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Problem 1. Let Z be a homogeneous Markov process taking values in a finite space E with
transition probabilities

pz,y = P(Z1 = y|Z0 = z) for z, y ∈ E.

Let R : E → (−1,∞) and F : Z+ × E → Rd be functions such that∑
y∈E

F (t+ 1, y)pz,y = (1 +R(z))F (t, z) for all t ≥ 0, z ∈ E.

Consider a market with a bank account with risk-free rate rt = R(Zt−1) and d stocks with
prices Si

t = F i(t, Zt) for i = 1, . . . , d.
(a) Show that the market has no arbitrage.

Now suppose that for each z ∈ E that the set

Y(z) = {y ∈ E : pz,y > 0}

has exactly d + 1 elements. Furthermore, suppose that for all t > 0 and z ∈ E, the d + 1
functions {1, F 1(t, ·), . . . , F d(t, ·)} are linearly independent when restricted to Y(z), where
1(y) = 1 for all y ∈ E.
(b) Show that the market is complete.
(c) Define the d× d matrix-valued function for 0 < t ≤ T, z ∈ E, y0 ∈ Y(z) by

∆(t, z, y0) =
(
F i(t, y)− F i(t, y0) : y ∈ Y(z)\{y0}, 1 ≤ i ≤ d

)
.

Show that ∆(t, z, y0) is invertible.
(d) For a function f : E → R consider the d× 1 vector defined for z ∈ E and y0 ∈ Y(z) by

f̃(z, y0) =
(
f(y)− f(y0) : y ∈ Y(z)\{y0}

)
.

Show that the d× 1 vector ∆(t, z, y0)
−1f̃(z, y0) does not depend on y0.

(e) Fix a function g : E → R and let V (T, z) = g(z) and

V (t, z) =
1

1 +R(z)

∑
y∈E

V (t+ 1, y)pz,y for all 0 ≤ t ≤ T − 1, z ∈ E.

Define a Rd-valued function for 0 < t ≤ T, z ∈ E, y0 ∈ Y(z) by

Π(t, z) = ∆(t, z, y0)
−1(V (t, y)− V (t, y0) : y ∈ Y(z)\{y0}

)
for any y0 ∈ Y(z). (The choice of y0 is irrelevant by part (d).) Finally, define a real-valued
function by

Φ(t, z) = V (t− 1, z)− Π(t, z) · F (t− 1, z).

Show that the European claim with time T payout ξT = g(ST ) is with unique no-arbitrage
price ξt = V (t, Zt) and replicating strategy H = (φ, π) where

φt =
Φ(t, Zt−1)

Bt−1
and πt = Φ(t, Zt−1)

1



Problem 2. Let (ζt,T )1≤t<T be a collection of positive random variables such that ζt,T is
Ft-measurable for all t and that

E

( T∏
u=t+1

ζt,u

)−1
|Ft−1

 = 1

for all 1 ≤ t < T . Now given a non-random sequence f0,T > −1 for T > 0, let

1 + ft,T = (1 + ft−1,T )ζt,T for 1 ≤ t < T.

Let rt = ft−1,t for t ≥ 1 and Pt,T =
(∏T

u=t+1(1 + ft,u)
)−1

for 0 ≤ t < T .

Consider a market with a bank account with time t risk-free interest rate rt and a collection
of bonds such that Pt,T is the time t of the bond of maturity T .
(a) Show that the market has no arbitrage.
(b) Use example sheet 2 problem 6 to show that the forward rate at time t for maturity T
is given by ft,T .
(c) Let ζt,T = exp(σt,T ξt + µt,T ) where σt,T and µt,T are Ft−1 measurable and ξt is N(0, 1)
and independent of Ft−1. Show that

µt,T = σt,T

T−1∑
u=t+1

σt,u +
1

2
σ2
t,T

Problem 3. Let g be a function on the integers, and define functions g′ and g′′ by the
formulae

g′(x) = 1
2
[g(x+ 1)− g(x− 1)] and g′′(x) = g(x+ 1)− 2g(x) + g(x− 1)

for all integers x.
Let (xt)t be a sequence of integers with xt − xt−1 ∈ {−1, 0, 1} for each t ≥ 1. Show that

for all t ≥ 0 we have

g(xt) = g(x0) +
t∑

s=1

g′(xs−1)(xs − xs−1) +
1

2

t∑
s=1

g′′(xs−1)(xs − xs−1)2.

Problem 4. * Let (St)t≥0 be a discrete-time martingale such that S0 is an integer and for
all t ≥ 1 the increment St − St−1 is valued in the set {−1, 0, 1}.
(a) Prove the identity

(ST −K − 1)+ − 2(ST −K)+ + (ST −K + 1)+ = 1{ST=K}

for integers K and T ≥ 0.
(b) Prove the identity

(ST −K)+ = (S0 −K)+ +
T∑
t=1

f(St−1 −K)(St − St−1) +
1

2

T∑
t=1

1{St=K}(St − St−1)
2

for integers K and T ≥ 1, where f is defined by

f(x) = 1{x>0} +
1

2
1{x=0}.

Let
C(T,K) = E[(ST −K)+]
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for integers K and T ≥ 0 and

σ2(T,K) = Var(ST+1|ST = K)

for integers K and T such that |K − S0| ≤ T .
(c) Using parts (a) and (b), or otherwise, prove the identity

C(T + 1, K)− C(T,K) =
1

2
σ2(T,K)[C(T,K + 1)− 2C(T,K) + C(T,K − 1)]

for integers K and T such that |K − S0| ≤ T .
(d) Comment an application part (c) to finance.

Problem 5. Let f be a positive continuous (non-random) function and W a Brownian

motion. Use Lévy’s characterisation of Brownian motion to show that
∫ t

0
f(s)dWs is a

normal random variable with mean zero and variance
∫ t

0
f(s)2ds.

Problem 6. * (Ornstein–Uhlenbeck process) Let W be a Brownian motion, and let

Xt = eatx+ b

∫ t

0

ea(t−s)dWs

for some a, b, x ∈ R.
(a) Verify that (Xt)t≥0 satisfies the following stochastic differential equation:

dXt = aXt dt+ b dWt, X0 = x.

(b) Show that

Xt ∼ N

(
eatx,

b2

2a
(e2at − 1)

)
.

(c) What is the distribution of the random variable
∫ T

0
Xt dt?

Problem 7. Let W be a Brownian motion. Show that if Yt = W 3
t − 3tWt then Y is a

martingale (1) by hand, and (2) by Itô’s formula.

Problem 8. (Heat equation) Let W be a scalar Brownian motion, and let g : [0, T ]×R→ R
be a smooth function that satisfy the partial differential equation

∂g

∂t
+

1

2

∂2g

∂x2
= 0

with terminal condition
g(T, x) = G(x).

(a) Show that (g(t,Wt))t∈[0,T ] is a local martingale.
(b) If the function g is bounded, deduce the formula

g(t, x) =

∫ ∞
−∞

G(x+
√
T − tz)

e−z
2/2

√
2π

dz.

Problem 9. (Strictly local martingale) This is a technical exercise to exhibit a local martin-
gale that is not a true martingale. Let W = (W 1,W 2,W 3) be a three-dimensional Brownian
motion and let u = (1, 0, 0). It is a fact that P(Wt 6= u for all t ≥ 0) = 1.
(a) Let Xt = |Wt − u|−1. Use Itô’s formula and Lévy’s characterisation of Brownian motion
to show that

dXt = X2
t dZt, X0 = 1
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where Z is a Brownian motion. In particular, show that X is a positive local martingale.
(b) By directly evaluating the integral or otherwise, show that

E(Xt) = 2Φ(t−1/2)− 1

for all t > 0, where Φ is the distribution function of a standard normal random variable.
Why does this imply that X is a strictly local martingale?

Problem 10. (strictly local martingales again) (a) Suppose that X is positive martingale
with X0 = 1. Fix T > 0 and let

dQ
dP

= XT .

Let Yt = 1/Xt for all t ≥ 0. Show that (Yt)0≤t≤T is a positive martingale under Q.
(b) Continuing from part (a), now suppose that X has dynamics

dXt = XtσtdWt

where W is a Brownian motion under P. Use Girsanov’s theorem to show that there exists
a Q-Brownian motion Ŵ such that

dYt = YtσtdŴt

(c) Let X be a positive local martingale with X0 = 1 and dynamics

dXt = X2
t dWt.

Our goal is to show that X is a strictly local martingale. For the sake of finding a contra-
diction, suppose X is a true martingale. In the notation of parts (a) and (b), show that

P(Yt > 0) = 1 but Q(Yt > 0) = Φ(t−1/2).

Why does this contradict the assumption that X is a true martingale?
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