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Problem 1. Suppose we make the reasonable assumptions that the bond prices are bounded
0 < P(T) <1 and that the interest rate is non-negative r; > 0. Show that if the process
(pt(T ))tcio,r is a local martingale, then it is actually a true martingale and, in particular,
the bond prices are given by the formula

PAT) = E© <e— I ’“sd5|]-"t> .

Solution 1. The conclusion follows from the inequality 0 < P,(T) = e~ Jo ™4 P,(T) < 1 and
the fact that uniformly bounded local martingales are true martingales. See exercise 3.6.

Problem 2. (Forward measure) Let (7);cr, be a continuous process such that e~ Jo reds g
Q-integrable for all 7" > 0.
Suppose
P(t,7) = EQ(e J | )
for all 7 > t. For fixed T' > 0, define a measure Q7 on (2, Fr) by

dQT e~ fOT rsds
dQ — R(T)
(1) Show that for all 7 > 0, the process (P(t,7)/P(t,T)),c0,,a7) 18 @ martingale for Qr.

(2) Show that the forward rate (f(¢,T)):cjo,r] is @ martingale for Qp.
(3) Show that there is no arbitrage if the European claim with maturity 7' and bounded
payout & has time-t price

& = P(t,T) E* (&|F).
Solution 2. Remember: if M; = E(Myp|F;) for all t € [0,T], then (M;);cp,r is a martingale.
(1)

P(t,7) EQ (e~ Ji 45| F,)
P(t,T) EC(e~ /i 7= 43| F,)

EQ(ef fOTrSdsef_rTrsds|JT_;f)
EC(e~ o 7+ds| F,)
= EQr (el ™| F)

dlog P(t,T)
oT
E®(rpefo 7 %|F)
EQ(e—fOTrs ds| F,)
= E%¥(r7|F)

The measure Qr is called the T-forward measure as it is a measure under which the

forward rate for maturity 7" is a martingale.
1

f(th) =




(3) Our current market comprises all bonds of maturity 7, for all 7 > 0, and the bank
account (By)er, , where

B; = ef()t rsds'

The idea is to let the bond of maturity 7" be the numéraire. In part (1) we have shown
that all of the bonds, when discounted by the bond of maturity 7', are martingales
for Qr. We now show that the discounted bank account is a martingale

B, el rsds
P,(T) EQ(G—ftTTs as| ;)
EQ(e~ Jo rsds o fy reds| T7,)
EQ(e~ Ir rads| 7
_ E@T(e‘foTTsds‘JT_'t)'
Hence, all of these assets, when discounted by the bond of maturity 7', are martingales

under the forward measure Q7. Thus, there is no-arbitrage in the original market.
Now augment the market with a new asset (&):cjo,77- Since

&
P(t,T)
is again a martingale for Q7, the augmented market has no arbitrage.

[You may prefer to work with the bank account as the numéraire, as we have
usually done in lecture. In this case, the original market is free of arbitrage since

P(t,T)
B,
defines a martingale for the risk-neutral measure Q. The augmented market is also
free of arbitrage since

& - D purialn
P(t, T) E%(ge~ o = %|F)
By, EQ(e~ S as| )
= E%gre b |7
and (&/B¢)ieo,r] is a martingale for Q.]
Problem 3. (Vasicek model) Let
dry = —=\(7 — 1) dt + o dW;

for positive constants A, 7, and . Show that

¢ 1 — oMYy g2 ft
/ rs ds ~ N (Ft + (ro — F)—( c )70—2/ (1—e)? d3> :
0 A A% Jo

Use the moment generating function of a normal random variable to compute

0.2

T aT\= T T2
fO,T)=ero+ (1 26 )P 2)\2(1 e M)

= EQT(fTU:t)

= EQ(e* Jo rsds|‘/~_'t)




Show that if ro > 7 then T'— f(0,7) is decreasing.
Solution 3. The SDE of the Vasicek model can be solved explicitly:

t
ry =roe M+ (1 — e M)F + / e M= g d I,
0

Obviously, we have

1— 67)\15

t
/ (roe™ + (1 — e )7)ds = 7t + (rg — F)—/\ .
0

Perhaps less obviously we have

t s
//e_’\(s_“)aquds = // —A(s= uadde
0o Jo

—)\(t )
= —oadW,.
/o N

. . . o= A(t—u) . .
As we have seen in Problem 3.3, since the integrand 1%0 is not random, the stochastic

integral is Gaussian with mean zero and variance given by I[to’s isometry.
To shorten the notation, let

ut) = (g — =)

ot) = %(/OTu—e—AS)? ds)1/2.

Using the well-known formula for the expectation of a log-normal distribution, we get the
price at time 0 of the bond of maturity 7"

P(0,T) = B (e 7ett) = em(T)+o(0)’/2

hence
Qlog A(T)  9(u(T) — 3a(1)?)

£(0,7)

or or
_ o o? T2
= T+ (rg—re ’\T—ﬁ(l e ’\T)
Now, if ry > 7 we have the inequality
af(0,T) —AT - o’ AT
ANt Rl - Z(1— <
5T e ((ro T) + 2 (1—e )) <0

and hence the forward curve T' — f(0,7) is decreasing.

Problem 4. (Vasicek model) Fix a time horizon S > 0. Express the dynamics of the short
rate in the Vasicek model in terms of the Qg-Brownian motion, where Qg is the S-forward
measure. Hence, deduce that the distribution of rg under Qg is

N (roe™ + (1 — e M)F — 0—2(1 — e M)? 0—2(1 —e 9.
2)\2 T2\

Use the Vasicek model to compute the time-0 price of a European call option maturing at
time S with strike K, written on a zero-coupon bond with maturity 7" > S.
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Solution 4. Suppose the Q dynamics of the short rate r are given by
drt = )\(77 — Tt)dt + Uth

for a Q-Brownian motion W.
Assume, for the moment, that there exists some process a such that

AW = dW, + aydt

defines a Brownian motion under Qg. We need only to find a. But remember that the
forward rate (f(t,S)):cp,s) is @ martingale under Qg. Also, for the Vasicek model we have
the formula

F(t,8) = e Dy, 4 (1 — e X507 - ‘7_(1 _ e NS0y,
Hence by [to’s formula, we have

df(t,S) = e M [Tt i %(1 _ efA(Sft))] dt + e 25D gy,

= N0 [aw, + Ta- e S0t

Hence a; = (1 — e 2579 and the Qg dynamics are given by
2
dr; = (/\(7" —Ty) — J7(1 — e_)‘(s_t))) dt + ath(S)

It remains to prove the claim. Define the change of measure martingale Z by

_ @@)
Zt—E(dQ|ft

—fosrs ds
= B[S R
( RS) | )

e Jors dsp,(S)

F(S)

Since Z is adapted to the filtration generated by the Brownian motion, the martingale
representation theorem says that

t
Ly = 1+/ ksdW
0

for some process k. But since Z is positive, we may let a; = —k;/Z;. Hence
7, = 6_% JS a2ds— [} asdw
But by the Cameron—Martin—Girsanov theorem, the process
WS = dW, + aydt

defines a Brownian motion under Qg, as claimed.
[Here’s another approach: We have seen in the Vasicek model the formula

t 1 — oM t t] — e~ At-u)
/ rsds = r0¥ + / (1— e_’\”)fdu +/ +oqu.
0 0 A 0



We have also seen
1 — e~ AS-1) S—t 2 S—t
P(t,S) =exp (—rt% — 7“/0 (1—e™) du + ;—)\2 (1 —e )2 du) :

0

so that when all is said and done:

g _ OB S)
‘T Pos) T

(1-— e A _t)) so by the Cameron—Martin—Girsanov theorem, the process

t a2ds— fo asdWs

where oy = §

aw® = aw, + <

3 (1 — e )ar

defines a Brownian motion under Qg. |
Solving the Vasicek SDE yields

S
rg =e g+ (1 —e)r + / e N5 [dW /\(1 — e*’\(S*”))du]
0

and the distribution of rg under Qg is verified.

Now, from Problem 2, we know the no-arbitrage price of the call is given by P(0,.S) E@s[(Ps(T)—
K)*|F]. Also from Problem 2, we have the equality E@s[P(S,T)] = P(0,T)/P(0,S). Now,
for the Vasicek model, P(S,T) is log-normal under Qg since

_ AT-8)
Ps(T) = exp (—rs(l 5y ”) — B(S, T)) .

2 4 —2
where B(S, T) is not random. Let v = Var®s[log P(S,T)] = <1_6_;(T_S)) 7 u;f\ ™) Hence,

the price is given by
P(0,8) E[(e~"/**VY2Py(T)/Py(S) — K)*] where Z ~ N(0,1)
NT— _ KP(0,S)

MT=8)y2(1 _ o228 ’
where the function BS(v,m) = ®(—logm/v/v + v/2) — m®(—logm/\/v — \/v/2) is the
Black—Scholes call pricing function. Jamshidian found this formula in 1998.

S

[We could have computed the expectation E@[e~Jo "s45( Pg(T) — K)*] directly under the

risk-neutral measure QQ, rather than switching to the forward measure Qg.

To do so, we notice that X =log P(S,T) and Y = — fos rydu are jointly normal random
variables under Q. Now we make use of the following formula:

Elg(X)e¥] = e T 2E[g(X + ox,y)]

= P(0,T) BS ( (-

where py = E(Y),0% = Var(Y), and oxy = Cov(X,Y). This formula can be proven by
writing out the integrals in terms of the joint density function. Once we have this formula,
we can proceeds along the lines of Problem 3.1. |

Problem 5. (Hull-White extension of Cox—Ingersoll-Ross) Consider the short rate model
given by

d”/’t = —)\(F(t) — T't) dt + 0’\/7"_15 th
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for positive constants A and ¢ and a deterministic function 7 : Ry — R. Find the initial
forward rate curve fo = f(0,-) for this model. [Is it possible to find a 7 that exactly match
a given f7]

Solution 5. Consider the PDE

oV oV 1, 9V

—(t, T Ft) —r)— (T —o*r—(t,T,r) = T
o (BT + M(t) =) 5= (0.Tor) + 5oPr5 o (. Tor) = rV (1, Tr)
V(T,T,r)=1.

As usual we can make the ansatz
V(t, T, T‘) — e—TA(t,T)—B(t,T)

for some functions A and B which satisfy the boundary conditions A(T,T) = B(T,T) = 0.
Substituting this into the PDE yields

2
—aa—?(t, T)r — aa—f(t, THV(t,r) — XF(t) — r)A(t, T)V(t,r) + %TA(t, TV (t,r) =rV(t,r).
which yields the coupled system

0A o? 9

E(t’T) = MA(t) + ?A(t) -1

%—f(t, T) = =Mr()A(t,T).

The equation for A is a Riccati equation, whose solution is
2(e7T=1 1)

S SV R Y

B4.T) — / A (s) A(s, T)ds

where v = /A2 4+ 202. Hence, the time 0 forward rates are given by

42T . /T 442V T=3) \7(s)ds
RV EENCEY e S TRV R ey

[Can can solve for 7 in terms of fy? It seems pretty reasonable that this is possible, and
indeed, we could certainly do it numerically, say, by discretizing time and solving a system
of linear equations.

But is there an analytic solution? Notice that the above equations are of the convolution
form

fo(T> =

If we define the Laplace transforms

G(z) = /000 e "g(t)dt, R(z) = /000 e 7 (t)dt, and H(x) = /000 e "h(t)dt,

then the equation becomes G(x)R(z) = H(x) = R(z) = H(x)/G(z). So we have an analytic
solution as long as we can invert the Laplace transform.]
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Problem 6. (interest rate swap) Party A agrees to give Party B a stream of payments
throughout the interval ¢ € [0, T, such that during the infinitesimal interval (¢,¢+ dt) Party
B receives r; dt units of money, where r; is the short rate at time ¢. During the same period,
Party B agrees to pay Party A s dt units of money during the interval (¢,t 4 dt), where s is
a fixed constant. If no money changes hands at time 0, to what value should the constant
s be set so that there is no arbitrage?” Your answer should be in terms of the time 0 bond
prices P(0,7"). The constant s = s(0,7) is called the swap rate for maturity 7. Show that
the left end point of the swap rate curve s(0, ) is the short rate r.

Solution 6. We assume the existence of an equivalent measure Q under which the prices
of all assets discounted by the bank account are martingales. If the coupon payments of
i, (t; — t;—1) are made at the dates to < t; < ... <t,1 <t, then the time-0 price of this
cash stream is

n

t; T .
0

i=1
= E%(1- e_foTT“d“)
= 1-P(0,T).
Similarly, time-0 price of the stream of fixed payments p (t; — ¢;_1) is given by

n

t; T ¢
EQ ( Z s(t; —ti—1)e” Jo! ’”“d“> ~ [E° (/ pe” Jo T“d“dt>
0

i=1
T

= p/ P(0,u)du.
0

The swap rate is given by

Note that

. 0
171{101 S(O,T) = —a—TP(O,T”T:O =To.

Problem 7. Show that there is no arbitrage if the dynamics of the forward rates are given
by
df (t,T) = cos(T — t)[sin(T — t)dt + dW}]

for a scalar Brownian motion (W})er, -

Solution 7. This is an example of the HJM drift condition. If the volatility is given by
o(t,T) = cos(T — t), then there is no arbitrage if the drift is o (¢, T) ftT o(t,s)ds = cos(T —
t)sin(T — t). But to go through the HJM argument:

7



Fix T > 0 and observe

d (/Otrs ds~|—/tTf(t, s) ds) = (ry —f(t,t))dt#—/fdf(t,s) ds

T T
= / cos(T — s)sin(T — s)ds dt + / cos(T — s)dW,
t t

1
= 5 sin(T — t)?dt + sin(T — t)dW;
since f(t,t) = r; and hence
dD(t, T) = de Jomsads=Ji" Ft)ds — _p(t T)sin(T — t)dW,

by Itd’s formula. Since (P(t, T'))tcpo,m is a local martingale (in fact, a true martingale) for
each T" > 0, there is no arbitrage in the market.

Problem 8. Let X;,X,,... be a sequence of non-negative random variables such that
E(X,) =1 for all n. Use the Borel-Cantelli lemma to show
limsup X/" < 1 a.s.
n—oo

If y(t,T) is the yield of a bond maturing at time T, the long rate is defined as ¢, =
limr_, y(t,T) whenever the limit exists. Assuming that the bonds are priced by expectation,
show that the long rate is non-decreasing, that is

by > U, as. forall 0 <s <t
a fact first discovered by Dybvig, Ingersoll, and Ross in 1996.

Solution 8. For each € > 0 we have

ZIP’X > (14¢€)" <Zl+e ":—<oo

n=1

by Markov’s inequality. The first BorelfCantelh lemma then says

P(X!™ > 1 + ¢ infinitely often) = 0

This shows the event €2, = {limsup,,_,., X» Vn< 14 €} is almost sure for each € > 0. The

first conclusion follows from the continuity of probability measures P(N32 ;€ ) = 1.
Now, let P(t,T) be the bond price, B; the price of the money market, and P(t,T) =
P(t,T)/B; the discounted bond price as usual. Suppose the long rate ¢; exists, so that
.1 ~
by = —zlgroloilogp(t T) = _TII_IEOTIOgP(t’T)'

By assumption, the discounted bond prices are given by
P(t,T) = E%(By'|F)

each 0 <t < T and a fixed risk-neutral measure QQ, and, in particular, ]5(~, T) is a martingale
for each T' > 0.
Fix 0 < s <t, and let




Note E(X,,) = E[E(X,|Fs)] = 1 for each n. The first part implies

1
by — 0y = lim —log X,, <0 a.s.

n—oo 1N

as required.



