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1. Introduction

Can volatility, which is present in virtually every financial
market and usually thought of in terms of a risky invest-
ment’s downside, serve as an ‘engine’ for financial
growth? Paradoxically, the answer to this question turns
out to be positive.

To demonstrate this paradox, we examine the long-run
performance of constant proportions investment strate-
gies in a securities market. Such strategies prescribe
rebalancing the investor’s portfolio, depending on price
fluctuations, so as to keep fixed proportions of wealth in
all the portfolio positions. Assume that asset returns form
a stationary ergodic process and asset prices grow (or
decrease) at a common asymptotic rate p. It is shown in
this paper that if an investor employs any constant
proportions strategy, then the value of his/her portfolio
grows almost surely at a rate strictly greater than p,
provided that the investment proportions are strictly
positive and the stochastic price process is in a
sense non-degenerate. The very mild assumption of non-
degeneracy we impose requires at least some randomness,
or volatility, of the price process. If this assumption is
violated, then the market is essentially deterministic and
the result ceases to hold. Thus, in the present context, the
price volatility may be viewed as an endogenous source of
acceleration of financial growth. This phenomenon might
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seem counterintuitive, especially in stationary markets
(Evstigneev and Schenk-Hoppé 2002, Dempster et al.
2003), where the asset prices themselves, and not only
their returns, are stationary. In this case, p=0, i.e. each
asset grows at zero rate, while any constant proportions
strategy exhibits growth at a strictly positive exponential
rate with probability one!

To begin with, we focus on the case where all the assets
have the same growth rate p. The results are then
extended to a model with different growth rates
o', ..., pX In this setting, a constant proportions strategy
with proportions 1! > 0,...,1% > 0 grows almost surely
at a rate strictly greater than ), Afpk (see Theorem 1 in
section 2).

The phenomenon highlighted in this paper has been
mentioned in the literature, but its analysis has been
restricted to examples involving specialized models. The
terms ‘excess growth’ (Fernholz and Shay 1982) and
‘volatility pumping’ (Luenberger 1998) have been used
to name similar effects to those discussed here. Cover
(1991) used the mechanism of volatility pumping in the
construction of universal portfolios. These ideas have
been discussed in connection with financial market data
in Mulvey and Ziemba (1998), Mulvey (2001), and Dries
et al. (2002). Such questions have typically been studied in
the context of maximization of expected logarithmic
utilities—°log-optimal investments’ (Kelly 1956, Breiman
1961, Algoet and Cover 1988, MacLean et al. 1992,
Hakansson and Ziemba 1995, Li 1998, Aurell et al.
2000). In this paper we ignore questions of optimality
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of trading strategies and do not use the related notion of
expected utility involved in optimality criteria.}

Constant proportions strategies play an important role
in various practical financial computations, see e.g.
Perold and Sharpe (1995). The assumption of stationarity
of asset returns is widely accepted in financial theory and
practice allowing, as it does, expected exponential price
growth and mean reversion, volatility clustering and very
general intertemporal dependence, such as long memory
effects, of returns. However, no general results justifying
and explaining the fact of volatility-induced growth have
been established up to now. In spite of the fundamental
importance and generality of this fact, no results
pertaining to an arbitrary constant proportions strategy
(regardless of its optimality) and any securities market
with stationary non-degenerate asset returns have been
available in the literature. The purpose of this paper is
to fill this gap.

Most of our results are rather easy consequences of
some general mathematical facts, and the mathematical
aspects do not play a crucial role. The main contribution
of the present work is that we pose and analyse a number
of questions that have not been systematically analysed
before. These questions are especially interesting because
the common intuition currently prevailing in the
mathematical finance community suggests wrong answers
to them (see the discussion in section 4). Therefore it is
important to clarify the picture in order to reveal and
correct misconceptions. This is a central goal in this
study.

The paper is organized as follows. In section 2 we
describe the model, formulate the assumptions and state
the main results. Section 3 contains proofs of the results
and a discussion of their intuitive meaning. In sections 4
and 5 we analyse the phenomenon of volatility-induced
growth from various angles, focusing primarily on the
case of stationary prices. We answer a number of
questions arising naturally in connection with the theory
developed. In section 6, we show how this theory can be
extended to markets with small transaction costs.
Section 7 analyses an example in which estimates
for the size of transaction cost rates allowing volatility-
induced growth can be established.

2. The model and the main results

Consider a financial market with K> 2 securities (assets).
Let S, := (S,l, ..., SK) denote the vector of security prices
at time r =0, 1,2,.... Assume that S,k > 0 for each ¢ and
k, and define by

_ S

R,k =—
St

(k=1,2,.. K, t=12,.) (1)

the (gross) return on asset k over the time period (r — 1, 1].
Let R, :=(R/,..., RK). At each time period ¢, an investor
chooses a portfolio h, = (b}, ..., h[}), where h,k is the num-
ber of units of asset k in the portfolio /,. Generally, &,
might depend on the observed values of the price
vectors Sy, Sy, ..., S,. A sequence H = (hg, hy, . ..) specify-
ing a portfolio &, = h,(Sy,...,S,) at each time ¢ as a
measurable function of Sy, Si,...,S, is called a trading
strategy. If not otherwise stated, we will consider only
those trading strategies for which 4 > 0, thus excluding
short sales of assets (h* can take on all non-negative real
values).

One can specify trading strategies in terms of
investment proportions (or portfolio weights). Suppose
that for each r=1,2,..., we are given a vector
A, =), 4 ) in the unit simplex

K
A5 k>, ZA":I .

k=1

A=1a=("...

The vector A, is assumed to be a measurable function
of Sy,...,S,. Given an initial portfolio hy (specified by a
non-negative non-zero vector), we can construct a trading
strategy H recursively by the formula

W =2kSh,_/SE k=1,2,...,K, t=1,2,..). (2)

Here the scalar product S,h,_; = Z,{i 1 Sknk, expresses
the value of the portfolio /,_; in terms of the prices S,k at
time f. An investor following the strategy (2) rebalances
(without transaction costs) the portfolio /,_; at time ¢ so
that the available wealth S,/,_; is distributed across the

assets k=1,2,...,K according to the proportions
AL, .. 2K It is immediate from (2) that
Sh,=Sh_y, t=12,..., 3)

i.e. the strategy H is self-financing. If a strategy is
self-financing, then the relations (2) and

Skpk =aksh, t=1,2,..., (4)
are equivalent. If the vectors of proportions A; are fixed
(do not depend on time and on the price process),
ie.n, =r=1"...,1%) € A, then the strategy H defined
recursively by

hE=a%Sh_ /s (k=1,2,... K, t=1,2,..) (5

is called a constant proportions strategy (or a fixed-mix
strategy) with vector of proportions A= A5.
If A¥ >0 for each k, then H is said to be completely
mixed.

We will assume that the price vectors S,, and hence the
return vectors R,, are random, i.e. they change in time as
stochastic processes. Then the trading strategy

FIn connection with the discussion of relevant literature, we can mention a strand of publications dealing with Parrondo games
(Harmer and Abbott 1999). Models considered in those publications are based on the analysis of lotteries whose odds depend on the
investor’s wealth. It is pointed out that losing lotteries, being played in a randomized alternating order, can become winning. In spite
of some similarity, there are no obvious direct links between this phenomenon and that studied in the present paper.
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h,, t=0,1,2,..., generated by the investment rule (2)
and the value V, = S,h, t =0,1,2,..., of the portfolio
h, are stochastic processes as well. We are interested in
the asymptotic behaviour of V, as t — oo for constant
proportions strategies.

We will assume:

(R) The vector stochastic process R, t =1,2,..., is
stationary and ergodic. The expected values
E| lnR,kl, k=1,2,...,K, are finite.

Recall that a stochastic process R, R,,... is called
stationary if, for any m =0, 1,2, ... and any measurable
function ¢(xg, X1, . .., X,,), the distribution of the random
variable ¢, := ¢(R,, R y1,..., R,) (1 =1,2,...) does not
depend on r. According to this definition, all probabilistic
characteristics of the process R, are time-invariant. If R, is
stationary, then for any measurable function ¢ for which
El¢(R,,R,,1,..., R )| < oo, the averages

¢1+"'+¢t
t

(6)

converge almost surely (a.s.) as t — oo (Birkhoff’s ergodic
theorem—see, e.g. Billingsley (1965)). If the limit of all
averages of the form (6) is non-random (equal to a
constant a.s.), then the process R, is called ergodic.
In this case, the above limit is equal a.s. to the
expectation E¢,, which does not depend on ¢ by virtue
of stationarity of R,.

An example of a stationary ergodic process is a
sequence of independent identically distributed (i.i.d.)
random variables. To avoid misunderstandings, we
emphasize that Brownian motion and a random walk
are not stationary. According to the conventional
probabilistic terminology, these Markov processes are
(time) homogeneous.

We have S¥ = SKR[ ... RF, where (according to (R))
the random sequence R/ is stationary. This assumption
on the structure of the price process is a fundamental
hypothesis commonly accepted in finance. Moreover, it
is quite often assumed that the random variables
R,k, t=1,2,... are independent, i.e. the price process S,/c
forms a geometric random walk. This postulate, which is
much stronger than the hypothesis of stationarity of R,
lies at the heart of the classical theory of asset pricing
(Black, Scholes, Merton), see e.g. Luenberger (1998).

By virtue of Birkhoff’s ergodic theorem, we have

1 1< !
lim —In S¥ = lim - > InRf=ERf (as) (7)
=1

t—oo f 1—00

foreach k =1,2,..., K. This means that the price of each
asset k has almost surely a well-defined and finite (asymp-
totic, exponential) growth rate, which turns out to be equal
a.s. to the expectation p* := Eln R, the drift of this asset’s
price. The drift can be positive, zero or negative. It does not
depend on ¢ in view of the stationarity of R, Let
H = (hy, hy,...) be a trading strategy. If the limit

1
lim —In(Sh)

2006 stvle (V 7510) [14.4.2007-4-56o0m1 Revised Proof [151-1601

exists, it is called the (asymptotic, exponential) growth
rate of the strategy H.

We now formulate central results of this paper—
Theorems 1 and 2. In these theorems, H = (hg, hy,...) is
a constant proportions strategy with some vector of
proportions A =(A',...,A%) € A and a non-zero initial
portfolio /2y > 0. In Theorems 1 and 2, we assume that the
following condition holds:

(V) With strictly positive probability,
St Sk
AYORE

for some 1 <k,m < Kand 1> 1.

Theorem 1: If all the coordinates A\* of the vector A are
strictly positive, i.e. the strategy H is completely mixed,
then the growth rate of the strategy H is almost surely
equal to a constant which is strictly greater than
Dk 5ok, where p* is the drift of asset k.

Condition (V) is a very mild assumption of volatility of
the price process. This condition does not hold if and only
if, with probability one, the ratio S,k /S;" of the prices
of any two assets k& and m does not depend on ¢. Thus
condition (V) fails to hold if and only if the relative prices
of the assets are constant in time (a.s.).

We are primarily interested in the situation when all the
assets under consideration have the same drift and hence
a.s. the same asymptotic growth rate:

(R1) There exists a number p such that, for each
k=1,...,K, we have ElnR,k =

From Theorem 1, we immediately obtain the following
result.

Theorem 2: Under assumption (R1), the growth rate
of the strategy H is almost surely strictly greater than the
growth rate of each individual asset.

In the context of Theorem 2, the volatility of the price
process appears to be the only cause for any completely
mixed constant proportions strategy to grow at a rate
strictly greater than p, the growth rate of each particular
asset. This result contradicts conventional finance theory,
where the volatility of asset prices is usually regarded as
an impediment to financial growth. The result shows that
in the present context volatility serves as an endogenous
source of its acceleration.

3. Proofs of the main results and their explanation
We first observe that if a strategy H is generated accord-

ing to formula (2) by a sequence A, A,, ... of vectors of
investment proportions, then

K K m

myp m ! m m

Vi=S8h = Z ASIES Z—S’" Si—1hi=
m=1"1t-1

m=1

K Y X

1
- Zsm AS, b =V, ZRfm)‘rnil
m=1"1-1

= (Rt)"l—l ) Vt—l (8)

m=1
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for each > 2, and so
Vt = (Rr)‘t—l)(Rr—l)‘t—z) cee

Proof of Theorem 1:

(RoA)Vy, 1=2. (9)
By virtue of (9), we have

(Rf)\')a

V= [Vi(RD) T RARA) .. (10)

and so

lim lln V,= llm
—oo t

13
Zln(R,,\) = EIn(R2) (a.s) (11)
j=l
by virtue of Birkhoff’s ergodic theorem. It remains to
show that if assumption (V) holds, then
Eln(R,\) > Zk lkl‘ k. To this end observe that condi-
tion (V) is equivalent to the following one.

(V1) For some t>1 (and hence, by virtue of
stationarity, for each 7> 1), the probability

P{R,"' # R/ forsomel <k,m< K}

is strictly positive.

Indeed we have S¥/S" £ SK,/S", if and only if
Sk/Sk | £ 8m/S" . which can be written as RS # R
Denote by 8, the random variable that is equal to 1 if
the event {RX# R™ for some 1<k,m <K} occurs
and 0 otherwise. Condition (V) means that
P{max,.; 8, =1} > 0, while (V1) states that, for some
t (and hence for each ¢), P{§, = 1} > 0. The latter property
is equivalent to the former because

(s =1] =l =

t=1

By using Jensen’s inequality and (V1), we find that

K K
In ; RIAF > ;x" (ln R{‘)

with strictly positive probability, while the non-strict
inequality holds always. Consequently,

K K
EIn(RA) > ZA"E(lnR,") =Y ket (12)

k=1 k=1
which completes the proof. ]

The above considerations yield a rigorous proof of
the fact of volatility induced growth. But what is
the intuition, the underlying fundamental reason for
it? We have only one explanation, which is nothing
but a repetition in one phrase of the idea of the above
proof. If R!,...,RK are random returns of assets
k=1,2,...,K, then the asymptotic growth rates of
these assets are E lnR,]", while the asymptotic growth
rate of a constant proportions strategy is E ln(ZA ‘R5Y,
which is strictly greater than ZA‘E ln(R ) by
Jensen’s inequality—because the function Inx is strictly
concave.
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It would be nice, however, to give a general common-
sense explanation of volatility-induced growth, without
using such terms as a ‘strictly convex function’,
‘Jensen’s inequality’, etc. One can, indeed, find in the
literature explanations of examples of volatility pumping
based on the following reasoning (see e.g. Fernholz and
Shay 1982, Luenberger 1998). The reason for growth lies
allegedly in the fact that constant proportions always
force one to ‘buy low and sell high’—the common sense
dictum of all trading. Those assets whose prices have risen
from the last rebalance date will be overweighted in the
portfolio, and their holdings must be reduced to meet the
required proportions and to be replaced in part by assets
whose prices have fallen and whose holdings must
therefore be increased. Obviously, for this mechanism to
work the prices must change in time; if they are constant,
one cannot get any profit from trading.

We have, alas, repeated this reasoning ourselves (e.g. in
Evstigneev and Schenk-Hoppé (2002) and in an earlier
version of the present paper), but somewhat deeper
reflection on this issue inevitably leads to the conclusion
that the above argument does not explain everything and
raises more questions than gives answers. For example,
what is the meaning of ‘high’ and ‘low’? If the price
follows a geometric random walk, the set of its values is
generally unbounded, and for every value there is a larger
value. One can say that ‘high’ and ‘low’ should be
understood in relative terms, based on the comparison
of the prices today and yesterday. Fine, but what if
the prices of all the assets increase or decrease
simultaneously? Thus, the above argument, to be made
valid, should be at least relativized, both with respect to
time and the assets.

However, a more substantial lacuna in such reasoning is
that it does not reflect the assumption of constancy
of investment proportions. This leads to the question:
what will happen if the ‘common sense dictum of all
trading’ is pushed to the extreme and the portfolio is
rebalanced so as to sell all those assets that gain
value and buy only those ones which lose it? Assume, for
example, that there are two assets, the price S, of the first
(riskless) is always 1, and the price S} of the second (risky)
follows a geometric random walk, so that the gross return
on it can be either 2 or 1/2 with equal probabilities.
Suppose the investor sells the second asset and invests all
wealth in the first if the price S goes up and performs the
converse operation, betting all wealth on the risky asset, if
S? goes down. Then the sequence A, = (A, 1) of the
vectors of investment proportions will be i.i.d. with values
(0,1) and (1,0) taken on with equal probabilities.
Furthermore, A,_; will be independent of R,. By virtue of
(9), the growth rate of the portfolio value for this strategy is
equal to EIn(RA, ) =[In(0-1+1-2)+In(0-1+1-1) +
In1-140-2)4+1In(1-140- %)]/4 = 0, which is the same
as the growth rate of each of the two assets k=1,2 and is
strictly less than the growth rate of any completely mixed
constant proportions strategy.
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4. Stationary markets: puzzles and misconceptions

Consider a market where the price process S, (and not
only the process of asset returns R,) is ergodic and
stationary and where E|In S,k | < oco. This situation is a
special case of stationary returns, because if the vector
process S, is stationary, then the process R, is stationary
as well. In this case the growth rate of each asset is zero,

ElnRF=EInSF—Emst, =o,

while, as we have seen, any completely mixed constant
proportions strategy grows at a strictly positive exponen-
tial rate. The assumption of stationarity of asset prices,
perhaps after some detrending, seems plausible when
modelling currency markets (Kabanov 1999, Dempster
et al. 2003). Then the ‘prices’” are determined by exchange
rates of all the currencies with respect to some selected
reference currency.

We performed a casual experiment, asking numerous
colleagues (in private, at seminars and at conferences)
to promptly guess the correct answer to the following
question.

Question 1: Suppose vectors of asset prices S; =
(S',....S5 fluctuate randomly, forming a stationary
stochastic process (assume even that S, are i.i.d.). Consider
a fixed-mix self-financing investment strategy prescribing
rebalancing one’s portfolio at each of the dates t =
1,2,...50 as to keep equal investment proportions of wealth
in all the assets. What will happen with the portfolio value in
the long run, as t — o0? What will be its tendency: (a) to
decrease; (b) to increase; or (¢) to fluctuate randomly,
converging in one sense or another to a stationary process.

The audience of our respondents was quite broad and
professional, but practically nobody succeeded in guessing
the correct answer, (b). Among those who expressed
a clear guess, nearly all selected (c). There were also a
couple of respondents who decided to bet on (a).

Common intuition suggests that if the market is
stationary, then the portfolio value V, for a constant
proportions strategy must converge in one sense oOr
another to a stationary process. The usual intuitive
argument in support of this conjecture appeals to the
self-financing property (3). The self-financing constraint
seems to exclude possibilities of unbounded growth. This
argument is also substantiated by the fact that in the
deterministic case both the prices and the portfolio
value are constant. This way of reasoning makes the
answer (c) to the above question more plausible a priori
than the others.

It might seem surprising that the wrong guess (c) has
been put forward even by those who have known
about examples of volatility pumping for a long time.
The reason for this might lie in the non-traditional
character of the setting where not only the asset returns
but the prices themselves are stationary. Moreover,
the phenomenon of volatility-induced growth is more
paradoxical in the case of stationary prices, where growth
emerges ‘from nothing’. In the conventional setting of
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stationary returns, volatility serves as the cause of an
acceleration of growth, rather than its emergence from
prices with zero growth rates.

A typical way of understanding the correct answer to
Question 1 is to reduce it to something well known that
is apparently relevant. A good candidate for this is the
concept of arbitrage. Getting something from nothing as
a result of an arbitrage opportunity seems to be similar to
the emergence of growth in a stationary setting where
there are no obvious sources for growth.

As long as we deal with an infinite time horizon, we
would have to consider some kind of asymptotic arbitrage
(e.g. Ross 1976, Huberman 1982, Kabanov and Kramkov
1994, Klein and Schachermayer 1996). However, all
known concepts of this kind are much weaker than
what we would need in the present context. According
to our results, growth is exponentially fast, unbounded
wealth is achieved with probability one, and the effect
of growth is demonstrated for specific (constant propor-
tions) strategies. None of these properties can be directly
deduced from asymptotic arbitrage.

Thus there are no convincing arguments showing that
volatility-induced growth in stationary markets can be
derived from, or explained by, asymptotic arbitrage
over an infinite time horizon. But what can be said
about relations between stationarity and arbitrage over
finite time intervals? As is known, there are no arbitrage
opportunities (over a finite time horizon) if and only
if there exists an equivalent martingale measure. A
stationary process can be viewed as an ‘antipodal
concept’ to the notion of a martingale. This might lead
to the conjecture that in a stationary market arbitrage is
a typical situation. Is this true or not? Formally, the
question can be stated as follows.

Question 2:  Suppose the process S, = (S!,....SK of the
vectors of asset prices is stationary, and moreover, assume
that the vectors S, are i.i.d. Furthermore, suppose the first
asset k=1 is riskless and its price S,1 is equal to one. Does
this market have arbitrage opportunities over a finite time
horizon?

When asking this question, we assume that the market
is frictionless and that there are no portfolio constraints.
In particular, all short sales are allowed. An arbitrage
opportunity over a time horizon r=0,...,7T is under-
stood in the conventional sense. It means the existence
of a self-financing trading strategy (A, ..., /A) such that
Sohy =0, Sphy > 0 a.s. and P{Sthy > 0} > 0.

The answer to this question, as well as to the previous
one, is practically never guessed immediately.
Surprisingly, the answer depends, roughly speaking, on
whether the distribution of the random vector
S, :=(S2,...,8K) of prices of the risky assets is contin-
uous or discrete. For example, if S, takes on a finite
number of values, then an arbitrage opportunity exists.
If the distribution of S, is continuous, there are no
arbitrage opportunities. More precisely, the result is as
follows. Let G be the support of the distribution
of the random vector S, (which is assumed to be
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non-degenerate) and let F := ¢/ co G be the closure of the
convex hull of G. Denote by 9, F the relative boundary of
F, i.e. the boundary of the convex set F in the smallest
linear manifold containing F.

Theorem 3: If P{S’, € 0.F} =0, then for any T there are
no arbitrage opportunities over the time horizon of length
T. If P{S, € 3, F} > 0, then for each T there is an arbitrage
opportunity over the time horizon of length T.

For a proof of this result see Evstigneev and Kapoor
(2006).

5. Growth acceleration, volatility reduction and
noise-induced stability

The questions we analyse in this section stem from an
example of volatility pumping considered originally by
Fernholz and Shay (1982) and later others
(e.g. Luenberger 1998). The framework for this example
is the well-known continuous-time model developed by
Merton and others, in which the price processes
SK(1>0) of two assets k=1,2 are supposed to be
solutions to the stochastic differential equations
dS,k /S[k = udt + oy d W,k , Where the W,k are independent
(standard) Wiener processes and S’g: 1. As is well
known, these equations admit explicit solutions
Sk = explut — (67/2)t + 0, WF]. Given some 6 € (0, 1),
the value V, of the constant proportions portfolio
prescribing investing the proportions 6 and 1—6 of
wealth into assets k=1, 2 is the solution to the equation

dv,
7’ = [0u; + (1 — O)r]di 4 6o d W} + (1 — O)ord W7
t
Equivalently, V/, can be represented as the solution to

the equation dV,/V, = adt+ 6dW,, where [ :=60u, +
(1 =0y, 62 :=(001)> +[(1 — 0)0,]* and W, is a stan-
dard Wiener process. Thus, V,=exp[ir— (52/2)t+
oW,], and so the growth rate and the volatility of the
portfolio value process V, are given by i — (6°/2) and
o. In particular, if u; = u, = u and o; = 0, = 0, then
the growth rate and the volatility of V, are equal to

nw—(@2/2) and =002 +(1—-6>% <0, (13)

while for each individual asset the growth rate and the
volatility are u — (02 /2) and o, respectively.

Thus, in this example, the use of a constant proportions
strategy prescribing investing in a mixture of two assets
leads (due to diversification) to an increase of the growth
rate and to a simultaneous decrease of the volatility.
When looking at the expressions in (13), the temptation
arises even to say that the volatility reduction is the cause
of volatility-induced growth. Indeed, the growth rate
w—(6%/2) is greater than the growth rate w — (02/2)
because o < o. This suggests speculation along the
following lines. Volatility is something like energy.
When constructing a mixed portfolio, it converts into
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growth and therefore decreases. The greater the volatility
reduction, the higher the growth acceleration.

Do such speculations have any grounds in the general
case, or do they have a justification only in the above
example? To formalize this question and answer it, let
us return to the discrete time-framework we deal with in
this paper. Suppose there are two assets with i.i.d. vectors
of returns R, =(R!,R?). Let (£1n):=(R},R}) and
assume, to avoid technicalities, that the random vector
(&,n) takes on a finite number of values and is strictly
positive. The value V, of the portfolio generated by a
fixed-mix strategy with proportions x and 1—x
(0 < x < 1) is computed according to the formula

t
VTR + = 0R7] =2,
Jj=2

Vi

see (9). The growth rate of this process and its volatility
are given, respectively, by the expectation Eln¢, and
the standard deviation,/VarlIn ¢, of the random variable
In¢,, where ¢, := In[x& + (1 — x)n]. We know from the
above analysis that the growth rate increases when mixing
assets with the same growth rate. What can be said
about volatility? Specifically, let us consider the following
question.

Question 3: (a) Suppose Varln& = Varlnn. Is it true
that VarlIn[x& + (1 — x)n] < Varlné when x € (0,1)? (b)
More generally, is it true that Varln[x&+ (1 — x)n] <
max(Varlné&, Varlnn) for x € (0,1)?

Query (b) asks whether the logarithmic variance is
a quasi-convex functional. Questions (a) and (b) can also
be stated for volatility defined as the square root of loga-
rithmic variance. They will have the same answers because
the square root is a strictly monotone function. Positive
answers to these questions would substantiate the above
conjecture of volatility reduction—negative, refute it.

It turns out that in general (without additional assump-
tions on & and n) the above questions 3(a) and 3(b) have
negative answers. To show this consider two i.i.d. random
variables U and V" with values 1 and « > 0 realized with
equal probabilities. Consider the function

f(y):=Varln[yU+ (1 —y)V], y €]0,1]. (14)

By evaluating the first and the second derivatives of this
function at y = 1/2, one can show the following. There
exist some numbers 0 < a_ < 1 and a, > 1 such that the
function f{ y) attains its minimum at the point y =1/2
when a belongs to the closed interval [a_,a,] and it has
a local maximum (!) at y = 1/2 when « does not belong to
this interval. The numbers a_ and a, are given by

ap =2e* —14+/(e* - 1) -1,

where a_ ~ 0.0046 and a, ~ 216.388. If a € [a_, a,], the
function f(y) is convex, but if a¢[a_,a,], its graph has
the shape illustrated in figure 1.

Fix any « for which the graph of f( y) looks like the one
depicted in figure 1. Consider any number y, < 1/2 which
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Figure41. Graph of the function f(y) in equation (14) for
a=10".

is greater than the smallest local minimum of f(y) and
define &:=yU+ (1 —yy)V and n:=yoV 4+ (1 —yy)U.
(U and V¥ may be interpreted as ‘factors’ on which the
returns & and n on the two assets depend.) Then
VarlIn[(§ + n)/2] > VarIn& = Varlnn, which yields a
negative answer both to (a) and (b). In this example
& and n are dependent. It would be of interest to investi-
gate questions (a) and (b) for general independent
random variables & and 7. It can be shown that the answer
to (b) is positive if one of the variables & and 7 is constant.
But even in this case the function VarIn[x& + (1 — x)n] is
not necessarily convex: it may have an inflection point in
(0, 1), which can be easily shown by examples involving
two-valued random variables.

Thus it can happen that a mixed portfolio may have a
greater volatility than each of the assets from which it has
been constructed. Consequently, the above conjecture
and the ‘energy interpretation’ of volatility are generally
not valid. It is interesting, however, to find additional
conditions under which assertions regarding volatility
reduction hold true. In this connection, we can assert
the following fact.

Theorem 4: Let U and V be independent random
variables bounded above and below by strictly positive con-
stants. If U is not constant, then VarIn[yU + (1 — y)V] <
Varln U for all y € (0, 1) sufficiently close to 1.

Volatility can be regarded as a quantitative measure of
instability of the portfolio value. The above result shows
that small independent noise can reduce volatility. This
result is akin to a number of known facts about noise-
induced stability, e.g. Abbott (2001) and Mielke (2000).
An analysis of links between the topic of the present
work and results about stability under random noise
might constitute an interesting theme for further research.

Proof of Theorem 4: can be obtained by evaluating the
derivative of the function f{ y) defined by (14) at y=1.
Basic computations show that

f()=2EV)(—Ee “Z+ Ee ? - EZ), (15)

where Z =In U. The assertion of the theorem is valid

because f'(1) > 0. The verification of this inequality
is based on the following fact. If ¢(z) is a function on
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(=00, +00) with ¢'(z) > 0, then

E[Z¢(2)] > (EZ)E$(Z) (16)

for any non-constant bounded random variable Z. This
fact follows from Jensen’s inequality applied to the
strictly convex function ¥(x) := fox ¢(z)dz and from the
relation ¥(y) — ¥(x) > ¢(x)(y — x) (to obtain (16) put
x:=Z, y:= EZ and take the expectation). By applying
(16) to ¢(z) := —e ™, we find that the expression in (15)
is positive. U

6. Volatility-induced growth under small transaction costs

We now assume that, in the market under consideration
(see section 2), there are transaction costs for buying and
selling assets. When selling x units of asset k at time ¢, one
receives the amount (1 — sf)S,kx (rather than SFx as in
the frictionless case). To buy x units of asset k, one has to
pay (1 + s_lﬁ)Sth. The numbers 85,8i >0,k=12,...,K
(the transaction cost rates) are assumed given. In
this market, a trading strategy H = (hg,hy,...) 1s self-

financing if

kXK:(l el )SE (= nE)
< IXK;(l —gf)s{‘(h{il —h{‘)+, =1, (17

where x, = max{x,0}. Inequality (17) means that asset
purchases can be made only at the expense of asset sales.
Relation (17) is equivalent to

kZK;S,k (htk - htk—1>
- f:siSf‘ (ns - hfl)+—éeks,"(h,"1 - h!")+

k=1

(which follows from the identity x, —(—x), =x).
Therefore, if the portfolio /4, differs from the portfolio
h,_; in at least one position k for which sf #0 and
ek #0, then S,h; < S;h,_y. Thus, under transaction
costs, portfolio rebalancing typically leads to a loss
of wealth. The number S,4,/S,h,_; <1 is called the /oss
coefficient (of the strategy H at time 7).

We say that H = (hy, hy,...) is a constant proportions
strategy with vector of proportions A = (1',...,A%) e A
it Skhk=a%Sh, for allk=1,2,....K and t=1,2,...
(cf. (4)). Let 6 € (0,1) be a constant. Given a vector of
proportions A =(A',...,A%) € A and a non-zero initial
portfolio &y > 0, define recursively

_(1=8)A Sk,

hE = k=1,2,....K,t=1,2,..).
1t S;‘ ( )

(18)

This rule defines a trading strategy with constant
investment proportions A',...,A% and a constant loss
coefficient 1 — 8. We will call it the (8, A)-strategy.
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Theorem 5 below extends the results of Theorems 1
and 2 to the model with transaction costs. As before,
we assume that hypotheses (R) and (V) hold.

Theorem 5: Let r="',....2 % e A be a strictly
positive vector. If § € (0,1) is small enough, then the
(8, 1)-strategy H defined by (18) has a growth rate strictly
greater than Z,lekkpk (a.s), and so if p'=-- =
0% = p, then the growth rate of H is strictly greater
than p (a.s.). Further, if the transaction cost rates
ef, e_lﬁ >0,k=1,2,...,K, are small enough (in particular,
if they do not exceed §/2), then the strategy H is
self-financing.

The purpose of this theorem is to demonstrate that the
results on volatility-induced growth remain valid under
small transaction costs. In contrast with a number of
the questions we considered previously, the answer to
the question we pose here is quite predictable and
does not contradict intuition. We deal in Theorem 5
with constant proportions strategies of a special
form—those for which the loss rate is constant (and
small enough). We are again not concerned with the ques-
tion of optimality of such strategies for one criterion or
another.

Proof of Theorem 5: We first observe that the growth
rate of the strategy H is equal to FEln[(1 —§)R,A]
This fact is proved exactly like (11) (simply multiply the
vectors of proportions in (8), (9), (10) and (11) by (1 — 9)).
According to (12), we have Eln(R,\) > Z,le 1% pk. This
inequality will remain valid if A is replaced by (1 — §)A,
provided &8 € (0,1) is small enough. Fix any such
8 €(0,1). Denote by e the greatest of the numbers
e*, ek It remains to show that H is self-financing
when ¢ < §/2. To this end we note that inequality (17)
is implied by

K K
;a + oSt (hf —hf) = ;(1 - o)Sf (- —ht) .

which is equivalent to

SERE — SEREL| < S,(h_y — ). (19)

K
e
=1

In view of (18), the right-hand side of the last inequality is
equal to S,h,_;, and the left-hand side can be estimated
as follows:

(1 = 8)AS,h,_y — ST, |

K
&

k=1
K K
<& (1=82 Sh_+e) Sihi
k=1 k=1
=e(l —68)Sh,_1+eSh,_; <2eSh,_,.

Consequently, if 0 < & < §/2, then the strategy H is self-
financing. U
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7. Growth under transaction costs: an example

In this section we consider an example (a binomial model)
in which quantitative estimates for the size of the
transaction costs needed for the validity of the result on
volatility-induced growth can be provided. Suppose that
there are two assets k=1,2: one riskless and one risky.
The price of the former is constant and equal to 1.
The price of the latter follows a geometric random
walk. It can either jump up by u > 1 or down by u '
with equal probabilities. Thus both securities have zero
growth rates.

Suppose the investor pursues the constant proportions
strategy prescribing to keep 50% of wealth in each of the
securities. There are no transaction costs for buying and
selling the riskless asset, but there is a transaction cost
rate for buying and selling the risky asset of & € [0, 1).
Assume the investor’s portfolio at time 7— 1 contains
v units of cash; then the value of the risky position of
the portfolio must be also equal to v. At time ¢, the risk-
less position of the portfolio will remain the same, and the
value of the risky position will become either uv or u ™'y
with equal probability. In the former case, the investor
rebalances his/her portfolio by selling an amount of the
risky asset worth A4 so that

v+ (1l —e)d =vu— A. (20)

By selling an amount of the risky asset of value A4 in the
current prices, the investor receives (1 — ¢)4, and this sum
of cash is added to the riskless position of the portfolio.
After rebalancing, the values of both portfolio positions
must be equal, which is expressed in (20). From (20)
we obtain 4 = v(u— 1)(2—¢)~!. The positions of the
new (rebalanced) portfolio, measured in terms of their
current values, are equal to v+ (1—e)d= V[I+
(1—e)2—¢)""u—1). In the latter case (when the
value of the risky position becomes u~'v), the investor
buys some amount of the risky asset worth B, for which
the amount of cash (1 + ¢)B is needed, so that

v—(1+¢&B=u"'v+B.

From this, we find —B=vu"'—1)2+¢)~", and so
v—(1+e)B=1+1+)Q2+e) (=1
Thus, the portfolio value at each time ¢ is equal to its

value at time 7 — 1 multiplied by the random variable &
such that P{E=g'} =P{E=g"} =1/2, where g’ = 1+
A+e)Q2+e) 'w'=1) and g =1+1—-e)x
(2—¢)"'(u—1). Consequently, the asymptotic growth
rate of the portfolio value, EIné = (1/2)(Ing’ +1ng"),
is equal to (1/2)In ¢(e, u), where

1

8:|.

We have Elné& > 0, i.e. the phenomenon of volatility
induced growth takes place, if ¢(e,u) > 1. For ¢ € [0, 1),
this inequality turns out to be equivalent to the following
very simple relation: 0 <e < (u— 1)(u+1)"". Thus,
given u > 1, the asymptotic growth rate of the fixed-mix

-1
B(e,u) = [1 +a +e)”2 +_81M1 +d —5)3:
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strategy under consideration is greater than zero if the
transaction cost rate e is less than &*(u):=
(u—D(u+1)"". We call ¢*(u) the threshold transaction
cost rate. Volatility-induced growth takes place—in the
present example, where the portfolio is rebalanced in
every one periodf—when 0 < & < &*(u).

The volatility o of the risky asset under consideration
(the standard deviation of its logarithmic return) is equal
to Inu. In the above considerations, we assumed that
o—or equivalently, u—is fixed, and we examined ¢(e, u)
as a function of €. Let us now examine ¢(e, u) as a func-
tion of u when the transaction cost rate ¢ is fixed and
strictly positive. For the derivative of ¢(e, u) with respect
to u, we have

, l4+e[l—c¢ s
e =g s e )

If u=1, then ¢,(e,1) <0. Thus if the volatility of
the risky asset is small, the performance of the constant
proportions strategy at hand is worse than the
performance of each individual asset. This fact refutes
the possible conjecture that ‘the higher the volatility, the
higher the induced growth rate’. Further, the derivative
¢.(s,u) is negative when u € [0, u«(g)), where u«(e) :=
(1 —&)"2(1 + &) /2. For u = u«(¢) the asymptotic growth
rate of the constant proportions strategy at hand attains
its minimum value. For those values of u which are
greater than wu«(g), the growth rate increases, and it
tends to infinity as u — oo. Thus, although the assertion
‘the greater the wvolatility, the greater the induced
growth rate’ is not valid always, it is valid (in the present
example) under the additional assumption that the
volatility is large enough.

8. Conclusion

In this paper we have established the surprising result that
when asset returns are stationary ergodic, their volatility,
together with any fixed-mix trading strategy, generates a
portfolio growth rate in excess of the individual asset
growth rates. As a consequence, even if the growth rates
of the individual securities all have mean zero, the value
of a fixed-mix portfolio tends to infinity with probability
one. By contrast with the 25 years in which the effects of
‘volatility pumping’ have been investigated in the litera-
ture by example, our results are quite general. They are
obtained under assumptions which accommodate vir-
tually all the empirical market return properties discussed
in the literature. We have in this paper also dispelled the
notion that the demonstrated acceleration of portfolio
growth is simply a matter of ‘buying lower and selling
higher’. The example of section 3 shows that our result
depends critically on rebalancing to an arbitrary fixed mix
of portfolio proportions. Any such mix defines the rela-
tive magnitudes of individual asset returns realized from
volatility effects. This observation and our analysis of

links between growth, arbitrage and noise-induced stabi-
lity suggest that financial growth driven by volatility is a
subtle and delicate phenomenon.
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