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Abstract

A firm issues a convertible bond. At each subsequent time, the bond-
holder must decide whether to continue to hold the bond, thereby collecting
coupons, or to convert it to stock. The bondholder wishes to choose a conver-
sion strategy to maximize the bond value. Subject to some restrictions, the
bond can be called by the issuing firm, which presumably acts to maximize
the equity value of the firm by minimizing the bond value. This creates a
two-person game. We show that if the coupon rate is below the interest rate
times the call price, then conversion should precede call. On the other hand,
if the dividend rate times the call price is below the coupon rate, call should
precede conversion. In either case, the game reduces to a problem of optimal
stopping.
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1 Introduction

Firms raise capital by issuing debt (bonds) and equity (shares of stock). The
convertible bond is intermediate between these two instruments. A convert-
ible bond is a bond in that it entitles its owner to receive coupons plus the
return of principal at maturity. However, prior to maturity the holder may
convert the bond, surrendering it for a pre-set number of shares of stock.
The price of the bond is thus dependent on the price of the firm’s stock. Fi-
nally, prior to maturity, the firm may call the bond, forcing the bondholder
to either surrender it to the firm for a previously agreed price or else convert
it for stock as above.

After issuing a convertible bond, the firm’s objective is to exercise its
call option in order to maximize the value of shareholder equity. The bond-
holder’s objective is to exercise the conversion option in order to maximize
the value of the bond. If stock and convertible bonds are the only assets
issued by a firm, then the value of the firm is the aggregate value of these
two types of assets. In idealized markets where the Miller-Modigliani [29],
[30] assumptions hold (see Hennessy & Tserlukevich [18] for a model in which
they do not), changes in corporate capital structure do not affect firm value.
In particular, the value of the firm does not change at the time of conversion,
and the only change in the value of the firm at the time of call is a reduction
by the call price paid to the bondholder if the bondholder surrenders rather
than converts the bond. By acting to maximize the value of equity, the firm
is in fact minimizing the value of the convertible bond. By acting to maxi-
mize the value of the bond, the bondholder is in fact minimizing the value of
equity. This creates a two-person, zero-sum game. The game is complicated
by the fact that one can expect the dividend payment policy of the firm to
depend on the bond price, a feature explicitly modeled in this paper. This
feature causes the bond price to be governed by a nonlinear second-order
partial differential equation, a novel feature of this paper.

This is a companion paper to Sirbu, et. al. [33]. In [33], the bond did not
mature and hence time was not a variable, whereas in the present paper, the
bond has finite maturity and the bond price depends on the time to maturity.

Brennan & Schwartz [8] and Ingersoll [20] address the convertible bond
pricing problem via the arbitrage pricing theory developed by Merton [28§]
and underlying the option pricing formula of Black & Scholes [7]. In the
Brennan & Schwartz [8] model, dividends and coupons are paid at discrete
dates. Between these dates, the value of the firm is a geometric Brownian



motion and the price of the convertible bond is governed by the linear partial
differential equation developed by Black & Scholes [7]. This sets up a back-
ward recursion over payment dates, which permits a numerical solution of
the bond pricing problem but is not readily amenable to qualitative analysis.
In Ingersoll [20], coupons are paid out continuously. For most of the results
obtained, dividends are zero, and because of this, the bond price is again
governed by a linear partial differential equation.

The present paper differs from the classical literature in a second respect.
In [8], the bond should not be converted except possibly immediately prior
to a dividend payment; in [20], the bond should not be converted except
possibly at maturity. Therefore, neither of these papers needs to address the
free boundary problem that arises if early conversion (other than at discrete
dates) is optimal.

Ingersoll [20] provides a heuristic argument that the firm should call as
soon as the conversion value of the bond (the value the bondholder would
receive if he converts the bond to stock) rises to the call price. It is observed
that firms tend to call later than this, and several reasons have been advanced
to explain this departure from the model; see, e.g., [2], [3], [15], [17] [21]. We
show here by a rigorous analysis of the model that although the Ingersoll
conclusion is often valid, it is also possible that the firm should call before the
conversion value of the bond rises to the call price. In these cases, explanation
of observed firm behavior is more difficult than previously believed.

The present paper assumes that a firm’s value comprises equity and con-
vertible bonds. To simplify the discussion, we assume the equity is in the
form of a single share of stock, and there is a single convertible bond. We
assume the value of the issuing firm has constant volatility, the bond contin-
uously pays coupons at a fixed rate, and the firm pays dividends at a rate
that is a fixed fraction of equity. Default occurs if the coupon payments
cause the firm value to fall to zero, in which case the bond has zero recovery.
In this model, both the bond price and the stock price are functions of the
underlying firm value. Because the stock price is the difference between firm
value and bond price, and dividends are paid proportionally to the stock
price, the differential equation characterizing the bond price as a function of
the firm value is nonlinear.

Once the firm and the bondholder choose their call and conversion strate-
gies, the price of the bond is the expected value under the risk-neutral mea-
sure of the cash flows that accrue from ownership of the bond. In [33], The-
orem 2.1, this risk-neutral pricing is justified by no-arbitrage considerations.



The determination of the call and conversion strategies is a Dynkin game
between the firm and the bondholder, and the bond is almost a game option
in the sense of Kifer [24]. In contrast to [24], here the evolution of the under-
lying process, the firm value, depends on the solution to the game. Kallsen
& Kiihn [22] consider a game option setting that includes this possibility.

Recognition that convertible bond pricing is a game is implicit in previous
work. For example, [8] observes that the pricing problem “...results in a
pair of conversion-call strategies which are in equilibrium in the sense that
neither party could improve his position by adopting any other strategy”.
Here we make the game explicit and obtain a good qualitative description of
its value. In particular, if the dividend rate is below the interest rate, then
the game reduces to one of two possible optimal stopping problems, either
the problem of optimal call or the problem of optimal conversion, and we are
able to determine in advance from the model parameters which of these two
problems is relevant.

Convertible bonds can have several features that must be captured by any
model intended for practical application; see [27]. These include periods of
call protection, time-dependent conversion factors, and exposure to interest
rate and default risk. The model of this paper captures only the default
risk, and that via a simple structural model in which default occurs at the
time the firm value falls to zero. Loshak [25] allows nonconvertible senior
debt and uses a more sophisticated structural model for default. Brennan &
Schwartz [9] also allow senior debt. Another interesting issue is the process of
conversion when bonds are held by competing investors; see Constantinides
[11] and Constantinides & Rosenthal [12].

Practical models have been built around the idea that the cash flow from
a convertible bond can be separated into an “equity” part, which should
be discounted at the interest rate, and a “bond” part, which should be dis-
counted at the interest rate plus a credit spread. Papers taking this approach
are McConnell & Schwartz [26], Cheung & Nelken [10], Ho & Pteffer [19],
Tsiveriotis & Fernandes [36], and Yigitbasioglu [37]. Ayache, et. al. [4] ana-
lyze some of this work and conclude that its failure to account for the effect
of default on equity introduces significant pricing errors. This deficiency
is corrected in Davis & Lischka [14], Takahashi et. al. [35], and Andersen
& Buffum [1], who build intensity-based models for default affecting equity
value.

We describe our model in Section 2 and report our main results in Section
3. In particular, the Dynkin game that describes the bond price reduces to



one of two optimal stopping problems and a fixed point problem. Section 4
provides a probabilistic justification for the reduction of the game to optimal
stopping. Viscosity solution results concerning the Hamilton-Jacobi-Bellman
equations governing the optimal stopping problems are provided in Section
5. This permits the proof in Section 6 of the existence and uniqueness of
the solution to the fixed point problem, and this solution is the bond pricing
function. Section 7 relates this paper to perpetual convertible bonds. In Sec-
tion 8 we provide some results on the nature of the stopping and continuation
regions of the optimal stopping problems of this paper.

We benefited from discussions with H. Mete Soner and Luc Tartar about
the partial differential equations in this work, and we thank them for their
assistance.

2 The model

We assume the value of the firm consists of equity and debt. The debt Dy
is due to a single outstanding convertible bond. This assumption of a single
bond means that all debt is called and/or converted simultaneously. We
denote by S; the total value of equity. The value of the firm is then

Xt — St + Dt° (21)

Equity owners receive dividends paid continuously over time at a rate
0S;, and the bondholder receives coupons paid continuously over time at a
rate c¢. We assume 6 > 0 and ¢ > 0 are both constant. If there is no call
or conversion prior to maturity T, then at maturity the bondholder receives
the par value L from the firm, provided Xt > L. Otherwise, the bondholder
receives Xp. However, at any time ¢ € [0, T, the bondholder may convert the
bond to stock, thereby immediately receiving stock valued at the conversion
factor v € (0,1) times the firm value X;. The firm value is not affected by
this conversion. On the other hand, at any time ¢ when X; > K, the firm
may call the bond, forcing the bondholder to either immediately surrender
the bond in exchange for the call price K or else immediately convert the
bond as described above. We assume K > L > 0; it is common to have
L = K. If K were less than L, then L would be irrelevant since the firm
could always call at maturity to avoid paying L.

We assume that the firm value is driven by a Brownian motion and has
constant volatility ¢ > 0. Under the risk-neutral measure P, it must then
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have the form
dXt = 7"Xt dt — cdt — (SSt dt + UXt th, (22)

where the interest rate » > 0 is constant and W, 0 <t < T, is a standard
Brownian motion under P. We adopt throughout the standing assumption

0<d<m, (2.3)

but see Remark 3.4 below. Equation (2.2) says that under the risk-neutral
measure the mean rate of growth of X, is the interest rate r adjusted by the
payouts being made. If there were no probability measure P supporting this
evolution of the firm and pricing the bond by (2.4) below, then under mild
assumptions one could construct an arbitrage by trading in the stock, the
bond, and the money market account; see equation (2.5) and Theorem 2.1
of [33] for the argument in the case of a perpetual convertible bond.

The process S; in (2.2) is not yet defined. For the moment, let us suppose
that it is some exogenously specified process. We shall price the bond at time
s € [0,T] under the assumption that X; = x. Given these initial conditions,
we denote by X, the solution to (2.2) at time ¢t € [s,T] and set

0> £ min{t € [s,T] : X" =y}, y>0,

where we adopt the convention that min{) = co. The firm defaults on the
bond at time 65" if 05" < T, and 65" = oo corresponds to no default.

The firm adopts a call strategy p and the bondholder adopts a conversion
strategy 7. Both of these are stopping times for the filtration generated
by W, — Wy, u € [s,T] (augmented by P-null sets), and they must satisfy
p, T € [s,T NOy*]U{0y"}. We denote the set of all such stopping times by
S**. We interpret p and 7 to be the times of call and conversion, respectively,
except that on the set {p = 67"}, there is no call. Similarly, on the set
{T = 65"}, there is no conversion. On the set {p = 7 < 6"}, there is
simultaneous call and conversion, and the conversion takes priority. The
firm can call at time p < 05 only if X5* > K. We denote by Sg” the set of
stopping times in S%* satisfying this additional condition, and require that
p € 8F. Once the call and conversion strategies p € Si* and 7 € S are
chosen, the value of the bond at time s if the firm value is x is

PATNT
J(s,x;p,7) & €°E [/ e~ e du + e PN (Lir<pnrpy X2°

+ Lpert K + Lprr=oap (X7" A L)) | - (2.4)



3 The method and principal results

We must deal with the fact that the process S; is Section 2 is endogenous.
In fact, the bond price, the firm value and the equity value S; are related
by (2.1). We seek a function g(¢,x) such that prior to call and conversion,
Dy = g(t, X;) and hence S; = X; — g(t, X;). We eventually see (Lemma 4.1
below) that if vX; > K, then it is optimal to convert and hence D; = vX.
Hence, the function ¢(t,z) should satisfy

K
g(t,x) =~z for 0 <t <T and x > —. (3.1)
Y
Also, we expect both the value of the bond and the value of the equity to
increase with increasing firm value, which is equivalent to

0<g(t,y) —g(t,x) <y—zxfor0<t<Tand 0 <z <y. (3.2)

The bond is never worth less than its conversion value and never worth more
than the firm value. Since the firm can always call, if yx < K so that call
does not result in conversion, the bond is not worth more than the call price.
In other words,

K
yr<g(t,z) <z AKfor0<t<Tand0<z < —. (3.3)
Y

We shall show that the bond price is of the form g*(t, X;) for some ¢g* in
G ={g:[0,T] x [0,00] — [0,00) : g is continuous and (3.1)—(3.3) hold}.
To get started, we simply choose an arbitrary g € G and define
Sy =X — g(t, X3). (3.4)

We substitute this value of S; into (2.2), thereby obtaining a stochastic dif-
ferential equation for X. The Lipschitz continuity (3.2) guarantees that
this equation has a strong solution corresponding to every initial condition
(s,z) € [0,T] x [0,00), and we thus obtain X**. We proceed as in Section
2, and conclude with the function J of (2.4), which we now denote J,.

For each fixed ¢ € G, we can construct a Dynkin game, where now the
evolution of the underlying process is specified by (2.2) and (3.4). This game
has lower and upper values

Qg(s,ﬂc)é sup inf Jy(s,2;p,7), Ty(s,2) = inf sup J,(s,2;p,7),

TESS T pESY pESET ressx



respectively. Clearly, v, < v,. In fact,
v,(8,7) =0y(s,7) for 0 < s <T and z > 0. (3.5)

This is a consequence of the theory of Dynkin games, but rather than appeal
to that theory, we obtain (3.5) as a by-product of our characterization of the
solution of the game; see Lemma 4.1 and Propositions 4.5 and 4.6 below.
The function v, = v, would provide the price of the convertible bond if
we chose g to be the pricing function of the convertible bond. That is to say,
we want to find a function g* € G such that v,. = v, = g*. Let us define

the operator 7 on G by 7¢g £ v, = Uy. We shall prove the following.
Theorem 3.1 7 maps G into G and has a unique fized point g*.

The convertible bond pricing function g* satisfies the terminal condition

g (T,x)=(x ANL)V (yz) for 0 <z < g (3.6)

Because g* also satisfies (3.1), we only need to describe this function on
[0,T) x [0, %) From (3.3) we have the boundary conditions

K
G (t,0) =0, ¢ (t, 7) —Kfor0<t<T. (3.7)

Theorem 3.2 (Case I) If ¢ < rK, the time of optimal call is the first
time the conversion value vX; rises to the call price K. The bond pricing
function g* is determined by solving the problem of optimal conversion in
[0,T] x [0, %} In particular, g* is the unique continuous viscosity solution
of the variational inequality

1
min {—vt +7rv— (re —c)v, + 6(x — v)v, — §U2x2vm —c,v—vyxp=0

(3.8)

satisfying (3.6) and (3.7).
(Case II) If K < ¢, the time of optimal conversion is the first time the
conversion value v Xy rises to the call price K, or at maturity if the conversion
value exceeds the par value. The bond pricing function g* is determined by



solving the problem of optimal call in [0,T] x [O, %} In particular, g* is the
unique continuous viscosity solution of the variational inequality

1
max {—vt +7rv— (re — c)v, + 6(x — v)v, — §a2x2vm —c,v— K} =0

(3.9)
satisfying (3.6) and (3.7).

Remark 3.3 Because of standing assumption (2.3), Cases I and II overlap.
In other words, we can have 0K < ¢ < rK, and optimal call and conversion
both occur the first time v.X; rises to K. In this case, ¢* is the unique contin-
uous viscosity solution on [0, 7] X [O, %] of the partial differential equation

1
—v +rv— (rv—c)v, + 0(x — v)v, — 50%2@” =c

satisfying (3.6) and (3.7).

Remark 3.4 The proofs in this paper do not actually require standing as-
sumption (2.3), but rather that either ¢ < rK or 0K < c¢. Under either of
these conditions, Theorems 3.1 and 3.2 hold. However, Theorem 3.5 below
requires (2.3) for the pricing of the perpetual convertible bond; see [33].

Theorem 3.5 As the time to maturity approaches 0o, the price of the finite-
maturity convertible bond approaches the price of the perpetual convertible
bond of [33], and this convergence is uniform in the firm value.

4 Construction and properties of v,

4.1 Reduction to [0,7T] x [0,%]

Lemma 4.1 Assume that g defined on [0,T] x [0, 00) satisfies (3.2), so that
(3.4) and (2.2) uniquely determine a process X*% for (s,x) € [0,T] x [0, 00).
Then

K
v,(8,2) =0y(s,2) =2 for 0 < s <T and v > —. (4.1)
Y

PRrROOF: With 7 = s, (2.4) implies J,(s, x; p, s) = v for p € S*, and thus

v,(s,7) > pégfz Jy(s,x;p,8) = ya. (4.2)
K
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For x > %, we may set p = s, and then have for every 7 € §%% that
Jo(s,2;8,7) = yal;—g + Klsry < v, and hence
Tg(s,z) < sup Jy(s,x;8,7) < vyx. (4.3)
TeSE”
But directly from their definitions, we know that v, < ,. &

We fix a function g € G for the remainder of Section 4.

4.2 Modification of payoffs

We wish to restrict attention to stopping times in S;:* = {# € $*% : § < T'}.
In particular, we do not want to allow stopping times to take the value oo,
and we do not want to require the call strategy p to satisfy X7* > K on
{p < 05"} To replace S** and Sg” in the definition of v, and v, by 7%, it
is necessary to change the payoffs appearing in (2.4). We define
o(tz) 2 v for0<t<T, x>0,
(x ANL)V (yx) fort=T, x>0,
A (e ANK)V (yz) for0<t<T, x>0,
pt,r) = -
(x ANL)V (yx) fort=T,z>0.

Then ¢ < ¢ on [0,7T) X (O, %) and 1) = ¢ on the parabolic boundary

9,Do 2 ([O,T) x {o, %}) U ({T} x [o, %D . (4.4)

For p, 7 € 87", we define

Jy(s,25p,7)
PAT
L SR {/ e ™Medu+ e M) (Tt (7, X5%) + Lipery (o, XZ@))} :

The interpretation of jg is that if the firm value is insufficient to pay the
call price at the time of the call, then the bondholder receives the firm value.
Also, call takes priority over conversion, but the bondholder receives the
conversion value if that is greater than the call price at the time of the call.
The following modification of Lemma 4.1 is straightforward.

Lemma 4.2 For0<s<7T and x > %, we have

inf sup Jy(s,x;p,7) = sup inf J,(s,a;p,7) = yi.

PEST” resy” resy” PEST”



4.3 Technical preparations

It0’s formula implies that if 4 is a continuous function on [0, 7] x [0, %} and
h is C**? on the interior of its domain, then for (s,z) € [0, 7] x [0, %},

t
d (/ e "Medu + e_”h(t,Xf’x))

= e[ = Lh(t, X]") + ] dt + e o X h (8, XT) AW, (4.5)

for ¢t € [s,05" N 0% AT, where
v

L,h(t,z) & —h(t,z) +rh(t,z) — (rz — c)h(t, x)
+6(z — g(t,2))hy(t, ) — %aszhm(tw). (4.6)

Lemma 4.3 Let ¢ > 0 be given, and for 0 < s <T and 0 <z < %, define

k(s,x)
A rs 93@/\9%1/\71 —ruy _,,(9(8)@/\935»1/\71) S,T S,T S,T
=R e "cdu+e T PO N NT, Xl e )
N 0 K
S Yy 5

s,x S,
/90 N g AT —r(03" N0 AT)
S

___rs Bl —rusy $,T 8, s,x
=e"E e "cdu+e T (b /\9% /\T,XG(S),Z/\GSI,(ZAT) ,

~

(4.7)

where we have used the fact that 1 and ¢ agree on the parabolic boundary
0pDy. Then k is continuous and satisfies k = ¢ = on 0,D.

Remark 4.4 We would expect the function £ to satisfy the partial differen-
tial equation £,k = ¢, but since g is only continuous, not Hélder continuous,
with respect to time, we do not know that this equation has a classical solu-
tion. Hence, we give a probabilistic proof of Lemma 4.3.

PrROOF OF LEMMA 4.3: It is apparent that k£ = 1 on 9,Dy. It remains to
prove the continuity.

We extend ¢ to a jointly continuous function, globally Lipschitz in its
second variable, defined on [0, 7] xR, so that for every (s, x) € [0, 7] X [O, %] ,
X" can be defined by (2.2) and (3.4) for all ¢ € [s,T]. We define X;"* =z

10



fort € [0,s). All the processes X** are defined on the same probability space
(Q, F,P) and take values in C10,T7.

For (s,x) € [0,T] x [0, %}, denote by P** the distribution of X** on
C10,T). According to [34], p. 152, P** is continuous in (s,z). For (s,x) €
[0,T] x R, we define the measure Q** £ §, x P>® on [0,7] x C[0, T], where
Jds denotes the unit point mass at s. Then Q>” is also continuous in (s, )
([6], Theorem 2.8, p. 23), which means that

/ Fmp) B () — [ fls,y) dP¥(y) (48)
co,1] co,1]

whenever s, — s, x, — x and f defined on [0,7] x C[0,T] is a bounded

function that is continuous except on a Q%*-null set.
We define 7: [0,T] x C[0,T] — [0,T] by

7(s,y) = T A min {t € [s,T]:y(t) ¢ (O, §>}7

so that 65 A 05" AT = 7(s, X**). For P-almost every w, we know that if

T(s, X% (w)) < WT, then there is a sequence ¢, | 0, depending on s, x, and w,
such that X% voo())ve, & [0, %} for every n. Indeed, if X**(w) exits (0, %)
at %, this is a consequence of the non-degeneracy of the diffusion term in
(2.2) at the time of exit; if X*7(w) exits (0, %) at 0, it follows from the fact
that ¢ > 0 and all other terms on the right-hand side of (2.2) are zero at
the time of exit. Using this fact, it is straightforward to show that for every
(s,z) € [0,T] x R, 7 is continuous except on a Q%*-null set.
We conclude by rewriting (4.7) as

k(Sp, zn)

T(Sruy)
= e””/ [/ e "cdu + e_”(s"’y)w(r(sn, Y), y(7(Sn, y))) dP°* (dy)
C[0,T] | /s

n

and observing that because the argument of % is in 9, Dy, where v is bounded
and continuous, (4.8) implies k(sp, z,) — k(s,x) as s, — s, x, — . &

11



4.4 Characterization of game value
Proposition 4.5 (Case I) Assume ¢ < rK. In this case, we define
vy(s,z) 2 sup  €”°E {/ e Medu+ e TY(T, X2 (4.9)

s, S, T
TESS ’TSGK
5

for (s,z) € [0,T]x 0, %] . Thenvy = v, =0, on [0, T]x 0, %} . Furthermore,

vy(s,z) = inf sup J~g(s,x;p,7'): sup inf jg(s,x;p,T). (4.10)

s,T s,T
PEST Tesy” TeSH” PEST

PROOF: Step 1: Construction of an upper bound on v,. Define hy (¢, z) 2K
and hy(t, ) Lofor0<t<Tand0<z< % Both h; and hy dominate 1)
on [0,7] x [0, %} Because ¢ < rK, we have —Lh; + ¢ < 0. Therefore, for
any stopping time 7 € S satisfying 7 < %", (4.5) implies

hi(s,z) > €"E [/ e "edu+ e hy(r, Xﬁx)]
> e”E [/ e "Medu+ e Y(T, Xf’”)} : (4.11)

It follows that vy, < hy on [0,7] x [O, %} On the other hand,
Lyhy =c+6(x—g(z)) >c (4.12)
because of (3.3), and the above argument applied with hy in place of hy yields

vy < hy on [0,T] x [0, %} We conclude that

K
vy(s,2) <a ANKfor 0<s<T, 0<az<—. (4.13)
f‘)/
By definition, v, (T, -) = ¢(7,-) = ¢(T,-). Because of this and (4.13),
K
vg(s,7) < (s, x) for 0 < s <T, 0§1‘§7. (4.14)
Step 2: Optimal stopping time. The theory of optimal stopping we use here
requires that we replace ¢ on the right-hand side of (4.9) by a continuous

12



function. Let ¢ € (0, ¢) be given, and let k be the continuous function defined
by (4.7). For 0 <s<T and 0 <z < %, we have

05" N0 AT
T e ™edu
S

—r(05 " N0 AT

+e WO A0 AT, X )

k(s,z) < €“E

05" NOZENT
7

< yy(s, x). (4.15)

We set ¢ = 1)V k. Since k(T,z) = ¢(T,x) > va for 0 < z < % and ¥(s, x) =
vyrfor 0 < s <Tand 0 <a < %, we have ?Z(S,.CIZ) = max{~yz, k(s,z)} for
0<s<T,0<z< % Being the maximum of two continuous functions, @Z

is continuous. Also, ¥ < {/; < v,. It follows that

vy(s,z) 2 sup  €°E {/ e edu+ e Th(r, X | (4.16)
reSy T<0% s
vy

We fix (s,z) € [0,T] x [0,£] and define
Y
¢
VA {/ e "™edu + e_”vg(t,Xf’x)} for s <t <O NOF AT,
S v

We set 7 £ min{t € [s,T] : vy(t, X;*°) = O(t, X")}. Since vy = ¥ on 8,Dy,
we have 7 < 05 A 03" AT. According to the theory of optimal stopping

applied to (4.16) (see,ve.g., [23], Theorems D.12, D.13 or [32], pp. 124-127),

th\gz Ao 18 a supermartingale and the stopped process Y2 is a martingale.
0" Nk

Step 3: WOptimal strategies for the game. From (4.15) and the fact that
Y =1V k, we see that 7 = min{t € [s,T] : v,(¢t, X;"*) = ¢ (¢, X;"")} and

v X2 if 7 < 1T,

Define 7" = 00 if 7=T and 0 < X7* < % and define 7% = 7 otherwise,
so that 7% € §*® and 7 = 7" AT. We have

v (T, X205 = X0 i < T (4.18)

13



For every p € 8y, (4.18), (4.13), and the fact that v,(7,2) = © A L when
0<x< % imply

Jo(s,2;p,77)

PAT*NT .
- U e edu + e T ([ <oy Y X3 4 Tipery K

+ Ljppre—oo} (X35 A L))

PAT*NT .
> "E {/ e edu+ e "N Dy (p ANTHAT, XoNeenr)
= EY)2 = EY>* = uy(s,z). (4.19)

PAT

This implies v, (s, 7) > vy(s, ).
To show that v,(s,7) < T,(s,x), we set p* = 05" A 03", which is in Sy”.
Y

For every 7 € 8", we have p* AT AT € 83" and thus
Jy(s,2;p",7)

P*ANTAT .
- [/ e Medu+ e T (L gy X+ Ty K

+ L nr=ocp (X777 A L))

IN

P*NTANT .
e"’E [/ e Medu+ e "Dy AT AT X )
< wy(s, ). (4.20)

This implies vy (s, ) < vy(s,z). We conclude that v, = v, = 7,,.

Step 4: Proof of (4.10). With T € 87" as defined in Step 2, we have from
(4.14) and (4.17) that for every p € S7%,

Ty(s,25p,7)
- [/ e edu+ e Ly X2 + Tpemy 9o, X”))}

> TSE/ e edu+ e ", (p AT X;AIT)]

= EY)Z = EY" = v,(s,2).

PAT

14



On other hand, with p* defined as in Step 3 and

PEPAT =0"NOF AT € 857, (4.21)
il

we have p(p, XJ*) = ¢(p, X*). Thus, for every 7 € %,

)
PAT _
= e"E [/ e e du 4 e TP (I[{T<p}7Xﬁ’$ + Lp<ry0(P, Xg’m))

= e”E / e edu+ e "PMI(B AT, X;/@)]
< wy(s, z). (4.22)
We complete the argument as in Step 3. &

Proposition 4.6 (Case II) Assume dK < c. In this case, we define

p
vy(s,z) = inf  €"E {/ e Medu+ e "Po(p, X;’“”)] . (4.23)

pESTH" p<O%”
for (s,z) € [0,T]x 0, %] . Thenvy = v, =7, on [0,T]x [0, %} . Furthermore,

vg(s,z) = inf sup J, g(s,5p,7) = sup inf J, (s, x5, 7). (4.24)
peST” TESH” TES”:PES

PRrROOF: Step 1: Construction of bounds on v,. Define hs(t, x) £ ~z and
hg(t,x)éxforogtSTandogxg %, so that hy < ¢ < hy. For
(t,z) € [0,T] x [0, %], we have (4.12) and

Lohs(t,x) = cy+0y(z — g(t,2)) <c+ (1 —7)(0yz —c) < c (4.25)
Let p € 87" satisfy p < 6% and apply (4.5) and (4.25) to conclude
P
hs(s,z) < €"E {/ e "edu+ e "Phs(p, X;’z)]
o
< €”E [/ e "Medu+ e "Po(p, Xj’x)] . (4.26)

15



Taking the infimum over p, we obtain
K
yr <wvy(s,z) for 0<s<T,0<x < —. (4.27)
Y
We repeat the above argument with hy and p = 05" A0x AT, using (4.12)
Y
to reverse the first inequality and ¢ < hy to reverse the second, to obtain

P
hao(s,z) > €“E [/ e "edu+ e "Pha(p, X;’x)]

p
> e”E {/ e "Medu+ e "Po(p, X;’m)]

K
> vy(s,x)for 0<s<T,0<2 < —. (4.28)
v
In fact, since for (s,x) € [0,T) x (0, %), with positive probability X% exits
[0, 7] x (0, %) through the set {T'} x (L, %}, where hy is strictly greater than
¢, the second inequality in (4.28) is strict for such (s, ). This implies

K
vg(s,2) <z for0<s<T,0<z<—. (4.29)
Y

Step 2: Optimal stopping time. Let ¢ € (¢,00) be given and let k be defined
by (4.7). For 0 < s<T and 0 < z < %, using the second part of (4.7), we

have
93’9“/\0}“ AT
T e ™edu
S

—r(05 N0 AT

we RO N AT X )

Y

k(s,z) > €“E

> wvy(s, ).

—~

4.30)

We set ¢ = ¢ A k. Because o(T,z) = k(T,z) <z AK for 0 <z < £ and

77
go(t,x)=x/\KforO§t<T,0§x§%,Wehave

ot,x) = (e ANK)NEk(t,x) for 0 <t <T,0<z<—.
v
This shows that ¢ is continuous. From (4.23) we have v, < ¢, and hence
vy < @ < ¢. We can thus replace ¢ by ¢ in (4.23):

=

p
vy(s,z) £ inf  ¢”E / e Medu+ e "Po(p, X2 | (4.31)
pESE® p<0%” s L
vy
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We fix (s,z) € [0,7] x [0, %} and define

t
790 = e [/ e Medu+ ey (t, X)) | for s <t <O AN AT,
s Y
We set
p=min{t € [s,T] : v,(t, X;") = 5(t, X;°)}. (4.32)
Since vy, = ¢ on 9,Dy, we have p < 05" A 0%" ANT. According to the theory

K
of optimal stopping, Z; sz s« is a submartingale and the stopped process
K

k)
NS
s,T
ZtAp

K
is a martingale.

Step 3: Optimal strategies for the game. Because of (4.30), we have that
p =min{t € [s,T] : v,(t, X;") = ¢(t, X;")}. In particular, v,(p, X)) =
X% NK on {p < T}. Inequality (4.29) then implies

ve(p, X2") = K < X" on {p < 0" AT} (4.33)

Define
v o [ oo ifp=Tand X;" < K,
prEq :
p  otherwise,

so that p* € 8" and p = p* AT. For every 7 € §*, (4.27), (4.33), and the
fact that vy (T, z) = o(T,2) > x A L when 0 < z < % imply

Jo(s,2;0",7)

pPENTAT .
= "Rk [/ ce " dy + e TPTATAT) (H{rgp*/\TﬂXTs’x + e K
Flgpnreo (X3 1 1)

P*ATAT
— —r(p* T * y
< "R [/ ce”™ du+ e "N Dy (pf AT AT X3 )
S

= BZ0, = Z3" = vy(s,x). (4.34)
This implies Ty(s, x) < vy(s, x).
We set
T2 OTANGT AT, (4.35)

R
T UT<T,

A T ifF:T,XQSJ‘Ez%orifF:T,X;’xZO, (4.36)
0o ifT=T,0<X;" <L,

17



so that 7% € §**. For every p € §p", we have
Jg<57 l’, p7 7_*)

PAT*NT .
- [/ ce”" du+ e ([ <oy Y X7 + Ly K

+ Iiprrecoo} (X577 A L))

v

PAT*NT .
T |:/ ce " du + e*T(P/\T /\T)SO(/)* AT A T7 X;fT*/\T)
> (s, x). (4.37)

This implies v (s, 7) > vy(s, z). We conclude that vy = v, = V.

Step 4. Proof of (4.24). With p € 8% given by (4.32), we have v,(p, XJ*) =
(AT, X20), and (4.27) implies that for 7 € 837,

PAT

‘]g(87 xaﬁ: T)

PAT _
= B | [ e O 1 X2 eyl X))
S

PAT

PAT _
< €e”E [/ e "edu+ e "My, (p AT, X )}
= EZ0 = Z}% = uy(s,x).

PAT

With 7 € 87" defined by (4.35), we have for every p € S7:°,

Jg(&@ﬂa?)

PAT B

- OF [/ e edut e Iy X3 + Lperylp, XZ’””))]
Sp/\F B

= "E {/ eedu+ e TP o(p AT, XZ}\IT))} > wy(s,z). (4.38)

We complete the argument as in Step 3. &

Proposition 4.7 (Overlapping case) Assume K < ¢ < rK. In this
case, v, defined by (4.9) agrees with v, defined by (4.23), and for 0 < s <T

18



and 0 < z < &,
v

vy(s, )

0 FNO%ENT S, A nS,T
rs 0 % —Tru —7"(90 /\GK AT) S,T S, S,T
=e"E e Medu+e vyt N NT, X
s ~ 0

/\GSK’”AT)
v

r S,T S, -
0" N AT —r (05" N0 AT)

=¢"E / T e ™Medu+e T (0T N NT, X |-
s vy

05" NOZENT
7

(4.39)

Furthermore,
K
7x<vg(s,x)<x/\Kf0r0§s<Tand0<x<7. (4.40)

PrOOF: The function v, defined by (4.9) satisfies (4.10), the function v,
defined by (4.23) satisfies (4.24), and so these definitions of v, coincide. With
p = 7 given by (4.21) and (4.35), inequalities (4.22) and (4.38) imply

7 - P - 1
w | [lemednreolp x| = | [lerems i

Ug(sw'?)

IN

. . -
ek / e Medu+ e "Po(p, X;’x)

IN

which gives us (4.39).

We return to (4.11), replacing 7 by 7 and using the fact that when 0 < s <
Tand 0 < x < %, there is positive probability that X** exits [0, T] x [0, %]
through the set {(t, r):t=T0<z< %}, where hy = K is strictly larger
than ¢. This implies

P _
K > K [/ e ™edu+ e "PY(p, X;’x)} = v,(s,x).

The second inequality in (4.40) follows from this and (4.29). For the first

inequality in (4.40), we replace p in (4.26) by p and use the fact that when

0<s<Tand 0 <z < %, there is positive probability that X** exits

0,77 x [0, %} through the set {(¢t,z): ¢t =T,0 <z < %}, where hy = vyx is
strictly smaller than ¢, to obtain

P, _
yr < eE [/ e Medu+e "Po(p, Xi’x)} = v,(s, ). &
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4.5 Membership of v, in §

To show that v, € G whenever g € G, we must verify that v, is continu-
ous and satisfies (3.1)—(3.3). Property (3.1) is provided by Lemma 4.1 and
Propositions 4.5 and 4.6. When ¢ < rK, we obtain the lower bound in (3.3)
directly from (4.9) and the fact that ¢ > ~x, and (4.13) provides the upper
bound. When 6K < C, the upper bound in (3.3) comes from (4.23), the
fact that ¢ < K on [0,T] X [0, %}, and (4.28). The lower bound comes from
(4.27). It remains verify that v, is continuous and satisfies (3.2), which is the
subject of this section.

Lemma 4.8 We have
0<wvy(s,y) —vg(s,x) <y—x for0<s<T and 0 <z < y. (4.41)

ProOOF: In Step 4 of the proofs of Propositions 4.5 and 4.6, we produced
stopping times p, 7 € 87" such that

Jy(s, 20, 7) < wy(s,z) < Jy(s,z;p,7) for all p,7 € S7*. (4.42)

It follows from this that v,(s,z) = jg(s,x;ﬁ7 7). Relation (4.42) was devel-
oped for (s,z) € [0,T] x [O, %], but in light of Lemma 4.1, it holds as well
for (s,z) € [0,T] x [%, oo] if we define p =7 = s in this case.

We note that ¢ and ¢ satisfy (3.2), and we use the representations (4.10),
(4.24) to show that v, does as well. Without loss of generality, we consider
only the case s = 0. We let 0 < 2 < y < oo be given. Then X?’w < Xto’y for
0 <t < T, almost surely, and SY* C S¥Y.

i . . oW, 1
Consider the nonnegative martingale Z, = e 7"tz

2
7"t We compute

A(XPY = XPZ) = (= o?)(XPY - XP) Z
—O[(X = X) = (g, X)) — g(t, X,""))] Z, dt
< (r— o) (XY — X)) Z, dt.

Gronwall’s inequality implies (XY —X ") Z, < (y—z)e" =77, or equivalently,

XD XD < (y o) 0 <t <
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Let 7,p € S%x be the stopping times appearing in (4.42) corresponding to
the initial condition (0, ). For every 7 € §%*, we have

Jg(()? T3 157 T)

PAT B
= [E {/ ce ™ du + e~ T(PAT) (]I{T<ﬁ}w(7-7 Xg,x) + H{pgT}go(,B, X[?’x))}
0

= J0.5:7.7) = B[O (I (0(X2%) — 0(X27))

Hpery (0 (7, Xg’y) — (P, Xﬁo,z))ﬂ
:];(O’ Y3 pa T) —E [677’(5/\7) (Xovy _ Xo,x )i|

PAT PAT

> J,(0,y;7,7) — (y — 2)Ee”V PN =30 A7)

= J,00,4;p,7) — (y — ).
Furthermore, p A 7 € S%x whenever 7 € S%y, and for z = z and z = y, we
have J,(0,z;p,7) = Jy4(0, z; 5,5 A 7). Therefore,

v

0, (0,2) +y—z = J(0,2:5,7) +y -z
= sup Jy(0, 20, pAT)+y—=x

TES%x

v

sup J,(0,4; 5. 5AT)

TGS%’“’

= sup J,(0,y;5, 5 A7)

TGS%”

= sup J,(0,4;7,7)

TGS%”

> inf sup jg(O,y;PaT)

pES%y TES;)Jy
= ’Ug (07 y)

This establishes the second inequality in (4.41).

The set of stopping times S%r is the set of all stopping times of the form
TN (98’:’:, where 7 is any stopping time in the set Sr of all stopping times
satisfying 7 < T almost surely. Therefore,

TGST pGST
Ug(()? ?J) = Sup inf (79(07 y; p A\ 98’97 A 9872,!)'
TEST pEST
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Thus, to prove the first inequality in (4.41), it suffices to show that
Jy(0,25p NOYT, T NOOT) < (0,30 A OV T A YY)
for all p,7 € Sp. This follows from the definition of J, and 6" < 65Y. ¢

The value functions of optimal stopping problems with continuous payoff
functions are continuous (see [5]), and thus the representations (4.16) and
(4.31) of v, imply continuity of v,. In this model, however, continuity can
be proved without invoking the general theory. We have already shown in
Lemma 4.8 that v,(s,z) is Lipschitz in = € [0, 00), uniformly in s € [0, 7.
Given this, it is not difficult to show that v,(s,x) is jointly continuous in
(s,z), and we do that here.

Lemma 4.9 The function v, is continuous on [0,T] x [0, 00).

PrROOF: Because of Lemmas 4.1 and 4.8, we only need to show for each
fixed = € (0, %) that the function s — v,(s,z) is continuous. With z fixed,
s €[0,7], e >0, and 6 > 0, we define

A
AP = max ‘ij - x| <e€
’ u€[s,00 " N0 A(s+8)AT)
7

Because ¢ is bounded on [0, 7] x [0, %}, (3.4) and (2.2) imply

li in P(AYS) =1 f > 0. 4.43
51%132[15%} (AZ5) or every € (4.43)

We proceed under the Case IT assumption 6 K < ¢; the argument in Case

[is similar. In Case II, the submartingale Z; .., .. of Step 2 of Proposition
ALY <

4.6 is a martingale when stopped at p given by (21.32). Let s and t satisfy
0<s<t<(s+0)AT. Then

vy(S, )

AL B
= e"E {/ e "edu+ e TPy, (B At Xsﬁ)}

PN
< "E [/ e "Medu+ e Pug(p A t,Xj’Axt)} for p € S3*, p < 0%, (4.44)

~
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If p < t, then v,(p A t, X70) = @(p, X;°). But ¢ = p Ak, and (4.30)
shows that for (u,y) € [0,T) x (0, %), we have vy(u,y) = @(u,y) if and only
if vy(u,y) = p(u,y) = y A K. This observation combined with (4.29) yields

0 = K for u LS
vy(u,y) = o(u,y) & ve(u,y) = K f €0,7), ye (0, S ) (4.45)

We now choose € > 0sothat 0 < z—e < z+4¢ < % On the set {p < t}NAZY
we have 0 < Xo0 = X7 < % and thus

0 (B A LX) = 05, X57) = K > v,(t,2) — .

On the set {p >t} NAZS, we also have v, (pAt, Xo1,) > v,(t, z) — ¢, this time

because of the Lipschitz continuity (4.41). The equality in (4.44) implies
vy(s,7) > e E[e™" Py, (p A tX200)] > e_”sP(A‘::f) [v(t, ) —€]. (4.46)

On the other hand, on the set A7§, we have 6y A0%* At = t and the inequality
Y
in (4.44) implies

v,y(s, )
rs es’x/\e%m/\t —Tru —T(GS’ZAQSKZ/\t) S, S,T S,
< e”E /S e ™Medu+e T g6y /\9%’ /\t,Xeé,erng)
s+4
< ers/ e Medu+ [1— P(Ai:g)}K +E []IAs,;cvg(t,Xf’$)
< S(L=e ) 4 L= PAZIK + PAZ) (vt ) + o). (4.47)
From (4.46) and (4.47), using the fact 0 < v,(¢,2) < K, we obtain
(1= PRATIE — € < vy(5,2)— vy (t, ) < S(1—e )+ [1—B(AZ)] K +e
2 7“ 2
Continuity of s — vy(s, z) follows from this and (4.43). &

5 Viscosity solution characterization of v,

Propositions 4.5 and 4.6 establish (3.5). Except for the fact that we have
fixed a function g € G which may not satisfy the fixed point condition v, =
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g, Proposition 4.5 says further that when ¢ < rK, the convertible bond
pricing problem reduces to the problem of optimal conversion in the region
[0, 7] x [0, %} In particular, (4.19) and (4.20) show that the firm should

use the call strategy p* = 65" A 6%°. Proposition 4.6 shows that when 6K <

¢, the convertible bond pricing pgoblem reduces to the problem of optimal
call. In particular, (4.34) and (4.37) show that the bondholder should use
the conversion strategy 7* of (4.36). Note that at maturity, 7* mandates
conversion if and only if the conversion value vX7" exceeds the par value L.
These are the main assertions of Theorem 3.2.

In this section, we examine the versions of (3.8) and (3.9) appropriate for
the situation with g € G chosen a priori. These equations are

min{L,v —c,v —yz} = 0, (5.1)
max{L,v —c,v— K} = 0, (5.2)

where L, is given by (4.6). The proofs that the value function of the opti-
mal stopping problem (4.9) satisfies (5.1) and that the value function of the
problem (4.23) satisfies (5.2), both in the viscosity sense on (0,7 x (0, %)
(see Definition 5.1 below), are standard and are omitted. Uniqueness of
the continuous viscosity solutions of (5.1) and (5.2) subject to the boundary
conditions (3.6) and (3.7) follows from Lemma 6.1 below; see Remark 6.2.

We refer the reader to [13] and [16] for a detailed development of the
theory of second-order viscosity solutions for Hamilton-Jacobi-Bellman equa-
tions and to [31] for an application of this theory to optimal stopping.

Definition 5.1 Let v be a continuous function defined on (0,T) X (0, %)

(a) The function v is a viscosity subsolution of equation (5.1) (respec-
tively, (5.2)) if, for every point (to, z9) € (0,T) x (0, %) and for every “test
function” h € CH*((0,T) x (0, %)) satisfying v < h on (0,T) x (0, %) and
v(to, x9) = h(to, o), we have min{L h(ty, zo) — ¢, h(ty, zo) — yzo} < 0 (Te-
spectively, max{L,h(to,xo) — ¢, h(to, z0) — K} <0).

(b) The function v is a viscosity supersolution of equation (5.1) (re-
spectively, (5.2)) if, for every point (to,zo) € (0,T) X (O, %) and for every
“test function” h € C**((0,T) x (0, %)) satisfying v > h on (0,T) x (0, %)
and v(to, xo) = h(to, zo), we have min{L,h(ty, zo) — ¢, h(to, z0) — yxo} > 0
(respectively, max{L,h(ty, xo) — ¢, h(ty,zo) — K} >0).

A function v is a viscosity solution of one of these equations if it is both
a viscosity subsolution and a viscosity supersolution.
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In Case I, ¢ < rK, of Proposition 4.5, we define the continuation set

[I>

Ch {(t,x) € (0,T) x <0, %) vg(t,x) > fy:c}
- {(t,x) € (0,T) x (0%) Loty z) > J(t,@}, (5.3)

where 9(t, z) = max{yx, k(t,z)} is defined in Step 2 of the proof of Propo-
sition 4.5. Because k satisfies (4.15), v,(t,z) > ~x if and only if v,(¢,z) >

Y(t, ). Because v, and 1 are continuous, C% is open. Define the stopping
set

SL 2 {(t,x)e [0, 7] % [0, g] :vg(t,m):¢(t,x)}
- {(t,x) € [0,7] x [0, g] vyt 2) :{p’(t,x)}.

The equality is justified by the same argument that justified the equality
in (5.3) and the additional observation that ¢(T,-) = ¥ (T,-). The set S}
is closed. Under the Case I assumption, v, is a viscosity solution of (5.1),
which is equivalent to the three conditions
(i) vg > yx on 0,77 x [0, %},
(i) vy is a viscosity supersolution of Lyv — ¢ =0 on (0,7T) x (0, %), and
(iii) v, is a viscosity solution of £,u — ¢ = 0 on CL.

In Case II, 6 K < ¢, of Proposition 4.6, we define the continuation set

G {(t,x) €(0,7) x (0,%) tv,(t,x) < K}
= {(t,x) € (0,T) x (0, §> tv,(t, ) < @(t,x)}, (5.4)

where ¢ = ¢ A k is defined in Step 2 of the proof of Proposition 4.6 and
the equality in (5.4) is justified by (4.45). The set C! is open. Define the
stopping set

sl oA {(t,:c) € [0,7] x [og] v, (t, 2) :go(t,x)}

— {(t,x) € [0, 7] x [0, 5] tg(t, ) = &(t,x)}.

v

25



The equality is justified by the argument that justified (5.4) and the addi-
tional observations that (T, -) = @(T,-). The set Si is closed. Under the
Case II assumption, v, is a viscosity solution of (5.2), which is equivalent to
(iv) vy < K on [0,T] x [0, %},

(V) vy is a viscosity subsolution of L,v —c =0 on (0,T) x (0, %), and

(vi) v, is a viscosity solution of L;v — ¢ =0 on CH.

Remark 5.2 In the overlapping case, 0K < ¢ < rK, we have from Propo-
sition 4.7 that CL = CIf = (0,T) x (0, %) and v, is a viscosity solution of
L,u — c = 0 on this set. Remark 4.4 applies in the overlapping case, which
is why we require L4v, — ¢ = 0 to hold only in the viscosity sense.

6 Proof of Theorem 3.1

In this section we prove Theorem 3.1 and also prove that the continuous
viscosity solutions of (5.1) and (5.2) with boundary conditions (3.6) and
(3.7) are unique. In light of Propositions 4.5 and 4.6 and the discussion of
Section 5, this provides the final step in the proof of Theorem 3.2.

For € € [0, %), we define the sets

D210, 7] x [e, g] D.210,7] x [1oge,1og§],

their parabolic boundaries

e £ ()
9,D. ([O,T] x {1oge,1og§}) U ({T} X <loge, log g)) ,

and their topological boundaries

lI>

9,D.

>

oD, = 9,D U ({0} X (e, %)) , oD, & 8;,136 U ({O} X <log €, log §)> )

In the above definitions, we use the convention log0) = —o0, so 150, 0p150,

and af)o are subsets of the extended real numbers. The following comparison
lemma is a modification of Theorem 8.2 of [13], differing by the fact that the
functions v and v satisfy different rather than the same equation.
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Lemma 6.1 (Comparison) Let f,g in C(Dy) be given. Let u,v € C(Dy)
be respective viscosity sub- and supersolutions on Dy \ 0Dy of the equations

min{Lsu —c,u —yx} = 0, (6.1)
min{L,v —c,v — vz} = 0. (6.2)

Alternatively, let u,v be respective viscosity sub- and supersolutions of the
equations

max{Lfu—c,u— K} = 0, (6.3)
max{L,v —c,v— K} = 0. (6.4)
Assume further that one of the functions u or v (let us say u) satisfies
0 <u(t,y) —u(t,x) <y—x for (t,z) € Dy. (6.5)
Then for every A > 0, we have

At +
ta - t?
(tgl)%%o M (u(t, ) — v(t,z))

< max{r - s (f( ) =gl @), max M ult ) — ot x>)*}-
(6.6)

Proor: We provide the proof under the assumption u is a subsolution of
(6.1) and v is a supersolution of (6.2). Because f, g, u, and v are continuous,
it suffices to prove

At +
ta - t?
(tgl)ae%e M (u(t, ) — v(t,z))

< max{ 0 max e(f(t,z) — g(t, :z:))+, max e (u(t, z) —v(t,x))+}.

r -+ A\ (tz)€D. (t,z)€dpD.

for every € € (O, %) To do this, we define wu(t,§
Mo(t,ef), f(t,€) & Mf(tef), and §(t,€) £ Mg

functions, we need to prove that for every € € (0,

& Otu(t ef), T(r,6) 2
,€%). In terms of these

t
)

max (a(tv g) - :J(tv 6))+

(t,€)€De

5 o _ ;
< max{rﬂ(;gge (F(£:9) = 3(t.9)7, max_ (i(t,€) - v(t, ) } (6.7)

(t,8)€0pDe
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For n > 0, we define u"(t,€) = u(t, &) — %{, so that lim,ou"(t,§) = —o0
uniformly in £&. We will show for all € € (0 —) that

’ oy

max (ﬂ"(t,f) - 5(t>f))+

(t»g)EEE

0 7 ~ + P +
SmaX{rJr)\(t%i%e (F.) = 5.9)", max (@(t,€) - v(t,)) }.<6.8>

(t,£)€0pDe

We can then let n | 0 in (6.8) to obtain (6.7) and conclude the proof.
The change of variable transforms (6.1) and (6.2) into

1 -
min { — U+ (r+ Nu — <T - — 502) Ue — e MEF (L, )l + ce ST

1 5 ~
—§a2u55 —eMe, i — 76)‘““5} = 0,
~ ~ 1 ~ ~ ~ ~
min {—Ut + (T’ + )\)U — (T -0 — 502> Ve — 56_/\t_§g(t, f)’Ug + Ce—§U€
[y A, o~ )\t+§}
50 vgg — €7 c, v —ye = 0.

On the set B B B
Ca £ {(t,€) € Do\ Dy : U(t, &) > ye ¢},

the function u is a viscosity subsolution of

- ~ 1\~ 1 5. ~ o~ ~
—U+ (r+X)u— (7“ —0— 502) Ug — 502%5 —eMe = e MEf(t, )t — ce” g,
(6.9)
and so for > 0, the function u" is also a viscosity subsolution of this equation
on Cyz. On Dy \ 9Dy, 0(t,&) > veM*e and v is a viscosity supersolution of

~ ~ 1\~ 1 5. ~ ~ ~
—0+ (r+ Mo — (r -5 — 502) Ve — 5021)55 —eMe = de MEG(t, €) v — ce ST
(6.10)
Let us assume that (6.8) is violated for some 1 > 0 and € € (0, %) This
means that

max (W(t,€) —(t,€))" > max (f(t,€) —g(t,€) .  (6.11)

(t,z)€D. 4+ A (t,.6)eD.
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Let a > 0 be given and set

Mo 2 max (@(4,6) - 3(tC) — S1E - ).
(£:6),(t.0)€ D 2

The maximum is attained at some point (¢4,&., (). According to a slight
variant of Lemma 3.1, p. 15 of [13],

lim alé, — > =0 and lim M, = max (a"(t,€) —0(,€)).  (6.12)

a—00 a—00 (t,£)eD.
Violation of (6.8) implies that for large «, the points (ta, &) and (ta, (o)
are bounded away from the parabolic boundary 9,D.. Furthermore, because
limy o u"(t,§) = —oo, these points are bounded away from the topological
boundary 9D, as well. N

There are two cases to consider. In the first case, (to,&) ¢ Ci, and so
W (ta, o) = yerotle — I < yeMatte We have

My < W(ta, €a) — U(ta, Ca) < yeMe (et — ). (6.13)

In the other case, (fa,&a) is in Cg. Because @ is a subsolution of (6.9) in
a neighborhood of (t,,&,), v is a supersolution of (6.10) in a neighborhood
of (ta,Ca), and these points are bounded away from dD,, condition (8.5) of
Theorem 8.3, p. 48 of [13] is satisfied (our time variable is reversed from that
of [13]). That theorem with e = X implies the existence of numbers b, X and
Y such that X <Y and

(bv O‘(ga - Ca)v X) S ﬁ2’+a77(t0“ 504) and (b7 O‘(Sa - Ca)a Y) < 52’_’5(15@7 Ca)

(see the use of Theorem 8.3 on p. 50 and see also p. 17 of [13]). Because
(ta,&a) and (tq,(,) are in the open set D. \ 856, the semijets 7_32’+ﬂ’7(ta, o)
and 52’_5(1%&,@) do not depend on the domain. Moreover, they provide
terms that can replace the time derivative, the spatial derivative, and the
second spatial derivative in the subsolution and supersolution inequalities

for (6.9) and (6.10):
1

—b+ (r + A" (ta, &) — <r —6— %UZ) by — (o) — §J2X — eMeg

S 56_)\ta_£af(ta>€o¢)04(€a - Ca) - C€_§QQ<£Q - Coz)><614>
bt (4 A )t Ca) — (7’ 5 50—2) albn —Co) — %UW _ eMag

Z 56_/\ta_ca§(ton Ca)a(goz - Coa) - Ce_caa(ga - Coa)' (615)
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Subtracting (6.15) from (6.14) and using SUPg >jogc.exc ‘:

Z:Z €’ we
obtain
Moz S an(tou’fo) - Fﬁ@aa Ca)
< e (Ftas ) = Glta G))albe — G)
5 e .
+€(T T /\)e g 19(ta; Co)|v(€a — Ca)2 + mﬁ(fa - CQ)Q. (6.16)

But also, (6.5) implies, at least formally, that 0 < wu,(t,z) < 1, or equiva-
lently, 0 < @g(t, &) < eMTE. Of course u, and e may not exist, but (6.5) im-
plies that a(€,—Ca), the surrogate for ug(t,, £, ), must satisfy 0 < a(§,—(,) <
eMatée Using this inequality in (6.16), we obtain

0 (% ~ 2
Ma S r+ A(f(tomga) - g(ta7Ca)) + O<a(€a - Coa) )
o = ~ o ~
= "+ A(f(taygoc) - g(tomfa)) + H—)\(g(tavga) - g(taa Coz))
+0(aléa = Ca)?)
~ _ ) " _
< Y (tr,?)z}l%é (f(t,f) - g(taf))+ + m(g<taa ga) - g(tom Ca))
+O((€o¢ - Coa)Q)' (617)
Letting o — oo in (6.13) and (6.17), using (6.12) and the uniform continuity
of § on D, we contradict (6.11). &

PROOF OF THEOREM 3.1: Set A 2 ¢ + 1 and endow G with the metric

d(f,g) = (tm)zg) M f(t,x) — g(t,x)| for all f,g € G. (6.18)
5T 0

Under this metric, G is complete. Let f,g € G be given and define u = 7 f

and v = Tg. According to Subsection 4.5, v and v are in G. In particular,

(6.5) is satisfied. We apply Lemma 6.1, noting that v and v are viscosity

solutions of (6.1) and (6.2), respectively, or viscosity solutions of (6.3) and

(6.4), respectively, and they agree on 0,Dy, to conclude that

0 +
< At _
d(u,v) Y (tgl)zxoe (f(t,a:) g(t,x))

Reversing the roles of f and g, we obtain the contraction property for 7.
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Remark 6.2 Uniqueness of the continuous viscosity solution of (6.1) or (6.3)
with boundary conditions (3.6) and (3.7) follows from Lemma 6.1 with f = g.

7 Asymptotic behavior

We relate the problem of this paper to the perpetual convertible bond. To
do this, we reverse time, denoting by uy (¢, ) the price of the bond for fixed
par value L € [0, K| when the time to maturity is ¢ and the firm value is
x. This section requires standing assumption (2.3). We have the following
variation of Lemma 6.1.

Lemma 7.1 FizT > 0 and let g, and gy in C([O, T) x [0, %D be a viscosity
subsolution and a viscosity supersolution, respectively, of

K
min{g; + Ng —c¢,g — vz} =0 on (0,T) x (0, —) (7.1)
Y
or a viscosity subsolution and viscosity supersolution, respectively, of
K
max{g; + Ng—c,g— K} =0 on(O,T)x(O,—), (7.2)
Y

where N is the nonlinear operator
Ng(t, 1:) £ Tg(t’ l‘) - (TJ} - C)ga:<t’x)
1
+5(x — g(t,x))gw(t,x) — §a2x29m(t,x).

Assume that either gy or go satisfies (3.2). If g1(0,-) < ¢2(0,-) and

K K
0(t,0) € ga(t,0), gi(t. =) <ot T), 0=t (73)
v v

then g1 < go. In particular, if g1 and gy are viscosity solutions of (7.1)
or (7.2), g1(0,-) = ¢2(0,-), and equality holds in both parts of (7.3), then
g1 = g2-

PRrROOF: Apply the time-reversed version of Lemma 6.1 with A =0, u = f =
g1 and v = g = g to conclude that

max (91(t,2) — ga(t, x))+

max (gl(t, x) — go(t, x))+ <
(t.x)€[0,T]x[0, 5]

(t.)€[0,7]x[0, 5]

0
.
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Since § < r, we have g; < gs. O

Regardless of the initial time to maturity, as a function of the firm value
and remaining time to maturity, the convertible bond price must satisfy one
(or both) of the (7.1) and (7.2), depending on whether ¢ < rK or §K < c.
The uniqueness assertion in Lemma 7.1 guarantees that the bond price does
not depend on the initial time to maturity.

A perpetual convertible bond never matures, and hence the time variable
and the par value are irrelevant. Its price p(x) is a function of the underlying
firm value alone. The following result is proved in [33].

Theorem 7.2 The perpetual convertible bond price function p is continuous
on [0,00), continuously differentiable on (0, %), and satisfies 0 < p'(x) <1
for0<x < % and p(x) = yx for x > %

If ¢ < rK, then p, regarded as a function of (t,z) with p, = 0, is a
continuous viscosity solution of (7.1) satisfying

p(0) =0, p(%) ~ K. (7.4)

Furthermore, there exists C; € (O, %] such that p restricted to (0,C%) is
strictly greater than vyx and is a classical solution of N'p = ¢, whereas p(z) =
yx for x > Cf.

If 0K < ¢, then p is a continuous viscosity solution of (7.2) satisfying
(7.4). Furthermore, there exists C;: € (0, %} such that p restricted to (0,C)

is strictly less than K and is a classical solution of Np = ¢, whereas p(z) = K
for Cr <x < %

Uniqueness of p in [33] is proved only in the class of functions that are
smooth in the continuation region, not within the class of all continuous
functions. We upgrade the uniqueness result to the larger class here.

Lemma 7.3 Let p be the perpetual convertible bond price function. If ¢ <
rK, then p is the unique viscosity solution of (7.1) on (O, %) that is contin-

UouUs on [0, %} and satisfies (7.4). If 0K < ¢, then p is the unique viscosity
solution of (7.2) on (0, %) that is continuous on |0, %] and satisfies (7.4).

Proor: We provide the proof for the case ¢ < rK. In the second case,
0K < ¢, a similar proof is possible
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Let ¢ € C|0, %} be a viscosity solution of (7.1) on (0, %) satisfying (7.4).
Assume
max (p(x) — q(x)) = p(zo) — q(zo) > 0. (7.5)

K

Then zy € (O,%) and p(xg) > q(xo) > vyxo, so g € (0,CF). Because p is
twice continuously differentiable in (0, C), we can use p+ q(zo) — p(zo) as a
test function for the viscosity supersolution ¢ to obtain

1
rq(xg) — (reg — o)p'(wo) + 5(x0 — q(xo))p’(xo) — 50%3])/’(%) > c.
But p satisfies N'p(xg) = ¢, so

(o) — (rro — )p!(w0) + (g — o)) (o) — 50 (w0) = ¢

Subtracting these relations, we obtain

T(p(xo) — Q(xo)) < 5(]9(%) - Q(Io))p/($0)~

But 0 < p'(x9) <1 and 0 < < r, so we have a contradiction to (7.5).
Assume on the other hand that

max (q(z) — p(z)) = q(x) — p(ao) > 0. (7.6)

mE[O,%]
Then xy € (0,%) and q(zg) > p(xg) > yxo. We have ¢ < p + q(zg) —
p(zo), and if g # C, so that p is twice continuously differentiable in a

neighborhood of xy, we can use p + q(zo) — p(zo) as a test function for the
viscosity subsolution ¢ to obtain

ra(ao) — (rro — clp!(w0) + 6(wo — (o) (w0) — 303" (o) S e (1.7
But N'p(xy) > ¢ means that
rp(e) — (rzo — p!(w0) + 6w — plao))pf(a0) — 5o*3p (wo) Z e (7.)
Subtracting these relations, we obtain
r(q(z0) — p(x0)) < 0(q(wo) — p(x0)) D' (20), (7.9)
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and we conclude as before.

The only other possibility is that (7.6) holds and zo = C} € (O, %)
According to Theorem 7.2, p’ is defined on (O, %), and using the equations
Np = ¢ to the left of C* and the p(x) = vz to the right of z, we see
that the left- and right-hand second derivatives p”(zo—) and p”’(zo+) = 0
exist. Furthermore, p(z) — v attains its minimum value of 0 at zg, so
p"(xo—) > 0. We only need to rule out the case p”(xo—) > 0, for in the event
p"(xg—) = 0, the function p is twice continuously differentiable at zy and we
can use p + q(xg) — p(xo) as a test function as above.

Suppose p"(zo—) > 0 = p"(xo+). Let p be the solution in (0, %] of the
ordinary differential equations N'p = ¢ satisfying p(zo) = yxo and p'(zq) = 7.
On (0, xo], p is a solution to this terminal value problem and hence agrees with
p. In particular, p”(x¢) = p”(xo—) > 0, and this implies p(x) > vx = p(z)
for 2 in some interval (x0, T + €), where € > 0. The function g — p attains a
local maximum at xy because ¢ — p does, and we can use p+ q(xg)_— p(zo) as
a test function for the viscosity subsolution ¢ as above. This leads to (7.7)
with with p”(z¢—) replacing p”(z¢). Inequality (7.8) holds for all z € (0, o),
and letting x T xo, we obtain (7.8) with p”(zo—) replacing p”(zy) as well.
This implies (7.9), and (7.6) is contradicted. &

PROOF OF THEOREM 3.5: The terminal condition (3.6), with time reversed,
states that for 0 < L < K, we have

v =up(0,2) <ur(0,z) <ug(0,z)=czANK, 0<uzx

Y
The functions ug, uy, and ug are continuous viscosity solutions of (7.1) or
(7.2), depending on whether ¢ < rK or 6 K < ¢. Lemma 7.1 and the member-
ship of up and uk in G (see, in particular, (3.3)) imply that for 0 < L < K,

v <up(t,r) <up(t,z) <ug(t,z) <z AK, t>0,0<z< (7.10)

~
For 0 < t; < ty, we have uy(0, ) = yx < ug(ts — t1,-), and we can apply
Lemma 7.1 with ¢1(0,-) = uo(0,-) and go(0,:) = ug(t2 — t1,-) to conclude
that wug(t1,-) < ug(te,-). In other words, ug(t,x) is nondecreasing in ¢ for
each fixed z. On the other hand, uk(0,z) = 2 A K > ug(ty — t1,x), and
this leads to the conclusion that ug (¢, z) is nonincreasing in t for each fixed
x. Both ug(t,-) and uk(t,-) are Lipschitz continuous with constant 1, and

34



the Arzela-Ascoli Theorem implies that they converge uniformly on [0, %} to
Lipschitz continuous limits u_(-) and u, (), respectively, as ¢ — co. Uniform
convergence preserves the viscosity solution property (see [13]), and so u_
and u, are also continuous viscosity solutions of either (7.1) or (7.2). Lemma
7.3 implies u_ = p = uy. Relation (7.10) then implies limy o ur(t, z) = p(x)
for all x € [0, %} , and the convergence is uniform in z. Of course, for z > %,
ur(t,z) = p(r) = yx. O

Remark 7.4 The proof of Theorem 3.5 shows that for all ¢ > 0,

up(t, ) < lim wp(s, x) = p(x) = lim ug(s,x) < ug(t,x) (7.11)

§—00 S— 00

and the convergence is uniform in x € (0, %)

8 Continuation and stopping sets

We continue with the time reversal introduced in Section 7, denoting by
ur(t,x) the price of the convertible bond when time to maturity is ¢ and the
underlying firm value is . Following Section 5, in Case I, ¢ < rK, we define

¢l A {(t,a:) € (0, 00) x (o, %) Cur(t,x) > w}, (8.1)

S, & {(t,x) € (0,00) x <0, %} cur(t,z) = vx}. (8.2)
In Case II, 6 K < ¢, we define

el A {(t,x) € (0, 00) x (o, %) Cun(t,z) < K} , (8.3)

S 2 {(t,x) € (0,00) x (0, g} cup(t,x) = K}. (8.4)

To relate (8.4) to the definition of SIf in Section 5, recall (4.45). This section
provides some information about the nature of the sets in (8.1)—(8.4).

Lemma 8.1 For allt > 0, the mapping x +— %uL(t,ﬁ) is nonincreasing.
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=

PROOF: We rescale u. Let £ > 0 be given and define @ : [0, 00) x [ >
[0, 00) by T(t,x) = (u (t, %) Because we have formally that 0 < u, (¢, x)

we also have formally that 0 <%, (¢,2) < 1. Furthermore,
G(t,z) + Na(t, ) = ¢ [ut (t, %) + Nul(t, %)} te(l— Oa,(t,z).  (8.5)

InCaseI,cng,welet0<a<b<%begivenandsetﬁz%>1.
Because u; + Nu > ¢, (8.5) implies

uy(t,x) + Nu(t,x) > le+ c(1 — O)u,(t,x) > c. (8.6)

In other words, u(t, x) is a viscosity supersolution of w; +Nu > ¢ on (0, 00) X
(0,%). But also, @(t,z) > vz for 0 < z < % because u(t,x) > ~x for
0<x< % It follows that for every T' > 0, w is defined and continuous on
0,7 x [0, %] and is a supersolution of (7.1). Furthermore, @(0,-) > (0, -),
u(t,0) = u(t,0) = 0, and E(t, %) > K= u(t, %) Lemma 7.1 implies © > u
on [0, 7] x [0, %] for every T > 0. In particular, 2u(t,a) = u(t,b) > u(t,b),
which yields the desired result.

In Case II, 0K < ¢, we again let 0 < a < b < % be given, but now set
¢ = ¢ < 1. In this case, u; + Nu < ¢ and both inequalities in (8.6) are
reversed. But also, u < (K < K. It follow that @ is a subsolution of (7.2),
but it is defined only on the set [0, 00) x [0, %] C [0, 00) x [O, %] However,
on the upper boundary [0, 00) X {ETK} of this set, w = /K and u(t, ZTK) >
(K. The function u(0,-) also dominates u(0,-). We fix an arbitrary 7" > 0
and apply Lemma 7.1 on the smaller domain [0,77] x [0, %K] (just take v in
Lemma 7.1 to be 1) to conclude that @ < w on this domain. In particular,
u(t,a) > u(t,a) = $u(t,b), which yields the desired result. &

~|

In Case I, we define the free boundary

cr(t) £ inf {m € (O, %} cup(t,x) = vx} , t>0, (8.7)

and in Case II, we define the free boundary

dp(t) £ inf {:v € (0, %] cur(t,x) = K} , t>0. (8.8)
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In the overlapping case 0 K < ¢ < rK, Remark 5.2 says that ¢ (t) = di(t) =
% for all £ > 0. We see in Remark 8.4 below that ¢y (t) and d (t) are positive,
so inf could be replaced by min in (8.7) and (8.8).

Remark 8.2 Because uy(t, ) is nondecreasing in L, we have Sf, ¢ ST ¢ &
in Case I and S} ¢ SIT ¢ S in Case I1. This implies cr,(¢) is nondecreasing
in L in Case I and dp(t) is nonincreasing in L in Case II. In the proof of
Theorem 3.5 at the end of Section 7, we saw wug(¢, z) is nondecreasing in ¢
and uk (¢, x) is nonincreasing in ¢. This implies in Case I that cy(¢) is nonde-
creasing and cg(t) is nonincreasing, while in Case II, do(t) is nonincreasing
and dg (t) is nondecreasing.

The following theorem asserts that the continuation set and stopping set
are divided by the free boundary ¢ (-) in Case I and dy(-) in Case II.

Theorem 8.3 In Case I, ¢ < rK, we have

Sl = {(t,x) € (0, 00) x (o%} cen(t) <z < %}

In Case II, 0K < ¢, we have

K K
SH = {(t,x) € (0,00) x (O, —] cdp(t) <z < —}
Y v
PROOF: In Case I, we must show that if uy(¢,2) = vz for some z € (O, %),
then uy(t,y) = vy for all y € [x, %] This follows immediately from Lemma
8.1. In Case II, the result follows from the nondecrease in x of u(t,x). <

Remark 8.4 Consider Case 1. If (tg,79) € SI, then uz(ty, o) = yzo. Be-
cause uy, is a viscosity solution of min{u; + Nu — ¢,u — vz} = 0, we may
use h(z) = ~vx as a “test function” at the point (to,z¢) for the viscosity
supersolution property to obtain N'h(zg) > ¢, or equivalently, zq > %. It
follows that min {%, %} < ep(t) < % for every t > 0. In Case II, we have
K =up(t,dp(t) <dp(t) < 7.

Theorem 8.5 Let C7 and C; be as in Theorem 7.2. In Case I, c < rK, we
have limy_.o cr(t) = C¥. In Case I, K < ¢, we have limy_,, dr,(t) = C.
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Proor: In light of Remark 8.2, it suffices to prove the theorem for the
limiting cases L = 0 and L = % We treat Case I only.

Since ¢( is nondecreasing and cg is nonincreasing, these functions have
limits co(o0) and cx(c0) in (0, %] as t — oo and we must show cy(c0) =
C; = cx(00). Because C; = min{z € (0, %} : p(z) = vz}, we have from
the first inequality in (7.11) that ¢o(t) < C! and hence c¢o(oc0) < C%. But
ug(t, co(t)) = veo(t) and wg(t, -) converges uniformly to p(-), so ¢o(o0) > CF.

Using the second inequality in (7.11), we obtain cx(t) > C¥, and hence
cx(00) > CF. Assume CF < ci(00) < % Because ¢k (+) is nonincreasing, ug
is a viscosity solution of u; + Nu = ¢ on (0,00) X (0, cx(c0)). Hence the limit
p(+) is a viscosity solution of this equation on (0,cx(c0)). But p(z) = vz
for x € (C¥, cx(00)), and this does not satisfy A'p = ¢. This contradiction
implies ¢ (00) = C§. &
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