Advanced Financial Models Michael Tehranchi
Example sheet 3 - Michaelmas 2019

Problem 1. Let Z be a homogeneous Markov process taking values in a finite space F with
transition probabilities

Pey =P(Zy =y|Zy = z) for z,y € E.
Let R: E — (—1,00) and F : Z, x E — R? be functions such that

ZF(t + 1,y)p.y = (1 + R(2))F(t,z) forall t > 0,z € E.
yekl
Consider a market with a bank account with risk-free rate r; = R(Z;_1) and d stocks with
prices S! = F'(t, Z;) fori=1,...,d.
(a) Show that the market has no arbitrage.
Now suppose that for each z € E that the set

Y(z)={ye E:p,, >0}

has exactly d 4+ 1 elements. Furthermore, suppose that for all ¢ > 0 and z € F, the d + 1
functions {1, F*(¢,-),..., F(t,-)} are linearly independent when restricted to Y(z), where
I(y) =1forall y € E.

(b) Show that the market is complete.

(c) Define the d x d matrix-valued function for 0 < ¢t < 7T,z € E,yo € Y(2) by

A(t, z,y0) = (F'(t,y) — F'(t,p0) -y € Y(2)\{wo}, 1 < i < d).

Show that A(t, z,yo) is invertible.
(d) For a function f: F — R consider the d x 1 vector defined for z € E and yy € Y(2) by

Fzm0) = (F) = fwo) s y € Y(2)\{wo})-

Show that the d x 1 vector A(t, z,10) "' f(z,y0) does not depend on .
(e) Fix a function g : E — R and let V(7' 2) = g(z) and

1
= 1 f No<t<T-1 E.
V(t,z) T R07) ZV(t+ YDy forall 0 <t < RS

yerR

Define a R%valued function for 0 <t < T,z € E,yo € Y(z) by

I(t,z) = A(t,z,y0) " (V(Ey) = V(E o) =y € Y(2)\{wo})

for any yo € Y(2). (The choice of yy is irrelevant by part (d).) Finally, define a real-valued
function by

O(t,z) =V(t—1,2) = 1l(t,2) - F(t—1,2).
Show that the European claim with time T payout & = ¢(Sr) is with unique no-arbitrage
price § = V/(t, Z;) and replicating strategy H = (¢, ) where

(L, 7,
¢t = M and T — (I)(t, Zt—l)
By
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Problem 2. Let ((;7)1<t<r be a collection of positive random variables such that ;7 is
JFi-measurable for all ¢ and that

T -1
( H Ct,u) |ft—1 =1

u=t+1
for all 1 <t < T. Now given a non-random sequence fo7 > —1 for T' > 0, let
L+ for = (1+ ftfl,T)CtyT for1 <t<T.

Let 1, = fio1¢ fort > 1 and Py p = (HZ:tJrl(l + ftu)) for0<t<T.

Consider a market with a bank account with time ¢ risk-free interest rate r; and a collection
of bonds such that P, 7 is the time ¢ of the bond of maturity 7.
(a) Show that the market has no arbitrage.
(b) Use example sheet 2 problem 6 to show that the forward rate at time ¢ for maturity 7'
is given by f; 1.
(c) Let Gr = exp(owré& + per) where oy r and . r are F;—y measurable and & is N(0, 1)
and independent of F;_;. Show that

T-1
1 2
Ht.T = 01T Z Ot T 90T
u=t+1

Problem 3. Let g be a function on the integers, and define functions ¢’ and ¢” by the
formulae

g'(x) = 3lg(z +1) = g(z = 1)] and ¢"(z) = g(z + 1) — 2g(z) + g(z — 1)
for all integers x.

Let (z;); be a sequence of integers with z; — z; 1 € {—1,0, 1} for each ¢ > 1. Show that
for all ¢ > 0 we have

9(r0) = glo0) + 30 ¢ (ra ) (s = a) 5 D29 1) — 7 1)

s=1
Problem 4. * Let (S;);>0 be a discrete-time martingale such that Sy is an integer and for
all £ > 1 the increment S; — S;_; is valued in the set {—1,0,1}.
(a) Prove the identity
(St =K —=1)" =2(Sr = K)" + (S = K+ 1) = Iys,-x
for integers K and 7' > 0.
(b) Prove the identity

T
1
(Sp—K)" = (S —K)"+ Z f(Si—1 — — Sp1) + 3 tzl Lis,—rc} (St — Si—1)?
for integers K and T' > 1, Where f is defined by

1
f(@) = 1psoy + El{x:0}~
Let
C(T,K) =E[(Sr — K)7]
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for integers K and 7' > 0 and
o*(T,K) = Var(Sr1|Sr = K)
for integers K and T such that |[K — S| < T.
(c) Using parts (a) and (b), or otherwise, prove the identity
1
OT +1,K) ~ O(T, K) = Lo™(T, K)O(T, K +1) ~ 20(T, K) + C(T, K — 1)

for integers K and T such that |[K — S| < T.
(d) Comment an application part (c) to finance.

Problem 5. Let f be a positive continuous (non-random) function and W a Brownian
motion. Use Lévy’s characterisation of Brownian motion to show that f; f(s)dWs is a

normal random variable with mean zero and variance fot f(s)%ds.
Problem 6. * (Ornstein-Uhlenbeck process) Let W be a Brownian motion, and let
¢
Xy =e"z+b / e dWw,

0
for some a, b, xr € R.
(a) Verify that (X;);>o satisfies the following stochastic differential equation:

dXt = CLXt dt + b th, XO = X.

(b) Show that

b2
Xy~ N (e“ta:, %(ezat - 1)) .

(c) What is the distribution of the random variable fOT X, dt?

Problem 7. Let W be a Brownian motion. Show that if Y; = W32 — 3tWW; then Y is a
martingale (1) by hand, and (2) by It6’s formula.

Problem 8. (Heat equation) Let W be a scalar Brownian motion, and let g : [0, 7] xR — R
be a smooth function that satisfy the partial differential equation

dg 10%g

2L -ZJ

ot 2022
with terminal condition

g(T,z) = G(x).

(a) Show that (g(t, W;))icjo,r7 is a local martingale.
(b) If the function g is bounded, deduce the formula

00 —22/2
g(t,w):/ G(IE+\/T—t2)e\/2_ dz.
o T

Problem 9. (Strictly local martingale) This is a technical exercise to exhibit a local martin-
gale that is not a true martingale. Let W = (W', W?2 TW?) be a three-dimensional Brownian
motion and let u = (1,0,0). It is a fact that P(W; # u for all ¢t > 0) = 1.
(a) Let X; = |W; —u|™'. Use Itd’s formula and Lévy’s characterisation of Brownian motion
to show that
dX, = X2dZ,, X, =1
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where Z is a Brownian motion. In particular, show that X is a positive local martingale.
(b) By directly evaluating the integral or otherwise, show that

E(X;) =28(t71/?) -1

for all t > 0, where ® is the distribution function of a standard normal random variable.
Why does this imply that X is a strictly local martingale?

Problem 10. (strictly local martingales again) (a) Suppose that X is positive martingale
with Xg = 1. Fix T > 0 and let

dQ

— = Xrp.

a7
Let Y; = 1/X; for all ¢ > 0. Show that (Y;)o<i<7 is a positive martingale under Q.

(b) Continuing from part (a), now suppose that X has dynamics
dXt = XtO'tth

where W is a BrownianA motion under P. Use Girsanov’s theorem to show that there exists
a Q-Brownian motion W such that

dY; = YiodW,
(c) Let X be a positive local martingale with Xy = 1 and dynamics
dX, = X2dW,.

Our goal is to show that X is a strictly local martingale. For the sake of finding a contra-
diction, suppose X is a true martingale. In the notation of parts (a) and (b), show that

P(Y; > 0) = 1 but Q(Y; > 0) = &(t~/?).

Why does this contradict the assumption that X is a true martingale?



