Advanced Financial Models Michael Tehranchi
Example sheet 2 - Michaelmas 2010

Problem 1. (Bayes’s formula) Let P and Q be equivalent probability measures defined on
(Q, F) with density Z = %. Let G C F be a sigma-field. Prove the identity:

EF(ZX|G)

EQ(X|G) = E*(Z[0)

for each bounded random variable X.

Solution 1. Let Y = Egﬂg(zz)f‘gﬁ) Note that Y is G-measurable. Hence, we need only verify

the equation E2(Y15) = E?(X 1) for all G € G; equivalently, we must verify E¥(ZY1¢) =
EF(ZX1g) for all G € G.
Ef(1¢YZ) = EF[E(1¢Y Z|G)] tower property
= Ef[1¢YE(Z|G)] taking out what’s known
= EF[1cE"(XZ|G)]
= E'[EF(14X Z|G)] pulling in what’s known
= Ef(1¢XZ) tower property

Problem 2. Prove the tower property of conditional expectations.

Solution 2. Let X be integrable random variable defined on the probability space (€2, F,P)
and let H C G C F be sigma-fields. Let Y = E(X|G) and Z = E(X|H).

First we show E(Y|H) = Z. Notice that for every H € H we have E(Z1y) = E(X1g) by
the definition of conditional expectation, and E(X1y) = E(Y1y), again by the definition
of conditional expectation since H € G. It follows that E(Z1y) = E(Y1g) for all H € H,
proving the claim.

Now we show E(Z|G) = Z. First note that Z is G-measurable, since {Z < z} € G and Z
is H-measurable by definition. Since (trivially) E(Z1s) = E(Z1¢) for each G € G, we have
E(Z|G) = Z as claimed.

Problem 3. Suppose X = (X;)icz, has the following properties: For all t € Z

o E(]X;|) < o0, and
[ ] E(Xt+1|}-t) — Xt

for a filtration (F;)cz, . Show that X is a martingale.
Solution 3. We must verify the equality E(X;|Fs) = X, for all 0 < s < t. The proof is by
induction. First, by assumption E(X;|Fs) = X when ¢t = s + 1. Now if E(X;|Fs) = X, for
some t > s then

E(Xi|Fs) = E[E(Xi4a|F)|F]

= E(Xy|Fs) = X,

by the tower property. Hence E(X;|F;) = X, for all t,s € Z, with t > s.
Problem 4. Let X and Y be martingales (with respect to the same filtration). Show that

if X7 = Y7 almost surely for some fixed 7" > 0, then X; = Y; almost surely for all 0 <t < T.
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Solution 4. If X7 = Yr almost surely, then
forall0 <t <T.

Problem 5. Let X be a supermartingale. Show that if E(X;) = X for all £ > 0 then X is
a martingale.

Solution 5. If the index set T is discrete, we can use the Doob decomposition X = M — A,
where M is a martingale and A is a non-decreasing process with Ay = 0. Hence

Xo = E(X,) = E(M, — A,) = My — E(A,)

Since My = Xy, we have E(A4;) = 0 for all ¢ > 0. But A; > 0 almost surely, and we must
conclude that A; = 0 almost surely.

But for a general index set T we can argue by bare hands. Let Y;; = X, — E(X;|Fs) for
each 0 < s <t. The assumption implies E(Y;;) = 0 since

E(Yst) = E(Xs) - E[E(Xt’}—s)] = Xo — E<Xt)

by the tower property. But Y;; > 0 almost surely since X is a supermartingale, and we can
conclude that Y,; = 0 almost surely as desired.

Problem 6. Let the positive martingale (Z;),cr be the density process for the measure Q
with respect to the locally equivalent measure P. If (M)t is a martingale for Q, then prove
that (M;Z;)er is martingale for P.

Hence show that the market (B, S;)icz, has no arbitrage if and only if there exists a

positive adapted process (p;)iez, such that (ptSt(i))teZ+ is a martingale for all i = 0,1, ..., d.

Solution 6. First a technical note: if X is G-measurable for some sigma-field G C F, we
may replace the measure P by its restriction P|g to G when computing expectations and
conditional expectations of X. For instance EF(X) = EFl¢(X).

Applying Bayes’s formula yields

M, = E%(M,|F,)
= E%(M|F,)
EPf(ZtMtU-;)
EPt(Z,|Fs)
EP(ZtMtU-“S)
EP(Z;| Fs)

where we have made use of the fact that both M; and Z; are F;-measurable. Since EF(Z;|F,) =
Z, we have E¥(Z,M;|F,) = Z,M, as desired.

Now, the first fundamental theorem of asset pricing says that the existence of a locally
equivalent measure Q such that S = S/B is a martingale. If Z be the density process of Q,
then S/B is a Q-martingale if and only if ZS/B is a P-martingale. That is, we need only
choose p; = Z;/ B;.
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Problem 7. (Martingale increments) Let (M;)icz, be a square-integrable martingale, so
that E(M?) < oo for all t € Z,. Show that the increments M; — M;_; and M, — M,_; are
uncorrelated if 0 < s < t. In particular, show the equality

> (M, - MH)Q] :

t=1

E(M2) = MZ +E

Solution 7. Note martingale increments are of mean zero:
E(Mt - Mtfl) = M[) - MO - O
Similarly, for 0 < s < ¢t we have
E[(M; — My1)(Ms = Mo1)] = E{E[(M; — My1)(M; — M) | F]}
= E[E(M, — My_1|Fo)(M, — M,_1)]
= E[(Ms - MS)(MS - Ms—l)] =0

Hence Cov(My — M;_1, Mg — M,_4) = 0.
Therefore, M; can be written as a sum of orthogonal terms as

T
My = My+> (M, — M,_y).

s=1

The Pythagorean theorem proves the identity.

Problem 8. (This is a technical exercise to illustrate the fact that locally equivalent mea-
sures are not necessarily equivalent.) Let X, X5, ... be a sequence of independent random
variables with

PX,=1)=p=1-P(X, =-1)
for each n € N and let Sp = 0 and
St:X1+...+Xt.

Consider the process (Z;);cz, defined by

1—p\™
p

Show that (Z;)cz, is a martingale relative to its natural filtration.
Let Q be the measure locally equivalent to P defined by the density process (Zi):ez, . Show
that

QX,=1)=1-p=1-Q(X,=-1)
for each n € N. Show that the random variables X;, X5, ... are independent under Q. Show

that

]P’(%—)Qp—l)zland(@<%%1—2p>:1

and hence P and QQ are not equivalent if p # %
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Solution 8. Notice that the natural filtration of S coincides with the natural filtration of Z,
S
as s — (%) is continuous and invertible. Let’s denote this common filtration by (F).ez,

in the following.
Let’s prove that Z is a P-martingale: First, note that Z, < (max{p/(1 —p),(1 —p)/p})’,
so that EF|Z;| < oo. Now,

B (Zeal7) = 287 |07

p
1—p.x
_ ZEP[_ m]
B |(=2)
B L—p p
= Zt<p7+(1—P)1Tp>
- Zt.

We now show that under Q the X;’s are independent with Q(X; =1)=1—p: Fixn e N
and {a;}, € {—1,1}". Let ny = #{i : oy = 1} and n_ = #{i : oy = —1} so that
ny +n_ = n. Indeed, we have two computations:

Q (ﬁ{X% = az}) = EP(]IQ?ZI{XZ.:%}Z”>
i=1

1 — p>n+—n,
— pn+ 1 _ p)n_
()

= (1=p)"p"

and
[ToxX: =a) =1 —pp.
=1

Finally, as the X;’s are independent, and integrable under both P and Q. Therefore the
strong law of large numbers applies and we conclude that:

S,
?t—>2p—1 P —a.s.

and
S,
775—>1—2p Q—a.s.
and 7 be stopping times such that 0 <o <7< T almos7;c”7surely. Show the inequality
E(X,) < E(X,).
Deduce the equality E(X,) = X if X is a martingale. Hint: Write

T
Xr —Xo = Z :H-{0'<S§T}(Xs - Xs—l)

s=1

and apply the tower property.



Solution 9. Following the hint, we write:

E(X: - X,) = ZE(1{0<SST}(XS — Xs-1))

s=1
- ZE (Locscry (Xs = Xoo1) }FS 1)

Notice that {0 < s} ={0 <s—1} € Fs_y and {7 > s} = {7 < s —1}° € F,_1. Therefore,
I{s<s<7} is Fs_1 measurable, and we can take it out of the expectation with respect to F,_i:

T
E(X, = X,) = Y Ell{pescn B((X = Xoo1)| Foa)]
s=1
This is now clear that this is non-negative as X is a submartingale.
The second statement follows from the fact if X is a martingale then both X and —X are
submartingales and that ¢ = 0 is a stopping time.

..........

envelope. Show that if Y is a supermartingale then U, =Y, for all £, and if Y is submartingale,
then U, = E(Yr|F).

Let 7 be any stopping time taking values in {0, ..., T'}. Show that the process (Uirr)icqo,... 7}
is a supermartingale.

Define the random time 7, by

7. =min{t € {0,..., T} : Uy = Y }.

Show that 7, is a stopping time. Furthermore, show that the process (Ut/\u)te{o ..... T} IS a
martingale and, in particular, Uy = E(Y,,). (That is, 7. is an optimal stopping time, possibly
different than 7* defined in lectures.)

Solution 10. In both cases, we proceed by induction. First suppose that Y is a supermartin-
gale, and that U,y = Y4 for some ¢ < 7. Then

Ur = max{V;, E(Up11| ) } = max{Ys, E(Yi1|F2)} = Vi
since Y; > E(Y;11]|F;) by assumption, completing the induction. Similarly, suppose that Y
is a submartingale, and that Uy = E(Y7|Fi41). Then
Ut = maX{K,E(Ut+1’Ft)} = maX{Y;, E[E(YT‘ft+1)’Ft]} = E(YT‘ft)

by the tower property and the assumption Y; < E(Y7r|F;), and we’re done.
Since U is a supermaringale and the event {7 >t + 1} = {7 <t} is in F;, we have

E[U(tJrl)/\‘r - Ut/\r|~7:t] = E[l{tJrlgr}(Ut-s—l - Ut)|~'rt]
= lyp1<nE[U — Ui F
< 0

.....

Now, the event
{(r. >t} = (Yo < Up,.... Y, < U}

is Fi-measurable since both Y and U are adapted, hence 7, is a stopping time.
5



Since U; = E(Uyy1|F;) on the event {¢t + 1 < 7.} we have

U(t—l—l)/\n —Uinr, = Jl{t+1§n}(Ut+1 - Ut)
= 1{t+1§n}[Ut+1 - E(Ut+1|~7:t)]-

and the result follows upon taking conditional expectations.

Problem 11. Consider the adapted process Y given by

where the above diagram should be read as P(Y; = 8) = 3/5, P(Y, = 10|Y; =8) = 2/3, etc.
Find the Snell envelope U and find the decomposition U; = M; — A;, where M is a martingale
and A is a predictable increasing process with Ag = 0. Identify the two stopping times
T = min{t > 0: U; = Y;} and 7 = min{t > 0 : A,y > 0}. Show directly the equality
Up = My = E(Yz,) = E(Y>).

Solution 11. Let (F)tcq0,1,2) be the filtration generated by the process Y. The Snell envelope

U is defined by Uy = Y, and U; = max{Y;, E(U;;1|F;). The Doob decomposition can be

found by My = Uy and My = M; + Upyy — E(Ugya|Fy) and Ay = Ay + Uy — E(Upya| F).
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The values found this way can be read from the diagram

(Y,U, M, A) (10, 10, 10, 0)
2/3
(8,9,9,0)
k
/ (7a 77 77 0)
(7,7,7,0)
\ (6,6,7,1)
(4, 4,4, 0)
m
(2,2,3,1)

Then 7, = 0 almost surely, while

N 2 fwel{Y; =28
T(w):{1 iwa}lezé

Problem 12. (Binomial model) Consider the following two-period market model with two

assets. Let asset 0 be a riskless bank account with risk-free rate r = 1/4 and let asset 1 be
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a stock with prices given by

S 45

/
AN

30
36

15
16

12/
.

10

Find the equivalent martingale measure Q.

Consider a European put option which strike K = 15 expiring at time 2. What is the
no-arbitrage price of the option at time 0?7 What is the replicating strategy?

Now answer the same questions for an American put option with the same strike and
expiration date.

Solution 12. The equivalent martingale measure must satisfy EQ((l + r)_15t+1|}}) = 5.
For instance solving 45¢ + 36(1 — ¢) = (1 + 1/4)(30) yields ¢ = 1/6 = Q(S2 = 45|S; = 30).

Since the market is complete, the there is a unique no arbitrage price P¥ which can be
described by the backward recursion PF = (K — Sr)*™ and by the formula PP = E@((1 +
r)~'PE,|F;). The replicating strategy is found by solving PF(1+7)+nf[Sip1 — Si(1+7)] =
PE,

For the American option, the price P4 is given inductively by P# = (K — Sr)* and
P = max{(K — S;)",E%((1 + r)"'P{},|F)}. The super-replicating strategy is found by
solving PA(1+7r) + 7 [Sit1 — Si(1+7)] = P4, on {t < 7%} where 7* is an optimal stopping
time.
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The results can be read from the diagram, where & = (K — S;)".
(8,& PP, x"; P4, )
(45,0, 0,0;0,0)
1/6

(30,0;0,—1/27;0,—1/6)

5/6
(36,0;0,0;0,0)

(15,0;1/3,-:3/2, )

(16,0;0, —5/6: 0, —5/6)
5/6

(12,3:2/3,-1/27;3,—1/6)

1/6
(10,5;5, —5/6: 5, —5/6)

Notice that for any optimal stopping time 7*, we have 7" = 1 on {S; = 12}. If the holder
of the option fails to exercise optimally, the seller of the option need only to hedge the
remaining one-period European option (in the bottom right corner of the diagram) at a cost
of 2/3 and pocket the rest 3 —2/3 = 7/3.

Problem 13. Let (M,;);cz, be a bounded martingale. Use Jensen’s inequality to show that
(|Mi|)iez, is a submartingale.

Fix A > 0 and let 7 = inf{t € Z, : |M,;| > A}. By using the optional sampling theorem at
the stopping times 7 AT and 7', show that

AP(M* > )\) < E(lMT|]1{M*>,\})
E[(M*)?] < 2 E(|Mr| M)

Finally, use the Cauchy-Schwarz inequality to prove

This last inequality is called Doob’s maximal inequality.

Solution 13. By the conditional version of Jensen’s inequality E(|M;41| | F) > [E(Myyq|F)| =
|Mt| and hence (|Mt|>te{teZ+} is a Submartingale
theorem

E(\MTAT!)QS E(|Mz]).



We have | M nr| > A r<py + |Myp|L{;>7} so that
AP(r<T) < E(Monl) — B(MrlLpory)
< E(|Mr|) = E(|Mr|Lismy) = E(|Mp[1iro1y)-

The result now follows from noticing {7 < T'} = {M* > A}.
Integrate both sides of the above inequality with respect to A. On the left side we have

/OOO AP(M* > \)d\ = E (/OOO /\IL{M*ZA}d)\> _ %E[(M*)?}

and on the right side
/ E(Mrliasy)dh =E <MT/ ]l{M*Z)\}d)\> =E(MpM™).
0 0

(The interchange of expectation and integration with respect to A is justified in both cases
since the integrands are almost surely non-negative.)

E[(M")’) < 2E(|Mr|M") < 2 (E[M7])"* (E[(M)))
by the Cauchy-Schwarz inequality. Squaring both sides and dividing by E[(M*)?] yields the
desired conclusion.
Problem 14. (Doubling strategy) Consider a market with asset 0 being cash and one risky
asset with prices (S¢)ez, having independent increments with
1

P(StJrl - St == 1) = 5 = P(St+1 - St - —1)

Let the investor’s initial wealth be Xy = 0 and let the strategy be

Tt = Qt_ll]_{Xt_lgo}.
Let 7 = inf{t € Z, : X; = 1}. Prove

o E(X;) =0 forall t >0.

o E(71) =2.

e E(X,)=1. (Why does this not contradict the optional sampling theorem?)
[ E(XT—].) = —00

Solution 14. The process X is a martingale since S is martingale, and for each ¢ > 0, the
The random \;é;iable 7 =1inf{t > 1: 5, — S;_1 = 1} is geometric with success parameter
p=1/2; that is, P(1 = k) =2 % for k = 1,2,... and hence E(7) = 1/p = 2.
In particular, P(7 < oo) = 1 so that X, is well-defined and equals 1 almost surely. This
is not a contradiction of the optional sampling theorem as 7 is not bounded.

Since .
Xt—{ 241 fort=0,...,7—1

1 fort >
we have
E(X,_1) =Y E(Xpa|r=kP(r=Fk)=> (-2 +1)27% = —cc.
k=1 k=1
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