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Problem setting

R = (rj) data matrix

True correlation matrix C

N variables, T timesteps

Standard limit: fix N, T — oo

"

C—C

Curse-of-dimensionality limit:
N, T—-00, N/T=¢g>0

C ~ P(C), noisy



Why g > 0: non-stationarity

BN 75 = T
Figure 1: Left: EWMA estimator of average pairwise correlations of daily returns in

EuroStoxx 50 index. Right: one year EMWA correlation between two ETF of the the
S&P 500: SPDR XLE (energy) and SPDR XLK (technology)

[Cont and Wagalath (2013)]


https://papers.ssrn.com/sol3/papers.cfm?abstract_id=1722508

Noise: what to filter?

Spectral Decomposition of C

C=Viav
¢ =VIAV
where
e V: eigenvectors matrix (N x N)
e A =diag(A1,...,An): N eigenvalues

AM>-->An>0



Tissue

Filter V and A: ansatz
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Hierarchical ansatz

Hierarchical Clustering Average Linkage (Tumminello, Lillo,
Mantegna 2007)
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Tissue

HCAL: gene expression
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Are dependencies strictly hierarchical?
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Problem: hierarchical clustering is fragile

Bongiorno, Micciché, Mantegna (2022) [link]
® Build bootstraps of data matrix
® Compute hierarchical clustering

® The tree structure is not robust


https://www.sciencedirect.com/science/article/pii/S0378437122000498

Solution: break and average HCAL

Bongiorno and Challet [2021] [2023]

1. Bootstrap times of R B times

R—R® p=1,... B

2. Apply HCAL to each bootstrap

c(P) _ c(b)<

3. Average
B
cBaHc _ 1 3 )<

B b=1


https://journals.plos.org/plosone/article?id=10.1371/journal.pone.0245092
https://www.tandfonline.com/doi/full/10.1080/1351847X.2021.1963301
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BAHC=(HCAL)

Original HCAL filtering

Bootstrap HCAL filtered copies

BAV filtering

¢ Good eigenvectors

® Sub-optimal eigenvalues



What is a good covariance estimator?

Filtered matrix = minimises some distance with true matrix

® (C known, one-shot context
1= - Cl]
® C unknown, in-sample + out-of-sample windows
1= — Eoutl|
Example: option basket, portfolio optimization (finance, etc)

1. What is a good distance?

2. How to build an optimal estimator?



A formal approach to correlation/covariance cleaning

® True correlation C

Estimated correlation E = C

Wishart (1928) [link]

NT/2 T—N—1
P(E|C) — T det(E) 2 e—%TrC_lE
2NT/2[ (T /2) det(C)T/2

Special case: C = Iy

P(E|C) o det(E) e 2 E

— eigenvalues only

Reciprocal question
P(C|E)?


https://www.jstor.org/stable/pdf/2331939.pdf?casa_token=hslGvdwiHg4AAAAA:t1r5tUpe-aSbHMUCcgq-vaxO4L6qX7md-UA0G7F0Na11HLXujb9HVdVSvap3Ni5kTH8USeJkQtmAhiCFEtwofUoePSKhL7-wDlt5I5Zjuvcw7WyIrjY

Random matrix theory (RMT)

Alpha Particle (o)

Radioactive Nucleus <

i [source]

e
8 Spectrum of

[source]

® Energy levels: eigenvalues of the energy operator
° Wigner:
® Energy separation 6 E is so complex is looks random.
® E[P(6E)],and E[P(E)]: universal for a given matrix family


https://chem.libretexts.org/LibreTexts/University_of_Kentucky/UK%3A_CHE_103_-_Chemistry_for_Allied_Health_(Soult)/Chapters/Chapter_10%3A_Nuclear_and_Chemical_Reactions/10.1%3A_Nuclear_Radiation
https://www.hzdr.de/FWK/MITARB/rs/highspin.html

Empirical spectrum of correlation matrices

Laloux et al. (1999), Plerou et al. (2002)
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Eigenvalue ).

® 08% of eigenvalues from random bulk: RMT

® |arge eigenvalues not from finite N



Rotationally Invariant Estimators

® Hyp: no information about C, thus no privileged structure of
eigenvectors

A

— keep eigenvectors V
— tweak the eigenvalues

® R]| estimator

==>¢)vlv



RIE: linear shrinkage

Ansatz
Cla)=(1—-a")E+a*F

where F is a target matrix

Ledoit and Wolf (2004) give

a* = argmin ||C — C(a)||?

Special case:

Eigenvalues:



&

Empirical, clipped and shrunk eigenvalues

o

— 1o cleaning
== linear

— clipping (MP)

s3]



Optimal RIE

¢ Oracle eigenvalues: use true correlation matrix

AOracle _ diag (VTCV)

e Optimal RIE: replace A by AOracle

¢ Figenvalues of C from those of E?



Link between E and C

Marcenko-Pastur equation:

zge(z) = Z(2)gclZ(2)]

2@ =1 q+ qzge(2)

zeC

where
viv;

1
om(2) = NTer: zZ— A

is the Stieltjes transform of M and ({v}, {)}) eigenvectors and
eigenvalues of matrix M




Optimal stationary RIE: NLS

Define
o A

A)= . .
3% |1 — g+ gXlim,_o+ ge(A — in)|?

Note that é independent from C

Miracle:

lim é‘_> £oracle
N/T=q,N,T—c0,

if
1. Cis constant
2. finite 4-th/12-th moment

3. infinite systems



® Small A

® |arge A

Some limits

Q)= A—2g+ O(1/A) : affine



Graphically

From Bun et al. (2017) [link]
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https://polymer.bu.edu/hes/rp-bun-bouchaud17.pdf

Graphically
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What about non-stationary systems?

E.g. financial markets:

N\Oracle _ diag <\/,':r1cout \/m>

DL says (Bongiorno, Challet, Loeper [2023]):
® Fix Nand T

® |n many subperiods, average

diag ( V,I; Cout Vm)

— Average Oracle


https://iopscience.iop.org/article/10.1088/1742-5468/acb7ed/meta

How to compute the AO

Average over many IN-OUT time intervals
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How to compute the AO: calibration window

Average over many IN-OUT time intervals

Calibration window Zy)

today
2 2 1 1
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Figure 1: Average Oracle eigenvalues computation: Oracle eigenvalues are
computed in many sub-intervals of a long calibration window and then averaged
rank-wise. These eigenvalues can then be used outside of the calibration window.



Average Oracle

® Fix N, étip, Stour
® |n calibration window, repeat B > 1 times:

® random choice of periods
® (random choice of assets)
® compute /\,?r"de, b=1,---,B

® Average Oracle: rank-wise

B
1
)\QO —— z :)\/?racle
B b=1



Average Oracle

MO = E [diag (Vi Cone Vin)|

® Average influence of future over past eigenvalues
® Average influence time-evolution of C

 Ais irrelevant to eigenvalue cleaning (zero-th order
approximation)
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Results: stationarized (shuffled) returns N = 100

US (stationary)
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Results: Global Minimum Variance portfolios N = 100
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Global Minimum Variance portfolios (stationarized data)

N = 100
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Global Minimum Variance portfolios (stationarized data)

N = 100
US equities (stationary) e AQ better than Oracle
0.120 e AO
NLS
Oracle
60‘“5 ® GMV not equivalent to
0110 minimum of Frobenius norm
\“*“Ww
0.105 B&Ch (2022)
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Strain [arxiv 2112.07521]


https://arxiv.org/pdf/2112.07521.pdf

Ocv — 0Oa0

AO vs NLS: time evolution
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Transfer learning

e Calibrate AO on US data
e Apply it on HK data (N =100 )
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Why AO works

. Less noise

. Non-stationarity

. Heavy tails

. Finite size systems



N = 100, ti, = 300
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2. Non-stationarity

® Decomposition

02
2
/\Oracle = (Vttrain \/test) /\test =0° /\test

O : rotation matrix from Vipain 10 Viest
0°2 = (Og) overlaps between eigenvectors

® fact
E(O°®Mtest) = E(O°)E (Atest)

¢ Influence of 0°2 on Frobenius norm?



Simple non-stationary model

® Fixed eigenvalues, random eigenvector rotations, amplitude s

® Compute £(0°2) from model and also from stationarized data
from the model
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AO vs NLS

Alternating world
C(k) = COJ Cl; CO; Cl

NLS ~- wrong matrix
AO ~~ average matrix
General idea if C(k+1) =G

IEVES — G|~ [|Go— Gil| > ||Z2° = G| ~ ||

G+ G
2

- G|



3. Role of heavy tails

Factor model with Student t-distributions, tail exponent v
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What is a good distance?

® Calculus: Frobenius, Kullback-Leibler

¢ Portfolio: not Frobenius (Bongiorno and Challet [2023])
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https://www.sciencedirect.com/science/article/pii/S1544612322005608

Conclusions

Average Oracle recipe: just plug in the AO eigenvalues
AOQ: better than “optimal” RIE for non-stationary systems

AO: zero-th order correction of non-stationarity

TODO:

1. write a paper about AO vs DCC+NLS
2. maths: AO with estimation noise






