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An ‘explicit’ solution to an optimal investment problem
Consider a financial market with two assets, whose prices (B, S) evolve as
dBt = Btrtdt
dSt = St(ut dt + oy th)

where W is a Brownian motion. Recall that a self-financing investor’s wealth X? can be
written as

t t
X! = Xyexp {/ [rs + 0s(ps — 1s) — 0202 /2]ds + / Hsades}
0 0

where 0, is the fraction of the investor’s wealth held in the risky asset. We will assume that
o, > 0 and use the notation \; = (uy — 1) /0y.

As usual, all the processes are adapted to a filtration (F;);>o. We will now make more
assumptions on the structure of this filtration, and then exploit this additional structure to
solve a utility maximisation problem.

Let W be another Brownian motion which is correlated with W, such that

(W, W>t = pt

for a fixed correlation —1 < p < 1,p # 0. Let (F;)i>0 be the filtration generated by the
processes (W, W). )

Let (F:)i>0 be the filtration generated by W. This filtration is strictly smaller than (F;):>o
if |p| < 1.

A§sumption. The processes (1, u, o) are predictable with respect to the smaller filtration
(Ft)eo0-

Check that the model considered by Zariphopoulou in 2001 fits into this framework.
Now consider the problem
maximise E[U(X2)]

where U(z) = 4= ; where the coefficient of relative risk aversion is 0 < R < 1.

Theorem.! Define a positive random variable ¢ by

¢ =exp { / ) (1= R)[L+ ()% + (A /2) ds + / ' Aw(%)dm}
and assume it is integrable. Then for all 6 we have
E[U(X7)] < U (Xo)[E(¢) /=00
with equality if and only if

1—

_ PYE+ A
o(R+ (1 — R)p?)

O

IThis is one of the main results of my paper, (2004) Explicit solutions to utility maximization problems
in incomplete markets. Stochastic Processes and Their Applications 114(1): 109-125.
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where + is the process (guaranteed to exist by It6’s martingale representation theorem) such
that
1 T T 5
¢ =E() exp{—§/ 7§d8+/ %dWS}.
0 0

It will be notationally easier to prove this theorem via two lemmas:
Lemma. Let p and ¢ be constants such that —1 < p < 1 and ¢ > 1. Let (a);>¢ be be
predictable with respect to the larger filtration (F;):>0 and (8):>o be be predictable with
respect to the smaller filtration (F;)i>o. Let

t 1 t
Ty = €Xp {_ / <§[<q - 1>p2 + 1]0&? + pasﬁs) ds + / Oésdws}
0 0
t 1 t _
Zy = exp {— / —B2ds + / 5SdWS}
0 2 0

E{ZT[E(WU}TV” <1
with equality if and only if « is predictable with respect to the smaller filtration (F;):>o and
the local martingale defined by

t 1 t 5
exp {—/0 5(/@5 + pqa)?ds + /0 (Bs + pqas)dWS}

Then

is a true martingale.
Proof. 1t6’s formula says

1
dnt = — (§(q — 1)p2’l7t0zf + pat,ﬁmt) dt + ntatth.

Recall that the above differential notation actually denotes an equality for stochastic inte-
grals.
Now, with a little work we can show

t t
E (/ kdes‘./T"T> = p/ E(k’s|./—"T)dWS
0 0

so that

dE(n;) = — (%(q - 1)02E(nta?) + pﬁth(amt)) dt + PE(mat)th.

where we’re now using the notation E(-) = E(-|Fy).
Again, T1td’s formula says (after some calculation...)

HZ B )]} =2 ()Y 2 (B - Em)Emo?) ) dr

+ ZJE)] " E(ne) B + apE(nec)|dW,.

Note that the drift term is non-positive by the Cauchy—Schwarz inquality, and hence the
expression above defines a positive supermartingale. This proves

E{Z,[E(n))"} < 1.

Note that the supermartingale is a local martingale if and only if «y is Fr-measurable.
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The following lemma uses the same notation as above:
Lemma. Let £ be an positive Fp-measurable random variable. Then

E[¢nr] < [B(Z7 /@ ¢a/la-D)ya-1/a
with equality if and only if
T T
—1/(q— 1 ~
2,1V = Cexp {— / 5 (8o + pga)’ds + / (8, + pqas>dws}
0

0

where C' = E(Z;l/(q_l)fq/(qfl)).
Proof. This is just Holder’s inequality:

El¢nr] = E[EE(nr)]
< [B(Zp " Dgo/ D) e DB (2B () )]
and the result follows from the previous lemma and the condition for equality in Holder’s

inequality. U

Proof of the theorem. Note that

T T
U(X%) = U(Xy) exp {/ (1 - R)ry + (1 — R)0,0,)\s — (1 — R)0%0%/2]ds + / R)0,0,dW, }
0 0
Now we can apply the second lemma to our problem with 5, = A\;/p, au = (1 — R)o,0; and
_R+(1-R)’
- (1-R)p?

and -
5 _ efo (17R)r5ds.



