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Problem 1. Show that if F is a sigma-field on a set Q then that both € and ) are elements
of F.

Solution 1. If A is in F, so is the complement A°. Hence the union AU A =) is in F, and
so is its complement Q¢ = ().

Problem 2. Let F and G be two sigma-fields on a set 2. Prove that F N G is also a
sigma-field on 2. Show by example that F U G may fail to be a sigma-field.

Solution 2. If A'isin F NG then A is in both F and G. Since F and G are both sigma-fields,
the complement A° is in both F and G, and thus A¢ is in the intersection F N G. Similarly,
if Aj,Ay,... € FNGthen Ay, Ay,... € F and Ay, Ay, ... € G. The union U2, A; is in both
F and G, and thus is an element of F N G. This completes the verification that F NG is a
sigma-field.

[Note that the above argument can be extended to the intersection of an arbitrary collec-
tion of sigma-fields. That is, if {F;};es is a (finite, countable, or even uncountable) collection
of sigma-fields on €2, then (., F; is also a sigma-field. It is because of this observation that
we can, for instance, define the Borel sigma-field as the smallest sigma-field containing the
intervals.]

Now let Q@ = {1,2,3}, F = {0,{1},{2,3},{1,2,3}} and G = {0,{2},{1,3},{1,2,3}}.
The union F UG contains both {1} and {2}, yet does not contain {1} U{2} = {1,2}. Hence
F UG is not a sigma-field.

Problem 3. Let Ay, Ay, As, ... be a sequence of events such that Ay C Ay C A3 C ..., and
let A=1J~, A,. Prove that

P(A) = ilTrglo P(A,).
Solution 3. Let By = Ay and B,, = A,\A,,_1. The disjoint events By, By, Bs, . .. are such that
A, =, B; and A = |J;2, B; by construction. The conclusion follows by the countable
additivity of P:
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Problem 4. Let X be a real-valued random variable, and let F'y be its distribution function.
Show that

lim Fx(t) == 0, lim Fx<t) == 1, IP)(X == t) == Fx(t) - h%lFX(S)

t]—o0 tT+oo
In particular, the distribution function of X is defective if and only if
P(X =400 or X = —o0) > 0.

Solution 4. Let ty,tq,... be any unbounded increasing sequence of numbers and let A, =
{X <t,}. The sequence of events A; C Ay C A3 C ... is such that |J) | A, = Q, where Q
is the sample space on which the random variable X is defined. By question 1 we have

lim F(t,) = lim P(A,) = P(Q) = 1.
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Similarly, since | J;~,{X > —t,} = Q we have the equality

lim F(—t,) =1—lmP(X > —t,) = 0.
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Finally, let €, €es,... be any sequence of positive numbers decreasing to zero so that
(X<t} =U {X<t—e,}

P(X =1)=P(X <t) -~ P(X <t) = F(t) — lim F(t — ¢,).
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Problem 5. Let F': R — [0, 1] be increasing, right-continuous, with

lim F(t) =0and lim F(¢) = 1.

t]—o0 tT+o0

Show that there exists a probability space (€2, F,P) on which there is a random variable X
such that F' is the distribution function of X. (Hint: Let the sample space €2 be the unit
interval [0, 1], the events F the Borel sigma-field, and P the uniform measure.)

Solution 5. Let X :[0,1] — R be defined as
X(w)=inf{t e R: F(t) > w}

for w € [0,1]. [Note that if F is strictly increasing and continuous, then X = F~1. |
Since X (w) < tif and only if F(t) > w, the distribution function of X is given by

P(X <) = P([0, F()]) = F(t)

as desired.
[This contruction can be used to generate random numbers with a given law, assuming
your computer can generate uniformly distributed random variables.]



Problem 6. A box contains 20 balls, labelled with the numbers from 1 to 20. Three balls
are drawn at random from the box. Find the probability that 10 is the smallest label of the
three balls.

Solution 6. There are (230) ways to choose 3 balls from 20. There are (120) ways to choose 2
balls from the balls labelled 11 to 20, (}) ways to choose 1 ball with the label 10, and (8)
ways to choose no balls from those labelled 1 to 9. The desired probability is then
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Problem 7. A coin is tossed n times with probability p of heads on each toss. Let E be
the event that the first toss lands heads. Let F' be the event that there are exactly k heads.
For which pairs of natural numbers n and k are the events E and F' independent?

Solution 7. P(E) = p and P(F) = (})p*(1 — p)"*. Finally P(E N F) = P(F|E)P(E) =

(7—)p*H(1 — p)»* - p. Equating the formulas for P(E)P(F) = P(E N F) and simplifying

yields

p=—.
n

Problem 8. Let Xj,..., X, be independent and identically distributed random variables
with mean p and variance o?. Find the mean of the random variables X and S? where

I 1 _
X = E;Xi and S% = (X - X)

— n—1 —
If X1,..., X, ~ N(u,o?), prove that X and S? are independent.

Solution 8. By the linearity of expectation:
— 1
E(X) = - ZE(X’L) = M-

Also for i = 1,...,n we have X; — X = =L(X; — p) — Z#i%(Xj — ). Since the
summands are independent and mean zero we have
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— n
J#

|
s |9,



we can conclude that the random variables X and X; — X are independent, because the
random Variixbles X and X; — X are jointly normal for each ¢ = 1,...,n. Hence X and
> (X; — X)? are independent as desired.

Problem 9. A population contains n animals. Every day, an animal is captured at random.
If that animal has not been captured before, it is tagged and released. Prove that the
expected number of days needed to tag all the animals is n >, | 1/i.

Solution 9. Let T; be the random variable corresponding to the number of days between
tagging of the i-th and (¢ 4+ 1)-th animal. Note if ¢ animals have already been tagged, the
probability of capturing an untagged animal is 1 — i/n. Hence, P(T; = 1) = 1 —i/n, and
in general, P(T; = k) = (1 —i/n)(i/n)*1. That is, T} is a geometric random variable for
i=1,...,n— 1 with parameter 1 — i/n. (The random variable Ty is such that To(w) = 1
identically.) In particular, E(7T;) = -*=. Thus the expected number of days need to tag all
the animals is

n—1 n—1 n 1

Problem 10. Let X and Y be independent Poisson random variables with parameters A
and p respectively. What is the conditional distribution of X given X +Y =n?

Solution 10. First we find that the distribution of the sum X + Y is Poisson with parameter
A+

n

P(X+Y=n) = > P(X=i,Y=n—i

i=0
= ) P(X =i)P(Y =n—1i)
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Thus the conditional distribution of X given X +Y = n is given by

P(X =i, X+Y =n)
P(X+Y =n)
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P(X =i|X+Y =n) =
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which is the binomial distribution with parameters n and 5 e

Problem 11. Let X and Y be independent geometric random variables with the same
parameter p. What is the conditional distribution of X given X +Y =n?

Solution 11. For n = 2,3, ... we have

P(X+Y =n) = niIP(X:@')IP’(Y:n—i)

n—1

= Y p(l—p)'pl—p!

i=1
= (n—1)p*(1-p)"°
and hence for i = 1,...,n — 1 we have
P(X =i, X+Y =n)
P(X+Y =n)
p(1—p)'p(d—p
(n—1)p*(1 —p)"~2
1
n—1

P(X =X +Y =n) =

)nfifl

and the conditional distribution of X given X +Y = n is uniform on the set {1,...,n —1}.

Problem 12. Let X be a geometric random variable. Prove that P(X =n+ m|X > m) =
P(X =n) for all m,n = 1,2,3,.... Why does one say that geometric random variables are
memoryless?

Solution 12. Since X is geometric, there is a p such that 0 < p < 1 and P(X = k) =
p(1—p)Ftfork=1,2,.... Hence P(X >m) =>7"  p(l—p)*'=(1-p)™and

P(X =n+m,X >m)
P(X > m)
p(1 —p)mt
(1—p)m
= p(l—p)"' =P(X =n)

P(X=n+m|X >m) =

Problem 13. Let X be an exponential random variable. Prove that P(X > t + s|X >
s) = P(X > t) for all s, > 0. Why does one say that exponential random variables are
memoryless?

Solution 13. Since X is exponentially distributed, there is a A > 0 such that the density
fof X is f(z) = Xe™ for # > 0 and f(z) = 0 for < 0. Hence for all s > 0 we have



P(X > s) = [7° Ae™dz = ¢™** and hence

P(X >t+s,X >s)
P(X > s)
e—)\(t-‘rs)

PX >t+s|X >s) =

ef)\s
= e M=P(X >1)

Problem 14. Let X, ..., X, be uncorrelated random variables with mean 0 and variance
1. Let X = %Z?:l X;. By using Chebyshev’s inequality, find the smallest n such that

- 1
P(X]|>2) < —.
(%] >2) < o

Now redo this problem under the additional assumption that the random variables X1, ..., X,
are jointly normal.

Solution 14. The sample mean X has mean zero and variance 1/n. By the Chebyshev’s
inequality

_ 1
P(|X| > 2) < —.
(1X]>2) < -
Hence n = 25 suffices.

If Xi,...,X, are jointly normal, then the random variable Z = /nX is a standard
normal. By the symmetry of the standard normal density we have

B(X|>2) = P(Z|>2Vn)
= 2(1-P(Z < 2yn)).

Since ®(2.58) ~ 0.995, the answer is the smallest integer solution to 2/n > 2.58, which is
n=2.

Problem 15. Let X and Y be independent exponential random variables with parameters
A and p respectively. Show that U = min{X, Y} is exponential with parameter A+ p. Show
that the events {U <t} and {X < Y} are independent for all ¢.

Solution 15. P(U > t) = P(min{X,Y} > t) = P(X > t.Y > t) =P(X > )P(Y > t) =
e~ Ot Hence P(U < t) = 1 — e~ Mt That is, the random variable U has the exponential
distribution with parameter \ + p.

The desired probabilities can be calculated by integrating the joint density of the appro-
priate region:

PX<Y) = / / e MYy dy
=0 Jy=x

= / e~ ATy gy,
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and

t 00
PU<t,X<Y) = / / e M dy dy
z=0 Jy=x

t
— / /\,ue_(”“)ydy
z=0

= L(l — 6—(A+u)t)

A+ p
= P(X <Y)P(U <t)
and so the events {U <t} and {X < Y} are independent.

Problem 16. Let X and Y be identically distributed random variables with finite mean
and variance. Show that U = X +Y and V = X — Y are uncorrelated. Show by example
that U and V need not be independent.

Solution 16. E(V) = E(X-Y) = u—p=0and E(UV) = E(X?-Y?) = o2+ 12— (0% +pu?*) = 0
Cov(U, V) = E(UV) — E(U)E(V) = 0

Let X and Y be independent Bernoulli random variables with parameter p. Then the
events {U =2} ={X =1,Y =1} and {V =1} = {X = 1,Y = 0} are not independent
since

PU=2V=1)=0#p*(1-p) =PU =2)P(V =1).
The random variables U and V' are dependent.

Problem 17. Let X ~ N(u,0?). Find the moment generating function M where M(t) =
E(e!™) for all real t.

Solution 17. Since X = p+ 0Z, where Z ~ N(0, 1), we first compute

& 1 2
E(etZ) _ / etz\/_2_ﬂ.e—z /2d2

— / 1 (z=t)2/2+t%/2 4,
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e y2/2dy

t2/2
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Now

E<etX) — E<€t(u+02))
— etuE<6tUZ)
et,quthQ /2



Problem 18. If the random variable X is normal with mean g and variance o2 then Y =
exp(X) is said to be log-normal. Compute the mean and variance of Y.

Solution 18. As before, let X = u+ 0Z where Z ~ N(0,1).

E(Y)=E(e¥) = E(e")

€u+a2/2
and
E(Y?) = E(e2X) = E(e2+%7%)
€2u+202
so that

2

Var(Y) = E(Y?) = E(Y)? = 2477 (¢ — 1).

Problem 19. Let X be a random variable with density function fx where fx(t) = %e“”
for all ¢ € R. Find the characteristic function of X. Let Y be a Cauchy random variable.
Find the characteristic function of Y. (You may need to evaluate a contour integral.)

o 1 1
_ —|t\ ist dt =

Solution 19.

To compute the characteristic function of Y, first suppose s > 0.

by(s) = = / g

1 182 s isRei9+i0R
— - lim 7{ A P / T
T Rioo \ Jp, 1+ 22 o 1+ R2e%?

where T'g is the contour in the complex plane {t + 0i : t € [-R, R]} U{Re" : § € [0,7]}
where the integration is performed counterclockwise on F Rr- Since z — £ in meromorphlc

I+z
in the interior of I's with simple pole at ¢« we have that

eisz B
]{ 2dZ:7T€s
FR1+Z

by the residue theorem. Also

T zsRe7‘9+'LBR ™ o—sR sin(@)R
< ——df — 0
}/ 1+R26219 |—/0 R2 -1 -



since s > 0, so that
oy (s) = e ® for s > 0.

A similar computation for the case s < 0 using the contour I'y = {¢t +0i : t € [-R,R|} U
{Re? : 0 € 7,27} shows that

py(s) = e ¥ for all s € R.

[The point of this exercise is to see a special case of the Fourier inversion formula: If X is a
random variable with differentiable density fx and characteristic function ¢x then

Felt) = - /OO ety (s) ds.
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