Advanced Financial Models Michael Tehranchi
Example sheet 3 - Michaelmas 2019

Problem 1. Let Z be a homogeneous Markov process taking values in a finite space F with
transition probabilities

Pey =P(Zy =y|Zy = z) for z,y € E.
Let R: E — (—1,00) and F : Z, x E — R? be functions such that

ZF(t + 1,y)p.y = (1 + R(2))F(t,z) forall t > 0,z € E.
yekl
Consider a market with a bank account with risk-free rate r; = R(Z;_1) and d stocks with
prices S! = F'(t, Z;) fori=1,...,d.
(a) Show that the market has no arbitrage.
Now suppose that for each z € E that the set

Y(z)={ye E:p,, >0}

has exactly d 4+ 1 elements. Furthermore, suppose that for all ¢ > 0 and z € F, the d + 1
functions {1, F*(¢,-),..., F(t,-)} are linearly independent when restricted to Y(z), where
I(y) =1forall y € E.

(b) Show that the market is complete.

(c) Define the d x d matrix-valued function for 0 < ¢t < 7T,z € E,yo € Y(2) by

A(t, z,y0) = (F'(t,y) — F'(t,p0) -y € Y(2)\{wo}, 1 < i < d).

Show that A(t, z,yo) is invertible.
(d) For a function f: F — R consider the d x 1 vector defined for z € E and yy € Y(2) by

Fzm0) = (F) = fwo) s y € Y(2)\{wo})-

Show that the d x 1 vector A(t, z,10) "' f(z,y0) does not depend on .
(e) Fix a function g : E — R and let V(7' 2) = g(z) and

1
= 1 f No<t<T-1 E.
V(t,z) T R07) ZV(t+ YDy forall 0 <t < RS

yerR

Define a R%valued function for 0 <t < T,z € E,yo € Y(z) by

I(t,z) = A(t,z,y0) " (V(Ey) = V(E o) =y € Y(2)\{wo})

for any yo € Y(2). (The choice of yy is irrelevant by part (d).) Finally, define a real-valued
function by

O(t,z) =V(t—1,2) = 1l(t,2) - F(t—1,2).
Show that the European claim with time T payout & = ¢(Sr) is with unique no-arbitrage
price § = V/(t, Z;) and replicating strategy H = (¢, ) where

(L, 7,
¢t = M and T — (I)(t, Zt—l)
By
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Solution 1. (a) Note by the Markov property that

S 1
E ( \ft) — L Bt 4120012

= (1+ R(Z))F(t, Z:)

so the measure P is risk-neutral. This implies that there is no arbitrage.

(b) Claim: for every ¢t > 0 and any JF; measurable random variable &, there exists a F;_1-

measurable random vector H; valued in R'*? such that H; - P, = &, where P, = (B;, S;).
Proof that the claim implies completeness: Given a claim with time T payout &7, let Hp

be Fr_i-measurable and such that Hy - Pr = &7, and for t < T let H; be F;_j-measurable

and such that

Hy- Py =Hyp - B

This strategy is previsible and self-financing by construction, and replicates &7.

To prove the claim: conditional on F;_1 = o(Z1,...,Z;_1) the random variable 7, takes
d+1 values, say 41, . . ., yar1 (by the Markov property). On the other hand, an F;-measurable
random variable is of the form & = G(Z,...,7Z;), so conditional on F;_;, the random

variable & can take only d+1 values, say 1, ...z4y1. So we have to solve the d+ 1 equations
d
Cstt + Z WzFl(t, y]) = lL‘j
i=1

in d + 1 unknowns ¢;, 7}, ..., 7¢. By the assumed linear independence, the (1 +d) x (1 + d)
matrix

By F'(t,y) - Fity)
A= : : :
By F't,yar1) -+ FUtyan)

has rank d + 1. Hence A is invertible, and there exists a unique solution to the system of

equations.
(c) By linear algebra, we have for any 1 < j < d+ 1 that

0 Fl(t7y1> _Fl(tay]) Fd(t7y1) _Fd(tay])

0 F't,yj—1) — F'(t,y;) -+ Ftyi—1) — FUt,y;))
det A=det | B, F(t,y;) T Fi(t,y;))

0 F'(tyjs1) — F'(ty;) -+ FUtys — F(ty;))

0 FY(t,ya1) — F'(ty;) - FUtyapm — FUty5)

— (=17 B, det A(t, Z_1, ;)

From part (b), the determinant of A is not zero, and hence neither is the determinant of
A(ta thla y])
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(d) From part (b), the system of equations

a0+2al (t,y;) = f(y))

has a unique solution. By subtracting the row corresponding to y, from every equation yields
the system of d equations in d unknowns

M&

a;(F'(t,y;) — F'(t,90)) = f(y;) — f(vo)

i=1

The unique solution is (ay,...,aq)" = A~} f which does not depend on the choice of yg.

(e) Let (¢, ;) be the unique F,_;-measurable solution to
OBy + e F(t,2) = V(L. Z)

. From (d) we know that 7, = m;. Now divide by 1 + r, and compute the expected value of
both sides of the displayed equation conditional on F;_;. We have

¢ By + 7ty - Fit—=t,2,)=V(t—1,2;)
Hence ngt O

Problem 2. Let ((;7)1<t<r be a collection of positive random variables such that ;7 is
Fi-measurable for all ¢t and that

T —1
( H Ct,u) |~E—1 =1

u=t+1
for all 1 <t <T. Now given a non-random sequence fop > —1 for T > 0, let
L+ fir =0+ ficrr)Gr for 1 <t <T.

Let 7, = fi_14 fort > 1 and P, p = (sztﬂ(l + ft,u)) for0<t<T.

Consider a market with a bank account with time ¢ risk-free interest rate r; and a collection
of bonds such that P, 7 is the time ¢ of the bond of maturity 7.
(a) Show that the market has no arbitrage.
(b) Use example sheet 2 problem 6 to show that the forward rate at time ¢ for maturity 7'
is given by f; .
(c) Let Gr = exp(oyr& + per) where oy p and p,r are F;_; measurable and & is N(0,1)
and independent of F;_;. Show that

T-1 1

2
u=t+1

Solution 2. (a) Note

T —1
P r o P_ir
Bt - Bt_l (ugrl Ct,T)
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and hence (P;r/Bi)o<t<r is a martingale by example sheet 1 problem 3. Hence P is a
risk-neutral measure and hence their is no arbitrage by the 1FTAP.

(b) We know that the forward rate is ;T + — 1 which simplifies to f; 7.

(¢) Using the moment generating function of the standard normal we have

T
1=E |exp (— Z (orut + Mt,u)> |ft—1]
u=t+1
1{ & g
= exp B ( Z Ut,u) - Z Ht
u=t+1 u=t+1

The conclusion follows from solving for w; 7.

Problem 3. Let g be a function on the integers, and define functions ¢’ and ¢” by the
formulae

g'(z) = 3lg(z +1) = g(x = 1)] and ¢"(z) = g(z + 1) — 29(z) + g(z — 1)

for all integers x.

Let (x;); be a sequence of integers with z; — ;1 € {—1,0,1} for each ¢t > 1. Show that
for all ¢ > 0 we have

t 1 t
g(zt) = g(wo) + ;9/(%—1)(% —T51) + 5 ;9”(%—1)(% —2e1)
Solution 3. It is sufficient to check that
1
9(xe) = g(wi1) + g (wr1) (v — 21) + 59"(%71)(% —x1)?,

since then the identity would be proven by induction.

Suppose z; — x;_4 = €, so the right-hand side becomes

(EH)Q(?U 1+ 1)+ Mg(xt—l — 1)+ (1 —¢*)g(x1)
It is a simple matter to check that this expression yields g(z;_; + €) in the three cases
e=-10,1.

Problem 4. * Let (S;);>0 be a discrete-time martingale such that Sy is an integer and for
all t > 1 the increment S; — S;_; is valued in the set {—1,0,1}.
(a) Prove the identity

(Sr— K —=1)" =2(Sr = K)" + (Sr — K+ 1)" = Ls,—x

for integers K and 7" > 0.
(b) Prove the identity

T
1
(Sp— K)" = (S — K)*" + Z J(Si—1 — —Sp1) + 3 ; Lis,—x}(Si — Si-1)”
for integers K and T' > 1, Where f is defined by

1
f(Z‘) = 1{1’>0} + 3

li—ov.
9 {z=0}
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Let
C(T, K) = E[(Sr — K)]
for integers K and 7' > 0 and
UZ(T, K) = Var(STH\ST = K)
for integers K and T such that |[K — S| < T.
(c) Using parts (a) and (b), or otherwise, prove the identity
1
C(T+1,K)-C(T,K) = 502(T, K)[C(T,K +1) —20(T,K) + C(T, K — 1)]

for integers K and T such that |K — S| < T
(d) Comment an application part (c) to finance.

Solution 4. (a) Let g(a) = (a + 1)* — 2a™ + (a — 1)T. Check: if a > 1 then g(a) =
(a+1)—2a+(a—1)=0. If a =0 then g(a) = (e +1) —2a+0=1. And if @ < —1 then
g(a)=0—-20+0=0.

(b) This is follows from Problem 3 above.

(c) Computing expectations of (b) yields

1
C(T +1,K) = C(T, K) = SE[Lis,—1 (St — Sr)?]

using the assumption that S is a martingale to eliminate the first term. Again by the
martingale property E[(Sty1 — S7)?|Fr] = Var(Szy1|Fr) so the right-hand side becomes

%IP’(ST = K)o(T, K)

by using the tower property. Finally, compute the expectation of (a) to yield the identity.
(d) Consider a market consisting of cash, a stock with price process S and a family of call
options of strikes and maturities. There are at least two uses of the equation from part
(c): The first is to compute the initial call prices in terms of the dynamic parameters of
S. Alternatively, given the quoted prices of calls at time 0, use the equation to solve for
0?(T, K) and thereby work out the dynamics of S.

Problem 5. Let f be a positive continuous (non-random) function and W a Brownian
motion. Use Lévy’s characterisation of Brownian motion to show that fot f(s)dWs is a
normal random variable with mean zero and variance fot f(s)%ds.

Solution 5. Let F(t) = fot f(s)%ds. Note that F is strictly increasing and continuous. Let

F~1(uw)
Z, = / F(s)dW..
0

Note Z is a continuous local martingale in the filtration (Fp-1(y))u>0 With quadratic variation

P ()
(7} = /0 F(s)2ds = u.

Hence Z is a Brownian motion. Therefore,

/0 f(5)dWs = Zpw) ~ N(0, F(t))
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as desired.

Problem 6. * (Ornstein—Uhlenbeck process) Let W be a Brownian motion, and let
t
Xy =e"z+b / e dw,
0

for some a, b, r € R.
(a) Verify that (X;);>o satisfies the following stochastic differential equation:

dXt = CLXt dt + b th, X(] =x.

(b) Show that
bQ
Xy~ N (e‘“‘/x7 %(ezat — 1)) .
(c) What is the distribution of the random variable fOT X, dt?

t
X, = e* (x + b/ e dWS)
0

t
dX; = e (be"dW,) + (x +b / e dWS) ae®dt
0
= b dW, + aX, dt

t 2at
/ (ea(t—s))QdS _ e —1
0 2a

Solution 6. (a) Since

we can apply [to’s formula

(b) Since

this part follows from Problem 2.
(c) Method 1: Note that by rearranging the stochastic differential equation we have

T 1
/ Xt dt:—(XT—.T—bWT)
0 a

and hence fOT X; dt is normally distributed with mean (e?” —1)z/a. To compute the variance,
first note that

T T
Cov(Xp, Wr) = Cov (b / ™= aw, / th)
0 0

T
=b / eT=1) q¢
0

b T
= Z(eT 1
2fer — 1)

by Itd’s isometry. Hence

T
1
Var (/ X dt) == (Var(Xr) — 2b Cov(Xr, Wr) 4 b*Var(Wr))
0
b sar T
= —(e”" —4e” 2aT).
53 (e e 4+ 3+ 2aT)
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Method 2:

T T T t
/ X, dt = / Ty dt + / / =)y AW, dt
0 0 0 0
T T T
= / eTr dt + / / e dt dW,
0 0 s
)

al 1 T Ja(T—s) _ 1
= Ty / baw,
a 0 a
Hence fOT X, dt is normally distributed with mean (e?T — 1)z /a and variance
bz T (T—s) 2 b2 2aT T
2, (e - 1) ds:ﬁ(e —4e™ + 3+ 2aT)

This calculation is useful in the study of the Vasicek interest rate model.

Problem 7. Let W be a Brownian motion. Show that if ¥; = W32 — 3tW, then Y is a
martingale (1) by hand, and (2) by It6’s formula.

Solution 7. (1) By hand: Since Gaussian random variables have finite moments of all orders,
Y is integrable. Indeed, we have

E([Y;]) < E(IWP|) + 3tE(Wi]) = Ct** < o0
where C' = 5\/2/_7r. Therefore, using the independence of the increments of W we have
E(Y,|F,) =E(W} — 3tW,|F,)
=E[(W; — W, + W,)? = 3t(W, — W, + W,)|F]
=E[(W, — W,)?] + 3E[(W, — W.)*]W, + BE(W, — W,)W? + W?
— 3tE(W, — W) — tW;
=0+ 3(t — )Wy +0+ W2 +0—tW,
=Y
for 0 < s <t.
(2) By Ito’s rule:
Ay, = d(W} — 3tW,)
(BWZ dW; + 3W, dt) — 3(t dW; + W, dt)
= 3(W2—t)dW,

and hence Y is a local martingale. Recall that if E (f(f o? ds) < oo for all ¢ > 0 then

the process ( f(f Qg dWS> is a martingale. Again, it’s clear that the integrand is square
>0
integrable in this case since Gaussian random variables have finite moments of all orders.

But, just to be explicit,
t t t
]E/ [B3(W2 — 5)]%ds = 9/ E(W2 —2W2s + s%)ds = 9/ 25? ds = 6t° < oo
0 0 0

and hence (Y;);>o is a martingale.



Problem 8. (Heat equation) Let W be a scalar Brownian motion, and let g : [0,7] xR — R
be a smooth function that satisfy the partial differential equation

dg 10%g

ot T2, Y
with terminal condition

g(T,x) = G(x).

(a) Show that (g(t, W;))icjo,r7 is a local martingale.
(b) If the function g is bounded, deduce the formula

00 —22/2
g(t,x):/ G(x—i-\/T—tz)e\/Q_ dz.
oo T

Solution 8. (a) By Itd’s formula:

dg  10° B
dg(t, W,) = <a—§ + 56—:;) dt + a_det
dg
= S2aw,

and hence (g(t, Wy))ieo,17 is a local martingale.
(b) Recall a bounded local martingale is a true martingale. In particular, by the independence
of the increments of Brownian motion, we have

g(t, Wy) = E[g(T, Wr)| F]
= E[G(Wr)|F]
= E[G(W; + Wr — W))|F]

oo —22/2
:/ G(Wt+\/T—tz)e\/2_ dz
oo T

since Wy — W, ~ N(0,T —t). Since the above formula holds identically, we have the desired
integral representation of the solution of the heat equation.

Problem 9. (Strictly local martingale) This is a technical exercise to exhibit a local martin-
gale that is not a true martingale. Let W = (W', W2 W?3) be a three-dimensional Brownian
motion and let u = (1,0,0). It is a fact that P(W; # u for all t > 0) = 1.
(a) Let X; = |W; —u|™'. Use Itd’s formula and Lévy’s characterisation of Brownian motion
to show that

dX, = X}dZ,, Xo=1
where Z is a Brownian motion. In particular, show that X is a positive local martingale.
(b) By directly evaluating the integral or otherwise, show that

E(X,) =20t 1?) -1
for all ¢ > 0, where ® is the distribution function of a standard normal random variable.
Why does this imply that X is a strictly local martingale?
Solution 9. (a) Let f(z1, 29, 23) = ((x1 — 1)? + 22 + 22)71/2 50 that
EE

dx1’ Oy’ Oy

—[f(a:l,q:Q,xg)]?’ (x1 — 1,29, 23)



O*f O f  O%f
02 5T 53
xy  Oxs  0x3

= —f243f2(x1 — 1) + =2+ 325 — f° + 3f°x3
=0.
In particular, I1t6’s formula yields

dX, = =X} (W} — 1)dW}! + W2AW2 + W2dW}?).

Since X can be written as a stochastic integral of a three dimensional Brownian motion, it
is a local martingale. Now let Z be the local martingale such that Z; = 0 and

dZ, = = X,[(W) = )dW} + WZdW? + WPdW?].
Since
d{Z), = th[(th - 1)2 + (Wt2)2 + (th)Z]dt
=dt

by construction, the process Z is a Brownian motion by Lévy’s characterisation theorem.
(b) Switch to spherical coordinates:

iy —$2/2 z3/2—22/2
E(X;) = (27) /// \/ \/_ dxy dxy dxs
2 2

tey — 1)% + tas + tag

_3/2 72 sin fe~ /2
(27) dé do dr
r=0J0=0J o= 0\/tr2—2ﬂcose+1

(2) 1/2/ / r2 sin Pe""/2 50 dr
r=0Jo= 0\/tT2—2ﬁCOSG+1

T

= (27t)” 1/2/ e” /2\/27’2—2\/%(308(94-1 dr
r=0

0=0

= (27715)1/2/ 2(rLsy-1/2y + \/%TQJI{TSt_l/z})e*’"Z/QdT
r=0
t—1/2 6—7"2/2

dr
0 vV 27

Note that E(X;) < X, for all ¢ > 0, so X is a strictly local martingale.

=2

Problem 10. (strictly local martingales again) (a) Suppose that X is positive martingale
with Xg = 1. Fix T > 0 and let
dQ

=X
a T
Let Y; = 1/X; for all £ > 0. Show that (Y};)o<¢<r is a positive martingale under Q.

(b) Continuing from part (a), now suppose that X has dynamics
dXt == XtO'tth

where W is a BrownianA motion under P. Use Girsanov’s theorem to show that there exists
a Q-Brownian motion W such that

dY; = Y,o,dW,
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(c) Let X be a positive local martingale with Xy = 1 and dynamics
dX, = X2dW,.

Our goal is to show that X is a strictly local martingale. For the sake of finding a contra-
diction, suppose X is a true martingale. In the notation of parts (a) and (b), show that

P(Y; > 0) = 1 but Q(Y; > 0) = (¢t~ /?).
Why does this contradict the assumption that X is a true martingale?
Solution 10. (a) Since P and Q are equivalent and
P(X; > 0 for all £) = 1 then Q(Y; > 0 for all t) = 1.

Now to show that Y is a Q-martingale, note that
EF (X7 Yr|F) 1
BT = BGiR) T X
(b) By It6’s formula,
dY, = dX;*
= —X2dX, + X;2d(X),
= —Yio(dW; — oydt)
Now by Girsanov’s theorem, the process dW, = dW, — odt defines a Q Brownian motion.

And of course W = —W is a Brownian motion also.
(c) Now assuming X is a true martingale, then Girsanov’s theorem applies and hence

dm e }/;Utth e th
since o; = X;. Hence Q(Y; > 0) = Q(W, > —1) = ®(t"/?) < 1. But since
P(Y; > 0) = P(X, > 0) = 1.

Therefore P and QQ are not equivalent after all.
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