallsn sup 15 (M) 11,11 = Oa.s.(n™ /2 (log n)**n!/0n=0%) = 0, 5 (n™'/?).



We finally turn to the limiting case s = 1/p,q = 1,1 < p < 2, and consider first

p > 1: As above, one imbeds B;{p([(), 1)) C B;{Z([O, 1]), but now one chooses j, such that

2/n ~ (nlogn)'/3. By the same reasoning as above (with s = 1/2), the term (i) is then of
order Op(n~=3(nlogn)~'/%) = op(n~1/2). The treatment of the second term is identical
to above. For the the third term, note that we can choose § = 1/p — 1/2 in (6), cf. Lemma
1, so that by Corollary 1 this term is of order

Oa.s. (n72/3(10gn)2/3(n10gn)(1/3)(1*1/1’)) = 045 (n7V/2)

since p < 2 implies 2/3 — (1/3)(1 —1/p) > 1/2. If p = 1, then s = 1, so the theorem follows

from Corollary 1 since, as mentioned above, B, (R) C BV (R) with continuous injection. m

Proof. (Theorem 3) Denote by X (1) s X(n) the order statistics of the sample, and set
X(0) = 0. Also define S, =n~' 3" (log f(X;) — Elog f(X)). We will prove that, for all
€,0 > 0 there exists a finite index N such that for n > N one has

Pr(\/ﬁ|Tn - T(f) - Sn| > 6) < 57

which implies the theorem by the CLT /nS,, —4 N(0,0%(f)). Define

Al = inf n < .
1 {ze[éflxw]f () é}

Then by Lemma 2 below, one has
Pr{\/ﬁ|Tn - T(f) - Sn' > 6} < Pr ({\/ﬁlTn - T(f) - Snl > 6} n Ai) + 6/2

for some small enough &, 0 < £ < inf,¢[g 1) f(2), and n large enough. So in what follows we
can work on the event A§.

The (random) functional
- X
9= Tu(9) ::/ glogg
0
from L>°([0, X(,,)]) to R is Fréchet-differentiable on the open subset
V= {g S LOO([O,X(n)]) : g(:l?) > 5/2 for all z € [O,X(n)}}

of L>([0, X(y,]), with first derivative

Xn
DT, (g)[h] = / " (logg + h

for g € V,h € L*([0, X(y]) and second derivative (for hi, ho € L*([0, X()]))
o Xn)
DTy (g) [, ha) = / (1/g)hshs.
0

10



To see this, differentiate f — f(z)log f(z) = (w o d,)(f) from L>([0, X(,,)]) to R with
w(t) := tlogt, using the chain rule on Banach spaces, and then observe that differentiation
and integration can be interchanged, using, e.g., Proposition 4 in Nickl (2007).

Now since f,,f € V on Af and since f,, = 0 on (X(,), 1], we can write, by Taylor’s
expansion and the (pathwise) mean value theorem

1

Tn_T(f) = Tn(fn)_Tn(f)_ . flog f
(n)
1
- DTn(f)[fnfﬁ+D2Tn(fn)[fn7fafn7f}7 ~ flng
Xn X(n) - - 1
= [Ttogr a0t -nt [ WEN G- 17 - [ flops
0 0 X(n)

1 X(n) _

- /(logf+1)(fn—f)+/ Wi -2+ [ 1
0 0

= T+ IT+111

on the event A§. Let now € = €/3. Since f has a continuous derivative and is bounded from

below, log f is bounded Lipschitz, so that we know from Corollary 2 that

—op(n™?) (1)

/0 (1og )(fu — f) — S

and hence, Pr({y/n(I — S,) > e} N AJ) <Pr({/n(I—-5,) >¢e}) — 0asn— oo.

It therefore remains to prove that also the terms I7 and III are op(n~'/2). For the

/O (log £+ 1)(fu — f) — S

term I1, note that on the event Af, the mean values fn on the line segment between f, and

f are bounded from below by & on [0, X(,,)], so that IT is bounded from above by

X(n
5/ e P2 <€ - 1B

which is Op(n=%/3), see, e.g., Theorem 24.6 in van der Vaart (1998), hence Pr({y/n(II) >
e} N AS) — 0.

The quantity 717 is bounded by || f||oc(1 — X(5)). Using the formula for the density of
the n-th order statistic (e.g., Lemma 13.1 in van der Vaart (1998)), we have by the mean
value theorem and boundedness from below of F' = f on [0, 1] that, for all e > 0

1/2

P X) > 9) = n [ @
= Fa—e = (P - P )
< (1 — cs;{ﬁ)n -0

as n — 0o, which implies that also Pr({\/n(I1I) > e} N Af) — 0.

It remains to prove the following lemma, which controls the probability of the event A;.

11



Lemma 2 Suppose the true density f satisfies f(x) > ¢ > 0 for all x € [0,1]. Then, for
every 0 > 0, there exists £ > 0 and a finite index N () such that, for alln > N(4),

Pr( inf  fp(z) < f) =Pr (fu(Xm)) <§) <6/2

z€[0,X (n)]

Proof. The first equality of the lemma is obvious, since f, is monotone decreasing. On
each interval (X(;_1), X(;)], fn is the slope of the least concave majorant of F,, (see, e.g.,
van der Vaart (1998, p.350)). The least concave majorant touches (X, 1) and at least one
other order statistic (X(,_;, (n —j)/n), so that

{faXmy)) <&} C {X(n) — X(n—j) > j/(&n) for some j =1, ,n}

Note next that X; = F~1F(X;) where F~! is a differentiable function since F' is strictly

monotone and differentiable. Hence, by the mean value theorem,
1

n—j)) < ol (F(X(m) = F(X(n—3))) < ¢ Uy = Un—y)

where Uy; are the order statistics of a sample of size n of uniform random variables on [0, 1],

F'F(X () — FTUR(X(

and where U(g) = 0 by convention. Hence it suffices to bound

]
én

By Proposition 13.15 in Breiman (1968), the joint distribution of the order statistics U,

Pr <U(n) —Umn—yj) > for some j =1, ,n) . (8)

it =1,...,n, is the same as the one of Z;/Z,; where Z, = Zl":l W; and where W; are in-
dependent standard exponential random variables. Consequently, for v > 0, the probability
in (8) is bounded by

Pr <W"j+1 to A Wn > v} for some j)
Zn+1 fn
=Pr < n Woojur o ¥ Wa > ) for some j)
Zni1 n &n
< Pr(n/Z, 1 P It f
<Pr(n/Zni1>1+7)+ r( - >§n(1—|—’y) or some j

=A+B.

To bound A, note that it is equal to

n+1
1 —-(1+7)/n n
P W, — EW,
r(n+1;< : )< 1+~ n+1)’

which, since v > 0, is less than §/4 > 0 arbitrary, from some n onwards, by the law of large
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numbers. For the term B we have, for £ small enough and by Markov’s inequality

¢j
§(1+7)

_ ¢J
(Wi ot W )

Pr <Wn_j+1 + .o+ W, > for some j)

<

Z Pr
j=1
;Pr (Z(Wn_l"'l — EWp_i141) > m —J

=1

(Zl 1( n—I+1 = Eanl+1))4
J*C(, ¢,

<
Il
—_

KM:

C'(7,¢,6)Y i 2 =£"C"(,¢,€) < §/4,
Jj=1

where C(v,(, &) = (14+7)/(C—£&(149)), since, for Y; = W,,_;11 — EW,,_;41, by Hoffmann-
Jorgensen’s inequality (de la Pena and Giné (1999), Theorem 1.5.13)

+
2,P

J J
> Y >V
I=1 =1

maxy]
l

<K' (Vi+i),

4,P

4,P

using the fact that Var(Yy) =1 and E|V1|P =pl. m =

Acknowledgement I would like to thank Evarist Giné for several helpful conversations.
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