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Description

Let [0,T] be the time interval into which an
Asian option is structured.

e \We |look at Asian options that can only
be exercised at maturity 1.

e T heir payoff at time T depends on the
average of the underlying over a time
interval [Tp,T].



Different Types of Averages

1. Discrete Arithmetic Average

N

> X(t), to=To
i=0

Y(T) =

N+1

2. Continuous Arithmetic Average

1 T
Y(T) = T Ty /To X (u)du

3. Discrete Geometric Average

1
N+1I

N
G(T) = (H X(ti)> , to ="1o
i=0

4. Continuous Geometric Average

G(T) = exp

1 T
T Ty /To log(X(u))du]



Different Types of Asian Options

e Fixed-Strike, if the payoff is

[ max[Y(T) - K, O]
PIT] = { max [G(T) — K, 0]

e Floating-Strike, if the payoff is

[ max[X(T) — Y (T),0]
P[T] = { max [X(T) — G(T), 0]

e Backward-Started, if 75 <0

e Forward-Started, if 7o > 0



Applications of Asian Options

Asian options, are popular contracts in stock,
currency, and commodity markets because:

e they are not affected by manipulations of
the price of the underlying close to ma-
turity,

e they can be used to hedge a stream of
uncertain payoffs over a period of time.



Market Model

1. The market consists of

e a risk free asset growing at a constant
rate, r

2. Short sales are allowed

3. There are no transaction costs or taxes

4. Assets are perfectly divisible



e a risky asset evolving as a geometric
Brownian motion,

dX (t)

X(0)

pX (t)dt + o X (t)dW (t)
Xo >0



e a risky asset evolving as a constant
elasticity of variance process,

(X (t) + c) dt + o X*(t)dW (¢)
Xo >0

dX (1)
X(0)

where 0 < k # 1.
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e a risky asset evolving as an Ornstein-
Uhlenbeck process,

dX (1)

X (0)

pX (t)dt + odW (t)
Xo >0



e a risky asset evolving as a generalised
square root process,

(uX(t) —c)dt + o/ X(t)dW (t)
Xo >0

dX (1)
X (0)
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Pricing Asian Options

In such a market, there exist

e explicit solutions for geometric average
Asian options,

(Kemna et al. (1990) and Turnbull et al.
(1991))

e NO exact solution for arithmetic average
Asian options.



Pricing Approximations

e Pseudo-Analytic Formulae

— Approximations of the unknown distri-
bution of the arithmetic average

[Levy (1992), Milevsky et al. (1998)
(a, b), Turnbull et al. (1991) ]

— Other approximations

[Bouaziz et al. (1994), Curran (1994),
Vorst (1992)]

e Laplace Transforms

[Geman et al. (1993), Geman et al. (1995),
Fu et al. (1999)]

e Numerical Solutions of the Pricing P.D.E
[Alziary et al. (1997), Dewynne et al.
(1995) (a,b), Rogers er al. (1995)]



Pricing Approximations

e Monte Carlo Simulations

[Corwin et al. (1996), Haykov (1993),
Kemna et al. (1990) ]

e Trees & Lattices

[Hull et al. (1993), Neave et al. (1993)]

e General Numerical Methods

[Carvehill et al. (1990), Nielsen et al.
(1996)]



Is it possible to alter the market model in
such a way that

e it becomes no less realistic,

e it allows for the derivation of explicit pric-
ing formulae.



Are there any alternative stochastic
processes that could be used for mod-
elling the evolution of the risky asset,
such that

e they are realistic,

e they allow for the derivation of explicit
pricing formulae.
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Support for CEV Processes

As stock models, CEV (k < 1) processes have
been supported by

e theoretical arguments, based on financial
and operational leverage*,

e empirical evidence, fitting stock valuesT,

e empirical evidence comparing CEV and
Black and Scholes option values against
market valuest.

*Beckers (1980), Black (1976), Cox (1996), Christie
(1982) and Geske (1979).

fBeckers (1980), Black (1976), Christie (1982)
Emanuel et al. (1982), MacBeth et al. (1980) and
Schmalensee et al. (1978).

IBeckers (1980), Emanuel et al. (1982) and MacBeth
et al. (1980).
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Support for CEV Processes

CEV processes have also been supported by
empirical evidence for modelling the evolu-
tion of short term interest rates, currencies
and commodities.

[Chan et al. (1992), Choi et al. (1985) and
Hauser et al. (1986)]
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First Hitting Time of the Origin
Denote by,

T, the first time X (t) hits the origin, assum-
ing that it starts at Xg > 0O,

P(T € (0,t]), the probability of the process
hitting zero in (0, t].

Then, it can be shown that

o

P(T € (0,t]) =1 —erf (XO\/l — Z—Qut>

where erf(z) = %foz e % du.
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First Hitting Time of the Origin

~ TABLE 1
The probability, P(T € (0,t]), that the process hits the origin in (0, ]
given that = 0.07 and Xo =1 (X0 =5).

Vol. t=0.25years t=0.5 years t =1 year t = 2 years
0.2 0 (0) 0 (0) 0 (0) 0 (0)

0.3 0 (0) 0 (0) 0 (0) 0.00004 (0)
0.4 0 (0) 0.00003 (0) 0.00065 (0) 0.00227 (0)
0.5 0.00001 (0) 0.00085 (0) 0.0064 (0) 0.0146 (0)
0.6 0.00028 (0) 0.00544 (0) 0.02309 (0) 0.04186 (0)
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First Hitting Time of the Origin
Denote by,

T, the first time X (t) hits the origin, assum-
ing that it starts at Xg > 0O,

E(T), the expectation of the first hitting time.

Then, it can be shown that

( m(Xp), if m(Xp) is a positive valued,
strictly increasing function
E(T) = of Xp.

\ —~+ 00, otherwise.

where
T X0
M(Xo) = | /
(Xo) 102 Jo

and erfci(z) =1 — %fé’: %’ dz

_wu? T
e o2 e'rfcz'( —2> du

o)
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First Hitting Time of the Origin

TABLE 2
The expectation, m(Xp), of the first time the process hits the origin
given that y = 0.07

Vol. Xo=1 Xo=5 Xo =10
0.2 5.76902 years 283.445 years 00
0.3 8.93492 years 00 00
0.4 9.15987 years 00 00
0.5 8.59342 years 00 00
0.6 7.87536 years 00 00
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First Hitting Time of the Origin Under
the EMM Q

The dynamics of X (¢) under @Q are given by

dX (t)
X(0)

(r — @) X@)dt + cdW (t)
X0

where

r is the (domestic) risk-free rate,

q is the dividend rate or the foreign risk-free
rate.
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The Value of a European Put Option
Struck at Zero

P(tg, Xg) =
2
oe”? 213
2y/7B(t)
e_tho

+ erfc (—ﬂ(t)%) — Xpe 2

where 3(t) = \/1—658“—61)75’

erfc(z) =1 — erf(2).
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TABLE 3
Values of a European-type Put struck at zero
with maturity ¢, given that Xg =1 (Xp; = 5).

Panel 1: »r=0.6, ¢ =0.

ol. t=0.25years t= 0.5 years = 1 year t = 2 years
0.2 0 (0) 0 (0) - 0(0) 0 (0)
0.3 0 (0) 0 (0) 0 (0) 0 (0)
0.4 0 (0) 0 (0) 0.00004 (0) 0.0002 (0)
0.5 0 (0) 0.00004 (0) 0.00052 (0) 0.0016 (0)
0.6 0.00001 (0) 0.00036 (0) 0.00234 (0) 0.00557 (0)

Panel 2: »r =0.6,9q = 0.5.
0.2 0 (0) 0 (0) 0 (0) 0 (0)
0.3 0 (0) 0 (0) 0.00001 (0) 0.0002 (0)
0.4 0 (0) 0 (0) 0.00031 (0) 0.00184 (0)
0.5 0 (0) 0.00014 (0) 0.00186 (0) 0.00606 (0)
0.6 0.00002 (0) 0.00083 (0) 0.00559 (0) 0.01295 (0)
Panel 3: r=0.6, ¢ =0.7.
0.2 0 (0) 0 (0) 0 (0) 0.0001 (0)
0.3 0 (0) 0 (0) 0.00003 (0) 0.0007 (0)
0.4 0 (0) 0.00001 (0) 0.00061 (0) 0.00364 (0)
0.5 0 (0) 0.00022 (0) 0.00289 (0) 0.00927 (0)
0.6 0.00003 (0) 0.00113 (0) 0.00756 (0) 0.01713 (0)
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Fixed Strike, Backward Started
Asian Options

Let Y(¢) denote the continuous type of av-
erage of O-U variables.

For every t € [0,T], the value of a fixed strike,
backward started option is given by

C@, X (), Y(¢)) =

e " T Eg [(v(T) — K)t /7]
+o0
—r(T—t) _ _
e /K_A(y + A — K)p(y, T; t)dy
where
Q, is the EMM, A = 27 [§ X (u)du,

1 (y=e)?
e 4d

p(y,T;t) = NV ,

o2 (0 (T—t) 2 a*y?(T —t)
473 ((e ( —2)7 - 1) + 272 ’

d =

— Y r(T—t) _ —
e T(e LX), v T T,
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The Price

For any t € [0,T], the value of a fixed strike,
backward started Asian option is given by

—r(T—t) V4 _:2
NG

(e+ A—K))[1+ erf(z)]

C(t,X(t),Y(t)) =e

e—T(T—t)

e+ A

|
1=

where z =
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The 'Greeks’

For any t € [0,T], the hedging parameters,
A and [ are given by

A =21 —emTDY[1 4 erf(2)]

2
_ Y r(T—t) —r(T—t) _ — 22
"= gy T U 2)e
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Fixed Strike, Forward-Started
Asian Options

Vs € [Tp,T], the values of forward and back-
ward options are the same.

Vs € [0,Tp), the value of the forward started
option is given

C(s, X(s)) =

e "T0=9) Eq [C(To, X (To), Y (T))/ Fs] =

o0
e~ (To=s) / C(To, z,y; 8)p(z, To; s)dz
— OO0

where

Q, is the EMM,

(2. Th: ) 1 _(b:w?
x,1p; s e a
P 0 Vaam
2¢.2r(To—s
o = (0} (e ( 0 ) — 1)’ b _ X(S)eT(TO_S)

4r
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The Price

For any s € [0,T)), the value of the option is

C(s, X(s)) =

e~ T(T—s) \/Q_d\/4oz52 +2 _ 2
2 Jr -

e~ T(T—s)
+ 2T (66vV2d — K) [1 4+ erf(2)]

where,
bdv2d — K 5 — ~v(e"(T=To) — 1)
Z — ) ?
V2d\/4a82 + 2 rv/2d

2 2.2( _
d — gy ((er(T—To) . 2)2 . 1>_|_0 v(T — Tp)
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The 'Greeks’

For any s € [0,7Tp), the hedging parameter A
and [ are given by

A = £ [1 4 erf(z)]

52 vV 2d e—r(T—QTo—I—S)e—z2

[ =
V4620 + 2
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Floating Strike, Backward Started
Asian Options

For every t € [0,T], the value of a floating
strike, backward started option is given by

C, X (), Y(t)) =

e "I EG [(X(T) - Y ()T /7]

+oo [+
e " (T—1) / OO/ Oo(w —y—A)p(z,y,T,; t)dzdy
—oo Jy+A

where

Q, is the EMM, A = 27 [§ X (u)du,

p(z,y,t) =

_ 4ad | (0—-2)2 2z (b—z)(e—y) _I_(e—y)2
4ad—c2 | 2« Vaad V2a V2d 2d

e

2m\/4ad — &2
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The Price

For any t € [0,T], the value of a floating
strike, backward started Asian option is given

by
C(t,X(1),Y(t)) =

\/a —Cc+ de—'r(T—t)e—z2

7r
(b—A—e)e (Tt
2

+ [1 + erf(2)]

b—A—e
vat+d—c’

where z = 5
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The 'Greeks’

For any t € [0,T], the hedging parameters,
A and [ are given by

e~ T (T—t)

A — e‘r(T—t) . Z(GT(T—T,) o 1)
2 r
[1 + erf(2)]
e~ (T—t) 5
B = _e” ~
2Vmva+d—c¢
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Floating Strike, Forward-Started
Asian Options

Vs € [Tp,T], the values of forward and back-
ward options are the same.

Vs € [0,Tp), the value of the forward started
option is given

C(s, X(s)) =

e~ "T0=9) Eq [C(To, X (To), Y (Tp))/ Fs] =

o0
e T0=) [T 7 C(To, @, y; 5)p(a, Toi s)do
— OO

where

Q, is the EMM,
1 (=)

e 4a7

p(z,Tp; s)

dar

2¢.2r(To—s) _
o — o (e : 1), b — X(S)QT(TO_S)
r
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The Price

For any s € [0,71p), value of the option is
C(s,X(s)) =
r-nVatd—e+ar®

NG ’
'6)\6—7“(T—s)

+ 5 [1 + erf(2)]

where,

—

3 bA
2Ja+d—c+ar2)

z

2¢.2r(To—s) _ R
~_C (e 10 1)’ P X(s)er(TO_s)
4r

)\ = o"(T=To) _ % (er(T—To) _ 1)
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The 'Greeks’

For any s € [0,71p), the hedging parameter A
and [ are given by

—r(T—-Tp)
A =2¢ > 11+ erf(2)]

r— A2 o r(T—2Tg+s) ,— 22
2\/m(@\2 4+ a+d—2)
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The Generalised Square Root Process

The dynamics of the GSRP are given by

(WX (t) = ¢) dt + o/ X (£)dW ()
X0

dX (1)
X(0)

Its state space is [0,4+o00) and the origin is
e an absorbing boundary, if ¢ > 0,

. 2
e a regular boundary, if —% <c¢ <0,

. 2
e an entrance boundary, if ¢ < —%-.
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The Joint Density of the SR and
the Integrated Process

p(z,y,T;t) =

P2y o 2
2X(t) r(z UX(t))e_;a—‘ly ( 7 )
p\/_ 4y

+oo e~
X D
n=0

a2P
Ingy

n(CU,y,T)
n+1 )

n

8
a2(T—-Tp)’

an = 5z + X () + o?(n + 1)(T — t)], and
Gn(xayaT) —

() )

m=0

z”“: (—kl!)"C < n+1 ) (X(t) )

k=0

an [P
ma—

where p =
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See Word Doc: page34.
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Floating Strike, Backward Started
Asian Options

For every t € [0,T], the value of a floating
strike, backward started option is given by

Ct, X(1),Y () =
e "I Eq [(X(T) - Y (1) /7]

400 4o
—r(T—t) / / _y—A T: t)dzd
e ; erA(:v Yy Yo(z,y, T; t)dzdy

where

Q, is the EMM,
A= ﬁféX(u)du, and

p(x,y;t), is the joint density function of the
pair (X(T), Y(T)) conditioned on informa-
tion at time ¢.
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