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e ltis an asset whose payoff is
of some other variable, but th
variable Is not marketed |

~ or many other things.




e Properties and variations of

e Properties and variations of z
pricing

e Axiomatic pricing in continuous tim

| e The abstract Black-Scholes equatio

e The extended Black-Scholes equat

| e Hedging




e Consider a set of n assets wit
(at the end of a year) y,, V,, Y

and prices pq, Py, Pas - 5 Ppe

Linear pricing implies that a

“combination asset will have the
combination price. That is, Zw, y; W
have price Zw, p.. ]




| where Y IS an efficient risky asset.

=§E(y)—ﬂy,M(y‘M —pMR)]i _'



o |t is always true (if it exist
- given set of assets. |










(when it exists) Is equal to the
projection price (which always




e H is the set of all linear combi
asset payoffs.

® The inner product Is

Bt (y$| Y,) = E(Y, Y,) = E(Y)E(Y,) + Cco
Y, .
@ Since H is finite dimensional, all lp
- subspaces are closed.







E&m-Normw ’rICI
’ cov(y. :

O\

where now Y,, Is the traded asset with
price 1 and minimum norm.

:ElF(y)_lBy,M V w _pMR):Ioé




-yl—R =14, y,=
q °*c,=0,=.20
1 *Uncorrelated.

.
T

mplled risk-free return = 1.2
= EQy(y: + 2,124
f Y1 t2Y,
Ro)™ [E(Y) -cov(y, Ym)(E(Ym)- Pm Ro)/ow’]




e Same y, and Y, as before.
® Risk-free returnis R;
e Critical value s R; = 1.1

h .&. In some cases there Is no efficient ri
{ portfolio and hence no CAPM formui
But there Is always a minimum norm
pricing formula. 5
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E(y) COV(y1 yM)(ZYM — Py "
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| where now y,, is an asset most correlated wit
| (The magnitude and risk-free component are




dvantages

e Solidly based on projection the




e Solidly based on projection the

e The correlation pricing formula
asset y uses the prices of assets th
similar to y.

e |t IS a rigoroug=mxpression of “pricing

comparable
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e Use general portfolio theory
| prices

Zero level prices

‘Does result depend on utility fun
» Applications







Add an asset

® Suppose asset with payoff xisn
the market but is available to you.
What Is the logical price?

® Theorem. Assume there is no
arbitrage Iin the original system. Then
there Is an open interval of the real line
such that for p, in this interval no
arbitrage Is possible.

e For coin flip, what is the interval?




‘e Theorem. There is a price p
that x Is taken In the portfolio a
level. Thus, the optimal portfolic

| not change. |
| e This is called the zero-level price.

| e For coin flip, what is the zero-level
| price? |

{




| HI\/Iimize E[U(Y,)]

+.00
| eSubtoy,=a,y;+a,y, e
; ’an+1Rf

+a.,.
+lll +an pn
= a1 Pt axp;
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e E[U’(y,) Y] =L p; foreachiz
i . > 0.
| @ Can find A=RE[U’ (y,) ]

__ P=E[U" (yo) Y]/ RE[U" (Y,) ]

1.

&




dent X

e If X IsIn dependent of all y.'s
can find a unique zero-level price
e Since p=E[U’(yo)xI/R E[U’ (yo) ]
follows that p, = E(x)/ R;. Price is
~universal zero-level price. "

® There are other cases where the zer:
level price Is universal. |

.




e Market prices follow stochastic
processes, such as dx;(t) = 4
o X (t) dz.

® There Is a risk free asset with rate ¢

~ returnr. i

® Frictionless trading is possible at e\i_
Instant. |

~ @ Everyone is a price taker.
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al Idea of O
s .

e \We only need to know how at
price payoffs attime t+dt.

e We use only knowledge of how to
value risk free payoffs and marketec
payoffs.

e Only first-order terms in dt are
relevant.




FOUR AXIOMS:

® Pricing a constant: If Cis const
then P{C}=C-(1- r dt) N
e Pricing a marketed quantity: If xis
evolving market variable that neither
pays dividends nor requires holding

costs,  P{x+dx}=x. =

e P{dt} = dt
- @ P is linear.




X =P{x + dx}=(1- rdt)x+ '
Hence rx dt = P{dx} |
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mental Prici

e A value function on the span o
marketed assets must satisfy

V(1) dt = P{dV(x, 1)}




=V dt +V, dx + %Vxxo-zx2 dt

>{dV} = V,dt +V, rxdt +%VXX0 x“dt _f

rV(x,t) dt = P{dV(x, t)}




L4 — e

e Apply similar idea to payof
the marketed space.

@ Use instantaneous projection ( S

CAPM uses projection).







" @ Definition of price e
Price of
p o P{yl } pr:)JectedyO :
e Pricing equatlon

V (Xot) = P{V (Xg,t) +dV (Xg,1) | M:
LV (%, t)dt=P{dV (x,t)|M} '
| ® For standard case

=M +V, pX + B o ]dt+V o, X, 0z, __

IGIRX, Xl B




E|(dz, —adt—bdz,,)dt]=0

 E[(dz, — adt - bdz,,)dz,, ]=0
= a= O’ b :pem

{dze | M }:Pemdzm




i rom operational calculus:
q X dt=P{dx, }=P{u, X dt+c

= 1 Xdt + o X P {dz y |

| P{dzm}:(r_’um)dt
ag O
Finally ]

0t

. P{dze}:(r_ﬂm)Pemdt ‘

Onm




- P{dze [M}=2om(r )t

Om
fine g = /ot
't em = Oem/Om

Pz, | M= (r— gy, )t

O¢




0X; :,Llixidt-l- O'iXidZi | =12, .59
| .Efxe(T)) Payoff function

+ VX X, (xe,t)x2 ¢

,T)_F(xe) Boundary condition




~ @ Most-correlated marketed as
!' - Valid for x and all its derivatives

~ @ Dual Asset
| - Valid for all assets.
- - Always exists
| e Markowitz portfolio
~ _ Valid for all assets
- — May not exist




max,, E{U(W(T)}

- subjectto dW(t) = o dx + adV

-: | W (0) =W,
o X+ oV (X, 1) =W(t)

ution:
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(eWO=UWT)
(Xe’W’t) =max, E{J(X, +dxg,W +

| subjectto AW (t) = arj dx + g\

' W (0) = W,
ay X+ aV (X, 1) =W (t)

lution:

a, =0




e Can replicate at each instant
best fit.

e Begin with V(Xe, 0) dollars and at

Instant allocate fraction y to the m
| correlated asset and 1- y Inthe ri
| free asset, where

B Vxe (Xe ’t) Xeﬂem
BV (X, 1)

Y




d Equat
are linear.
Instantaneous projection consistent.
No arbitrage opportunities generated.
Gives universal zero-level price.
Agrees with B--S if pricing a derivative.
Gives best replication (or best hedge).
Can be based on market or most-correlated portf
Easy to implement (similar to B--S). F
Gives formula for total error after hedge. I3
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il o Discrete time (lattice) methc
q e Risk-neutral form |
| @ More complex dynamics

¥

EXxpectations of any variable
edging




T
OXg = e XAt + o X.dz,  Underlyin

*'" ,LliXidt-FO'iXidZi i=1,2,...,n Sto _

e = WemXedt+0eXedZ,  Risk-Neutral

"-“:__,Ue — fem (W —T) I




e Consider an option on the \
Xe(T) with strike price K. |

- ® Xe May be estimated stock value «

i untraded company.
| e X may be revenue or profit i
| e Can get closed-form expression
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1l 'r(xe 1) =V, +Vy @Xe + "*
@ =ty — Pom (M — r)"

| V.t = el TIN(d)) - ke "
IN(xe /K)+ (@+3 o¢)(T =1,

d. =
\ oV —t

d In(xe /K)+ (-2 62)(T -
. o VI -t




= ..
&

[
——

LY |y
Ao HES &
)

'Standard Option

- K=60,5S=62,T = 5mor_1
Value = 5.85 L

1g Non traded version
_K=60,S=62, T=5mo, r=10%, ¢
' ﬂe — 8%, Gm — 15%, lle — 14%, p:

- — Value =4.79

]

=




seenat t. We may find S fre
0 = E(S) + &
Or, In detall,

"Sxe,uexe+ Sx.x, O'eX +[V

| - S(%,T)=0




® B-S pricing renders a derivati
redundant, in the sense it can
constructed from existing securl

e Extended pricing renders a soft
| dernvative irrelevant, in the sense th
- no risk-averse investor will want it i

portfolio.
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