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1. INTRODUCTION

In the course, we will cover three main topics:

e Random planar trees
e Random planar maps

e Schramm-Loewner evolution
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1.1. Random planar trees. A tree is a connected graph without cycles. A plane tree is a tree
with an ordering on the vertices that tells you how to draw it in the plane. If we fix the number of
edges to be some positive integer k, then there are only a finite number of plane trees and therefore
one can pick one uniformly at random. This is an example of a random plane tree. Random plane
trees arise in many contexts in probability. In this course, we will discuss properties of random plane

trees and the continuous object which describes their scaling limit (the continuum random tree).

1.2. Random planar maps. A planar map is a graph together with an embedding into the plane
so that no two edges cross. The faces of a planar map are the connected components of the
complement of its edges. For example, one can consider triangulations (each face has three adjacent
edges) or quadrangulations (each face has four adjacent edges). In this course, we will focus on
quadrangulations since certain aspects of their analysis is simpler than in the case of other types
of planar maps. There are only a finite number of quadrangulations with a fixed positive integer
k number of faces and therefore one can choose one uniformly at random. This is an example of
a random planar map. In this course, we will discuss properties of random planar maps and the
continuous object which describes their scaling limit (the Brownian map).

FIGURE 1.1. Left: A planar tree with 8 vertices (and 7 edges). Right: A (planar) quadrangulation.
Note that the unbounded face also has four adjacent edges.

1.3. Schramm-Loewner evolution. The Schramm-Loewner evolution (SLE) is a random fractal
curve which lives in a domain D in the complex plane C. It was introduced by Schramm in 1999 to
describe the scaling limits of interfaces in two-dimensional discrete models from statistical mechanics.
It has been a transformative idea which has led to new unexpected links between a number of

probabilistic models and also other areas of mathematics.

Here are three important examples where SLE’s arise.

Example 1.1 (Loop-erased random walk on Z?). A (simple) random walk on Z? is a particle X,
which in each time step goes up/down/left /right with equal probability 1/4. The loop-erasure of
X, is defined by erasing the loops that X, makes chronologically. It is an important object in
probability because it is connected to many other probabilistic models (e.g., uniform spanning trees,

dimers, sand-pile models). See the left side of Figure 1.2 for a simulation of a long random walk
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FIGURE 1.2. Left: A random walk (black) on Z? and its loop-erasure (red). It was proved by
Lawler-Schramm-Werner that the scaling limit of the loop-erasure is given by an SLEs curve. Right:
The range of a planar Brownian motion shown in black and its outer boundary shown in red. It was
conjectured by Mandelbrot that the dimension of the outer boundary is equal to %. Mandelbrot’s
conjecture was proved by Lawler-Schramm-Werner using SLE.

together with its loop-erasure. By Donsker’s invariance principle, X, /+/n converges in the limit to
a two-dimensional Brownian motion. A natural question to ask is what continuous object describes
the scaling limit of the loop-erasure of X,,. It was proved by Lawler-Schramm-Werner that it is

given by an SLEs curve.

Example 1.2 (Outer boundary of Brownian motion). Suppose that X = (Bj, Bz) is a planar
Brownian motion. That is, By, By are independent standard Brownian motions. The outer boundary
of X([0,1]) is the boundary of the unbounded component of C \ X([0,1]). See the right side of
Figure 1.2 for a simulation of a planar Brownian motion with emphasis on its outer boundary.
Mandelbrot conjectured state that the Hausdorff dimension, a measure theoretic notion of dimension,

is equal to %. This conjecture was proved by Lawler-Schramm-Werner.

Example 1.3 (Percolation interface). Consider the hexagonal lattice in the plane. We color each
hexagon either “white” or “black” independently with equal probability % See Figure 1.3 for a
numerical simulation. A famous question in probability for many years was to describe the large
scale behavior of the interfaces between the white and the black sites. This problem was solved by

Smirnov, who showed that they converge in the limit to SLEg curves.
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At

Ficure 1.3. Critical percolation on a lozenge shaped subset of the hexagonal lattice in C with
black boundary conditions on the left and top sides and red boundary conditions on the bottom
and right sides. This choice of boundary conditions forces the existence of a unique interface (green)
from the bottom corner of the lozenge to the top which has black (resp. red) hexagons on its left
(resp. right) side. It was proved by Smirnov that the scaling limit of this interface converges in the
limit to an SLEg curve. The left, middle, and right lozenges respectively have side length 10, 25,
and 50.

Famous open question: prove the same thing for any other planar lattice, such as Z?.

2. PLANE TREES

Throughout, we will let N = {1,2,...} denote the positive integers and we will take the convention
that N = {#}. We let & = U2 N™. Then an element of U is a finite sequence (ul,...,u") of
elements of N. We let |u| = n be the number of elements in the sequence u € U. If u = (u', ..., u¥)
and v = (vi,..., UZ) are elements of U, then we write uv = (ul, ... Juf ol ,vf) and we take the
convention that u¢ = ¢u = u. We let m: U \ {#} — U be defined by setting 7((ul,...,u")) =

nfl)

(ul,...,u . A plane tree T is a finite subset of & which satisfies the following properties:

(i) ¢ € 7 (Root)
(ii) For all u € 7\ {0} we have that m(u) € 7 (Parent relation)
(iii) For all w € 7, there exists a non-negative integer k,(7) so that for all j € N we have that
uj € 7 if and only if 1 < j < k(7). (Children)

We let T be the set of plane trees. For each 7 € T, we let |7| be the number of edges of 7
which we note is equal to one less than the number of vertices in 7. For each £ > 0 we let
T = {7 € T :|r| = k}. One basic fact (Example Sheet 1) is that

1 (2K
T, = —— .
Tl k+1<k>

It is natural to encode a plane tree in terms of its contour function (or Dyck path). The contour
function of 7 € T is defined as follows.
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FIGURE 2.1. A plane tree with 8 vertices (and 7 edges) together with its contour function.

[

e We suppose that 7 has been embedded into T so that its edges do not cross and each edge
is a straight line with Euclidean length 1.

e We then start a particle at the root ({)) which travels at unit speed along the edges of 7 in a
depth first manner. Note that the time required for the particle to visit every vertex of the
tree and then return to the root is equal to 2|7| since every edge of 7 must be visited twice
(once going away from the root and once going towards the root).

e For each s > 0, we then set C(s) to be equal to the distance on the edges of 7 from the
particle to the root at time s. We take the convention that C(s) = 0 for all s > 2|7|.

A Dyck path of length 2k is a sequence (xo, ..., x9;) of non-negative integers so that

(i) 2o =0, z9x = 0 and
(i) |x; —xi—1| =1foralli=1,...,2k.
We note that if 7 € T}, C is its contour function, then C'(0),...,C(2k) is a Dyck path of length 2k.

The following proposition will be proved on Example Sheet 1.

Proposition 2.1. The map which takes 7 € Ty to (C(0),...,C(2k)) where C is the contour
function of T is a bijection from T} to the set of Dyck paths of length 2k.

It follows from Proposition 2.1 that picking 7 € Ty uniformly at random is equivalent to picking
a Dyck path of length 2k uniformly at random. Suppose that C'(0),...,C(2k) is a Dyck path of
length 2k. Let (&) be a sequence of i.i.d. random variables with P[¢; = 1] = P[¢§; = —1] = £ so
that S(j) = Zle & is a simple random walk with S(0) = 0. Note that

P[S(j) =C(j), VO<j <2k] =P[S(j) - S —1) =C(j) —C(H—1), V1 <j < 2k]
=P[¢; =C(j) - O — 1), V1 < j < 2k] =272k,

In particular, this probability does not depend on the particular choice of Dyck path. This implies
that if we let
Dy, = {S(j) for 0 < j <2k is a Dyck path of length 2k}
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then the law of S(j) for 0 < j < 2k conditioned on Dy, is given by the uniform measure on Dyck
paths of length 2k. This conditional law is also that of a simple random walk excursion of length 2k

since:

(i) S(0)=S5(2k)=0
(ii) S(j) > 0 for all 0 < j < 2k.

Thus to describe the continuum limit of a uniformly random element of T}, we need to describe the
continuum limit of a simple random walk excursion, which will be the focus of the next section.

3. THE BROWNIAN EXCURSION

Roughly speaking, a Brownian excursion e is the stochastic process [0, 1] — R which arises by
starting with a Brownian motion B;, By = 0, and then conditioning it so that By =0 and B; > 0
for all ¢ € [0, 1]. This is a zero probability event for Brownian motion, so one must be careful with
its definition. One possible way of making this rigorous is as follows. For each ¢ > 0, we can let
Ac={B1 €[0,¢], By > —e Vt € [0,1]}. Then P[A¢] > 0 so that the conditional law of By ) given
A. makes sense. It is then possible to show that the conditional law of By ; given A, converges
as € — 0. It takes a bit of work to prove that this is the case. We will instead give a different
construction of the Brownian excursion which is more direct and will be analogous to the usual

construction of Brownian motion.

For ¢,z > 0, we let
x

2
)= e (-5 ).
Note that for x > 0 fixed, ¢;(x) gives the density at ¢ of the first time that a Brownian motion
hits z. We also let

pe(z,y) = \/;Hexp (—W) :

Then p;(x,y) is the usual transition density for Brownian motion. For each k € N and 0 < t; <

-+ < tp < 1, we define the probability measure with density given by
BE,, 4 (21, .. 2r) = 2V2mqy, (v1)py, 4, (T1,02) - - P, g (Tro1, T1) q1—1y, (Th)

where pf(z,y) = pi(x,y) — pe(z, —y) for t,z,y > 0. Then BE,, 4, defines a consistent family of
probability measures. This means that for all 0 < ¢} < --- < 31 < 1, we have that

o
/ BEtl,...,thrl (1‘1, ey xk)-ﬁ-l)dxj = BEtl,...,tjfl,tj+1,“.,tk+1 (xla sy Lj—1, Lj41, - - - 7xk+l)'
0

Then it is possible to show that there exists a continuous process e whose finite dimensional

distributions are given by BEy, . (Example Sheet 1) and this is the Brownian excursion.

Remark 3.1. (1) There are many different constructions of the Brownian excursion. Its most

common use in probability theory is in so-called excursion theory, which in the context of
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Brownian motion gives a representation of a Brownian motion as a Poisson point process of
Brownian excursions.
(2) The properties of the Brownian excursion are very similar to the properties of Brownian
motion. For example, for every € > 0 it is (3 — €)-Hélder continuous (Ezample Sheet 1).
(8) The function p* in the definition of the Brownian excursion has an interpretation. Namely,
it is the tramsition density for Binr where By is a Brownian motion with By > 0 and
7 =1inf{t > 0: B; = 0} (Ezample Sheet 1).

4. REAL TREES AND THE GROMOV-HAUSDORFF DISTANCE

4.1. Real trees.
Definition 4.1. A compact metric space (T,d) is called an R-tree if for all a,b € T we have that:

(i) There is a unique isometric map fqp: [0,d(a,b)] = T so that fab( ) = ap(d(a,b)) =0.
(i1) If q: [0,1] — T is a continuous injective map with q(0) = a, ¢(1 ) then ¢([0,1]) =
fa,b([ovd(a7 b)])

A rooted R-tree is an R-tree (T,d) with a distinguished point p € T called the root.

Properties (i) and (ii) are the continuum analogs of the connectivity and no-cycles condition in the

graph definition of a tree.

Suppose that (7,d) is a rooted R-tree. We will write [[a, b]] for the range of f,p. If a,b € T, then
there is a unique ¢ € T so that [[p, a]] N [[p, b]] = [[p, ¢]]. We will use the notation ¢ = a A b and call
¢ the most recent common ancestor of a,b. The multiplicity of a € T is equal to the number of
connected components of 7\ {a}. We call a € T a leaf if it has multiplicity 1.

4.2. Encoding an R-tree with a continuous function. Suppose that g: [0,1] — [0,00) is a
continuous function with g(0) = ¢g(1) = 0. For s,t € [0, 1], we let

mg(s,t) = inf  g(r)
rE[sAt,sVi]

and

dg(s,t) = g(s) + g(t) — 2my(s, ).
Then it follows that dy(s,t) = d4(t,s) and dy(s,t) < dg(s,u) + dg(u,t) for all u € [0,1]. However, it
is not the case in general that d4(s,t) = 0 implies s =t so dy(s,t) only defines a pseudometric on
[0,1]. We say that s ~ ¢ if and only if d4(s,t) = 0 which is equivalent to g(s) = g(t) = my(s,t). We
then set 74 = [0,1]/ ~ and let 7y: [0, 1] — T4 be the associated projection map.

Theorem 4.2. The metric space (Ty4,dg) is an R tree.

This will be proved on Example Sheet 1.
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4.3. The continuum random tree.

Definition 4.3. The continuum random tree (CRT) is the random R-tree which is encoded by the

Brownian excursion e.

One can think of the CRT as the “uniform measure” on R-trees. We will make this rigorous by

showing that it arises as the limit of uniformly random discrete trees.

Properties of the CRT correspond to properties of the Brownian excursion e. The following properties
will be established on Example Sheet 1.

Theorem 4.4. Suppose that (Te,de) is a CRT and let me: [0,1] — To is the associated projection
map. The following properties hold almost surely.

(i) For Lebesgue a.e. t € [0,1], me(t) is a leaf of Te.
(i) The degree of every x € Te is at most 3.
(i1i) The set of x € Te with degree 3 is countable.

4.4. The Gromov-Hausdorff distance. The Gromov-Hausdorff distance is a metric on the space
of compact metric spaces. The starting point for its definition is the Hausdorff distance on compact
subsets of a metric space. Suppose that (X, d) is a metric space. For Y C X and € > 0, we let

Ye={ze X :d(zY)<e}

be the e-neighborhood of Y. For K, K’ C X compact, we then define the Hausdorff distance between
K and K’ to be
dy(K,K')=inf{e >0: K C K., K' C K.}.

Theorem 4.5. The Hausdorff distance dyy defines a metric on the set of compact subsets of (X, d).

Proof. Suppose that K, K', K" C X are compact. It is obvious from the definition of dy that
dp(K, K') = dy(K', K). Tt also not difficult to see from the triangle inequality for d that dy (K, K') <
du(K, K")+du (K", K). Tt is left to show that dy (K, K’) = 0 implies that K = K'. If dy(K, K') = 0,
then we have that K C K/ for all e > 0. Since K’ is compact, we have that K’ = N.>oK_. Therefore
K C K’ and the same argument implies that K’ C K so that K = K. O

If (X, d) is a compact metric space, then it is also possible to show that dy defines a compact metric
on the compact subsets of X and the finite sets are dense.

Suppose that (X, d), (X’,d') are compact metric spaces. We define the Gromov-Hausdorff distance
between X and X' as

deu(X, X') = inf{Du(p(X), ¢'(X'))}
where the infimum is over all possible metric spaces (E, D) and isometric embeddings ¢: X — F,
¢+ X' = E'. In order to show that dgu (X, X’) is finite, we need to show that there even exists a
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metric space (E, D) into which both X, X’ both embed isometrically. One convenient way to do
this is to use that every compact metric space has an embedding into /., (the space of bounded
real sequences equipped with the metric doo ((z1), (Yn)) = sup,, |n — yn|). This will be proved on
Example Sheet 1.

We say that compact metric spaces (X, d), (X', d') are equivalent if there exists a bijective isometry

0: X = X'. We let K be the set of all equivalence classes of compact metric spaces.
Theorem 4.6. We have that dgy defines a metric on K.

Remark 4.7. It is also possible to show that (K, dgy) is complete and separable and that the finite

metric spaces are dense.

Proof of Theorem J.6. Suppose that (X, d), (X’,d’) are compact metric spaces. It is obvious that
den(X, X') = dgu(X’, X). That dgy satisfies the triangle inequality will be proved on Example
Sheet 1. Tt is left to show that dgp (X, X’) = 0 implies that X is equivalent to X’. Suppose that
deu(X,X’) = 0. Let (z,,) be a countable dense subset of X. Fix ¢ > 0. Then there exist a metric
space (F, D) and isometries p: X — E, ¢': X' — E so that Dyg(¢(X), ¢'(X’)) < e. Therefore for
every n € N, there exists ¢/, € ¢/(X’) so that D(p(zy,),9,) < €. Let e(xn) = (¢')71(y),). Since
(X', d') is compact, it follows that for each fixed n € N we can find a sequence (¢;) so that €; > 0
and €; — 0 as j — oo so that 1, (z,) converges as j — oo. By passing to a diagonal subsequence,
we can in fact assume that ), (z;,) converges for every n € N. Define

W(an) = lim e (2n).
Note from the construction that we have that
|d' (Ye; (Tn), e, (2m)) — d(n, Tm)| < 2¢; for all n,m e N.
Taking a limit as 7 — oo, we see that
d' ((zp), ¥ () = d(xp, ry) forall n,m e N.

That is, v is an isometry on (z,). We can extend 1) to an isometry of X into X’ as follows. Suppose
that = € X and (z,,) is a subsequence of (z,,) which converges to x. Then it follows that (1) (wn;))
is a Cauchy sequence and we set ¢ (x) to be its limit. Note that the limit does not depend on the
choice of subsequence (z,,,) because if (2., ) is another subsequence of (z,,) which converges to x
then the subsequence obtained by interleaving () and (z,,) also converges to x and 1 applied
to it will be Cauchy hence have the same limit as that of (¢(xy,)). If we perform an analogous
construction with the roles of X and X’ swapped, we can also construct an isometry 1’ of X’ into
X so that ¢’ o 1) is the identity so that X and X’ are equivalent. ]

We call a metric space (X, d) pointed if it has a distinguished point p € X. Two pointed metric spaces
(X,d,p) and (X', d', p’) are said to be equivalent if there exists a bijective isometry ¢: X — X’ with
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o(p) = p'. Let K® denote the set of equivalence classes of pointed compact metric spaces. Then one

can generalize the Gromov-Hausdorff metric to K® by setting

dan((X, p), (X', p')) = inf{Du(p(X),¢' (X)) + D(e(p), ¢ (0')}
where the infimum is over all metric spaces (F, D) and isometries p: X — FE, ¢': X' — E.

There is an equivalent formulation of the Gromov-Hausdorff metric which does not require one
to consider embeddings into a larger ambient space. The starting point is the definition of a
correspondence between metric spaces X, X', which is a subset R fo X x X’ so that every z € X

there exists 2/ € X’ so that (z,2') € R and vice-versa. The distortion of a correspondence R is
defined by

dis(R) = sup{|d(z,y) — d'(",/)| : (z,27), (y,9') € R}
The following will be proved on Example Sheet 1.
Theorem 4.8. Suppose that X, X' € K. Then
...
dau(X, X') = 3 1%f dis(R)

where the infimum is over all correspondences of X and X'. If X, X' are pointed by p, p’, respectively,

then the same is true except the infimum is over all correspondences X and X' which contain (p, p’).

Corollary 4.9. Suppose that f,g: [0,1] — [0,00) are continuous functions with f(0) = f(1) =
g(0) = g(1) =0. Then
dan(Ty, Tg) < 2[f = 9llco-

Proof. Let w¢: [0,1] = T¢, mg: [0,1] = T4 be the canonical projection maps. Let
R ={(a,d') : 3t € [0,1] such that a=7p(t), a’ =my(t)}.

Note that (77(0),74(0)) € R (i.e., the roots of Ty and 7Ty). Then R is a correspondence of Ty and 7y.
Suppose that (a,a’), (b,b’) € R. Then there exists s,t € [0, 1] so that 7¢(s) = a, my(s) = a’, m¢(t) = b,
mg(t) = b'. Recall that d(a,b) = f(s) + f(t) —2my(s,t) and dg(a’,0') = g(s) + g(t) — 2my(s, t).
Therefore |d¢(a,b) — dg(a’,b")| < 4||f — gl|oo which implies that dis(R) < 4]/ f — gc- O

5. CONVERGENCE OF DISCRETE TREES TO THE CONTINUUM RANDOM TREE

Theorem 5.1. For each k € N, let 7, be uniformly distributed over Ty and let Cy, be its contour
function. Then ((2k)~Y/2C(2kt))o<i<1 converges to the Brownian excursion as k — oo in the sense

of weak convergence of probability measures on C([0,1], [0, 00)).

Combining Theorem 5.1 with Corollary 4.9 implies that 75, equipped with its graph metric rescaled
by (2k)~1/? converges to the continuum random tree as k — oo weakly in the Gromov-Hausdorff
topology.
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Before we proceed to the proof of Theorem 5.1, let us first describe the setup. Let S(n) be a simple
random walk on Z with S(0) = 0. Let 0 = min{n > 1: S(n) = —1}. Then we need to show that
((2k)~Y25(|2kt]))o<i<1 under the law P[- | ¢ = 2k + 1] converges to the Brownian excursion. There

are two main steps:

(1) Convergence of the finite dimensional distributions and
(2) Tightness (Example Sheet 1)

We will being by proving the convergence of a single marginal by showing that for each ¢ € (0,1) we
have that

lim V2kP[S(|2kt]) = |2V2k] or |2V2k] |0 = 2k + 1] = 4V 2mq(x)q1—¢ (2)

k—o0

uniformly for any x in a compact subset of (0, c0).

We will need two lemmas as input. The first is a special case of the local central theorem, which

will be proved on Example Sheet 1.

Lemma 5.2. For every e > 0,

lim supsup |vnP[S(|ns]) = [zvn] or |zv/n]+1]—2ps(0,2)| = 0.

N—=00 1cR s>e
Lemma 5.3. For all £,n € N we have that

Pyfo = n] = “Tlpg[sm) — 1.

Proof. We have that
Pyfo = n] = %Pg[S(n 1) =0, 0>n—1]
We also have that
PiS(n—1)=0, 0 >n—-1]=P[S(n—1)=0]—-Py[S(n—1)=0, 0 <n—1]
=PyS(n—1)=0]-PyS(n—1)=-2, 0 <n—1] (by reflection)
=PS(n—1)=0]-P/S(n—-1)=-2].
The last equality follows since S(n — 1) = —2 implies 0 < n — 1. We thus have that

1

Pg[o‘zn] = (PZ[S(n—l) :0]—Pg[5(n—1):—2]).

N |

Since S(n — 1), S(n) are binomial random variables, it follows that the right hand side above is

equal to

“Tlpg[sm 1y =1

Proof of Theorem 5.1. For 1 <4 < 2k and £ > 1, we have that
P[S(i) =4, 0 =2k + 1]

PISG) = tlo=2k+1] = =557
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Applying the Markov property at time 4, the numerator is equal to
P[S(i) =4, 0 > i|Pyfloc =2k +1—1].

We also have that
P[S(i) =4, 0 >i] =2Pylo =i+ 1].

Therefore
. 2Pg[02i+1]Pg[022k‘+1—i]
P = =2k+1] =
[5(0) = £lo =2k +1] Plo = 2k + 1]
22k +1)(0+1)2 Pp[S(i+ 1) = —1JP,[S(2k + 1 —i) = —1
(i+1)(2k +1 —1) P[S(2k+1) = —1]
The proof for the convergence of the first order marginals then follows by applying the local CLT
(Lemma 5.2). O

6. PLANAR MAPS

T A0

FIGURE 6.1. Two planar maps m and m’ which are associated with isomorphic graphs but are not
equivalent as maps.

6.1. Basic definitions. A planar map is a graph drawn on the two-dimensional sphere S2. As
oriented edge is a continuous map e: [0,1] — S? such that either e is injective or e\[m) is injective
and e(0) = e(1) (corresponding to a loop). We will always consider oriented edges modulo
reparameterization. The origin (resp. target) of an oriented edge e is e~ = ¢(0) (resp. et = e(1)).
The time-reversal € of e is defined by €(-) = e(1 —-). An edge is a pair e = {e,€} where e is an
oriented edge. We will sometimes abuse notation and not distinguish between edges and oriented
edges for quantities which do not depend on the direction of time. The interior of e is defined to be
e(0,1). An embedded graph on S? is a graph G = (V, E) (assumed to be finite but multiple edges
and self-loops allowed) such that:

e V is a finite subset of S?
e F is a finite set of edges
e The vertices incident to e € F are eT,e™ € V

The interior of an edge e € F does not intersect V' or the other edges in E
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The support of G is
supp(G) =V U U e([0,1]).
ecl
The faces of G are the components of S? \ supp(G). Let m = (V, E) be a (planar) map. We let
ﬁ = {e € e: e € E} be the set of oriented edges. For each oriented edge e € ﬁ, there is a face f.
of m which is to the left of e. The degree of F' is defined be

deg(f) = #{e € B : fo = [}
For a vertex u € V', we also set
deg(u) = #{e € Eie = u}.

A rooted map is a pair (m,e) where m = (V, E) is a map and e € ﬁ is the root (oriented edge).
We say that maps m, m’ are equivalent if there exists an orientation preserving homeomorphism
¢: 8% — S? which makes m to m/. We emphasize that even if the graph structure associated with
two maps m,m’ are isomorphic, it may not be that the maps are equivalent. We also say that
rooted maps (m,e), (m',e’) are equivalent if there exists an orientation preserving homeomorphism
¢: S? — S? which takes m to m’ and e to ¢/. Throughout, we will consider equivalent maps to be
the same.

We let M, be the set of rooted maps with n edges. It was proved by Tutte that

23" 2n
My=———— .
M= ) <n>
We let Q,, be the set of rooted quadrangulations (i.e., maps whose faces all have degree 4) with n

faces. It turns out that M, and Q,, are in bijective correspondence through the so-called “trivial

bijection”. Given m € M, one can produce an element ¢ € Q,, using the following steps:

e Add to each face f of m a new vertex v(f)

e For each face f of m, connect v(f) to the vertices incident to f

e Let ¢ be the rooted quadrangulation whose vertices consist of the vertices of m, the new
vertices v(f), and the new edges (but not the original edges of m). Make the root edge of ¢
be the first edge with the same origin as the root of m in the clockwise direction.

6.2. Cori-Vauquelin-Schaeffer bijection. Suppose that 7 € Ty. A labelling of 7 is a map
£: 7 — Z such that:

e ((0)=0
e For all v € 7\ {0}, we have that ¢(v) — ¢(r(v)) € {-1,0,1}

We let LT} be the set of labelled trees with k£ edges. Note that

k
#LT, = 3" 4T, = 3 <2k> .

E+1\ &k
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FIGURE 6.2. An illustration of the “trivial bijection” between M, and Q,. Left: An element
m of My with vertices and edges drawn in black. Right: The corresponding element g of Qy
superimposed on m with edges in red and vertices in black and red. Bottom: The quadrangulation
g on its own. We note that m can be recovered from ¢ by coloring the origin (resp. target) of the
root edge black (resp. red) and the rest of the vertices accordingly (as ¢ is bipartite), adding a black
edge between the opposing black vertices in each face, and then erasing the red edges.

The reason for this is that there are 3 possible choices for the change in label across each edge.

We will now describe the Cori- Vauquelin-Schaeffer (CVS) bijection, which serves to construct a
quadrangulation with k faces from a labelled plane tree with k edges. Suppose that (¢,7) € LT). We
view T as a planar map (i.e., embedded into S?). Let ¢ = vg,v1,...,v2, be the contour exploration

of 7. For each i, we let e; be the edge from v; to v;4.1. We write
t(e;) = L(e; ) = L(vi).
We also let
s(i) = min{j > i: l(e;) = l(e;) — 1}.
We call 5(i) the “successor” of i. We will sometimes abuse notation and write s(e;) for ey;). We

now construct a new planar map as follows. We add a point v, € S? in S? \ supp(7). For each 1,

we also define the “corner” of e; to be a simply connected neighborhood of e~ in S2supp(7) which
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FIGURE 6.3. A labeled tree with 4 edges together with the element of Qf constructed using the
CVS bijection. The edges of the quadrangulation are shown in blue and red, where the red edge
is the root, all other edges are blue, and we have taken € = 1. The edges of the labelled tree are
shown in black.

is to the left of e;. We will also sometimes abuse notation and write e; for the corner associated
with e;. For each ¢ € {0,...,2n — 1}, we then draw an edge from the corner e; to the corner s(e;) in
S?2\ ({vs} Usupp(7)). If £(e;) = min{j : £(e;)}, then we instead drawn an edge from the corner e;
to v.. Suppose that we have e € {—1,1}. We then root the map by taking the distinguished edge to
be:

e From ¢j to s(eg) if e =1
e From s(ep) to e if e = —1.

Then we obtain a rooted, pointed map (m, e, v,). We let Q7 be the set of rooted, pointed quadran-

gulations with n faces.

Theorem 6.1. The procedure Qcvs described above defines a bijection LT, x {—1,1} — Q.

o« 2:3" (2n
#Qn_n—i-l <n>

2.3" 2n
#Mn:#Qn:MM<n>

Corollary 6.2. We have that

We also have that
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Proof. The first part of the corollary is immediate from Theorem 6.1. The second part of the
corollary follows from the trivial bijection and the first part since Euler’s formula (Example Sheet
1) implies that if ¢ € Q,, then ¢ has n + 2 vertices. In particular, #Qp = (n + 2)#Q,,. O

To prove Theorem 6.1, we will first show that Qcys(¢, 7, €) is in Qp. We will describe the inverse

procedure.

(&

6//

FICURE 6.4. Left: Illustration of the proof that one obtains a quadrilateral in the first case for the
CVS procedure. Here, s(¢’) comes before s(€) in contour order and therefore s(s(e’)) = s(€). This
is an example of a “simple face”. Note that the edge of 7 in the face is incident to the vertex on
the face boundary with largest label. Right: Illustration of the second case. This is an example of
a “confluent face”. Notice that the edge of 7 connects the vertices on the face boundary with the
largest label.

Lemma 6.3. Let (¢,7,¢) € LT,, € {—1,1} and let ¢ = Qcvs(¢,T,€) constructed using the CVS
procedure. Then q € Qp.

Proof. We begin by observing that ¢ is connected. This follows since every vertex in g has a path of

vertices connecting it to v, which is obtained by applying the successor operation.

Consider an edge of 7 which corresponds to the oriented edges e, €. We assume that £(e™) = £(e™)—1.
Then s(e) is incident to e™ and the CVS procedure gives an arc starting from e~ and ending at e™.
Let €’ be the corner following € in the contour exploration around 7. Then £(e) = ¢(e™) = £(e) + 1
and s(e) = s(s(€’)). Indeed, s(¢’) is the first corner coming after ¢’ in contour order and with label
0(e') — 1 =/{(e) — 1 while s(s(e’)) is the first corner after ¢’ with label £(e) — 2. Therefore it has
to be the first corner coming after e with label ¢(e) — 2 = ¢(e) — 1. Therefore the arcs joining the
corners e to s(e), € to s(€), ¢ to s(¢/), and s(€’) to s(s(e')) form a quadrilateral which contains

{e, €} and no other edge of 7.
If £(et) = £(e7) + 1, then exactly the same argument as above applies.

If L(et) = £(e), and we let €/, e”, respectively, be the corners following e, €, respectively, in the
contour exploration of 7, then ¢(e) = ¢(e’) = £(€) = £(e"). Therefore s(e) = s(¢’) and s(e) = s(e”).
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This gives that {e,€} is the diagonal across a quadrilateral with arcs connecting e to s(e), €' to
s(e') = s(e), e to s(e), and €” to s(e”) = s(€). We note that ¢ has 2n edges (one per corner) and
n + 2 vertices. Euler’s formula (Example Sheet 1) thus implies that ¢ has n faces. O

We will now describe the inverse to Qcys. Suppose that ¢ € Q. We let ¢(x) = d(z,v,) where d
denotes the graph distance, = € V(q), and v, is the marked point in q. Then we have the following

observations:

e ¢ is a bipartite graph (Example Sheet 1)

e If x,y € V(q) are joined by an edge, then |¢(z) — ¢(y)| = 1. If we color v, black, then ¢(x)
is even if and only if 2 € V(q) is black.

e Around each face, we have vertices x1 (black), y; (white), zo (black), yo (white). Then at
least one of ¢(z1) = ¢(x2) or ¢(y1) = ¢(y2) is satisfied.

We call a face f € F(q) simple if precisely one of the above equalities holds and we call f confluent
if both equalities hold.

We label V(q) with the function ¢(z) — ¢(e~) where e is the root edge of g. We then define a map
TCVS as follows.

e In each confluent face, we draw a diagonal connecting the opposing vertices which have
maximal label.

e In each simple face f, we take the edge with maximal label which has f on its right.
Lemma 6.4. Suppose that q € Qp, and (¢,7) = Tcvs(q) as defined above. Then (¢,7) € LT,,.

Proof. Suppose that x € V(q) with 2 # v.. Then it has a neighbor y with ¢(y) = ¢(xz) — 1. Then
{z,y} can be incident to:

e A confluent face
e A simple face where z is the maximal label (among vertices of the face)
e Two simple faces where = has an intermediate label (among the vertices of the faces)

(See Figure 6.5.) In each of the three possibilities, x is incident to an edge of 7. Therefore
V(1) =V(q) \ {v+}. This implies that #V (1) = #V(q) —1 =n+ 1. We also have that #E(7) =n
since we defined on edge of 7 for each face of q. Moreover, since ¢ is planar we have that 7 is planar.

We will now prove that 7 is a tree. Suppose that 7 has a cycle C and let u be the value of the
smallest label along C'. Either all of the labels on C' are equal to u or the cycle contains edges with
labels (u,u+ 1) and (u+ 1,u). (See Figure 6.6.) In either case, it follows from the procedure for
constructing 7 that there would be x,y € V(q), one in each of the two complementary components
of C, with label u — 1. Note that the shortest path from z to v, or y to v, has to pass through the
cycle. This cannot happen because the distances along the shortest such path to v, decrease by 1 at
each step.
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FIGURE 6.5. Illustration of the three cases from the proof of Lemma 6.4.

FIGURE 6.6. Illustration of the proof that 7 cannot have a cycle in the proof of Lemma 6.4. In
each of the two cases, both of the complementary components of C' will contain vertices x,y with
label u — 1.

We have shown that 7 does not have cycles. This implies that it is a forest (a finite union of trees).

Since it has n edges and n + 1 vertices, it is in fact a tree. O

If one examines the proof of Lemma 6.3, then one can notice that Toys(Qcvs(¢, 7,€)) = (¢, 7, €) for
all (¢,7,¢) € LT,, € {—1,1}. It was proved by Tutte that #LT,, x {—1,1} = #Q°, which implies
that Qcvs is surjective. However, one can show directly that Qcvs(Tcys(q)) = ¢ for all ¢ € O,
(Example Sheet 2).
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7. RANDOM PLANAR MAPS

7.1. General comments. Recall that one can think of Brownian motion as being in some sense
the “uniform measure” on continuous paths. The way that this is made rigorous sense of is by
discretizing and considering simple random walk on Z which is the uniform measure on paths in Z
which change by 1 in each time step. Since simple random walk converges to Brownian motion in the
scaling limit, one can think of Brownian motion as the uniform measure on continuous paths because
it is the scaling limit of the uniform measure on paths in Z. Similarly, the continuum random tree
(CRT) can be thought of as the “uniform measure” on planar trees. We made sense of this earlier by
discretizing and showing that it arises as the scaling limit of uniformly random (discrete) plane trees
(i.e., elements of T}). Finally, the Brownian map can be thought of as the “uniform measure” on
surfaces homeomorphic to S2. The way that this made sense of is by discretizing the problem and
considering random quadrangulations and showing that they converge in the limit to the Brownian
map. Note that one can think of a quadrangulation as corresponding to a surface by identifying
each of its faces with a copy of [0,1]? and then gluing together adjacent copies of [0, 1] according
to Euclidean length.

Random plane tree <4— (Contour function
Scaling limit Scaling limit
Gromov-Hausdorff || - [|oo topology
topology

Continuum random tree @ Brownian excursion

Random quadrangulation = TLabelled tree

Scaling limit Scaling limit
Gromov-Hausdorff || - |loo topology
topology

Brownian map ¢— Brownian snake

FiGURE 7.1. Top: Schematic illustration of the strategy to prove that uniformly random plane
trees converge in the scaling limit to the Continuum random tree in the Gromov-Hausdorff topology.
Bottom: Schematic illustration of the strategy to prove that uniformly random quadrangulations
converge in the scaling limit to the Brownian map in the Gromov-Hausdorff topology. Unlike the
case of trees, the Gromov-Hausdorff convergence for quadrangulations does not immediately follow
from the scaling limit result for the encoding process (labelled trees to the Brownian snake). This
in fact a very difficult result which was proved relatively recently in works of Le Gall and Miermont
(2011).

Why does one study random planar maps and random surfaces? This has become a very active

topic of research in probability theory in the last 20 or so years. There are a number of different
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motivations for this, but let us focus on one here. There are many different models from statistical
mechanics that probabilists have been studying in the last century (Brownian motion, the percolation
model, the Ising model, the self-avoiding walk, etc...) In two dimensions, physicists developed an
accurate picture as to how they should behave in the 1970s-2000s using non-rigorous methods. A
number of these predictions were later verified by mathematicians using Schramm-Loewner evolution

(SLE), the next topic in this course.

One very famous example of this type is Mandelbrot’s conjecture, as described in Example 1.2.
Recall that this states that the dimension of the outer boundary of a planar Brownian motion is
4/3 (roughly speaking, this means that the number of disks of radius € necessary to cover it grows

—4/3 as € — 0). Proving Mandelbrot’s conjecture as well as the derivation of

to leading order like €
a number of other properties of planar Brownian motion amounts to studying “non-intersection
probabilities” for Brownian motion. This means the following. Suppose that we have k independent
planar Brownian motions X!, ..., X* which start from equally spaced points on dB(0, ¢). For each
j, let 7; = inf{t > 0: X/(t) ¢ B(0,1)}. The question is how unlikely is it that the ranges X7 ([0, 7;])
are pairwise disjoint for 1 < j < k. Since planar Brownian motion is neighborhood recurrent, this is

a are event and its probability turns out to behave like a power of € as € — 0.

One can also formulate the problem in terms of k independent simple random walks in Z? starting
from points which are of constant order distance from the origin and ask for the probability that
they travel distance n without intersecting. When phrased in this way, the problem is purely
combinatorial and amounts to counting numbers of non-intersecting paths in Z2. This turns out to
be a very difficult question. Physicists realized that this type of counting question becomes a lot
easier when the underlying graph is random (i.e., simple random walk on a random planar map).
When one solves the problem in the setting of a random planar map, one gets a different answer
than if one were to solve it on Z? since the underlying graph is different. They also developed
a method (the so-called KPZ relation) for converting the probabilities of this type computed in
the setting of random graphs to the setting of Z? (or another planar lattice). Since the methods
employed are non-rigorous, this only leads to a prediction. Many of these predictions were then

verified rigorously by mathematicians (including Mandelbrot’s conjecture) using SLE.

7.2. The Brownian snake. Recall that a random quadrangulation can be encoded in terms of a
random labelled tree (an element of LT),) using the CVS bijection. One can think of sampling a
random element of LT,, in two steps:

(1) Sample 7 € T, uniformly at random

(2) Given 7, sample the labels ¢ uniformly at random

As one travels along a branch of 7, the labels change by —1, 0, or 1 along each edge. This means
that the labels along a given branch evolve as a random walk. If one considers multiple branches,

then the random walks for each branch are the same until the branches separate.
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The Brownian snake is a way to construct the continuous version of this process. Roughly, the way
works is the following:

(1) Sample a CRT
(2) Given the realization of the CRT, sample Brownian motions on the branches which are

coupled together to be the same until the branch points after which they become independent.

We are now going to describe how to make this construction rigorous. Suppose that g: [0,1] — Ry
is a continuous function with ¢g(0) = g(1) = 0. We will further assume that ¢ is Holder continuous,
which we recall means that there exist constants C' > 0 and « € (0, 1] so that |g(s) —g(t)| < C|t—s|®
for all 5,2 € [0,1]. We also let my(s,t) = inf,cjspr,sv4 9(7). The following lemma will be proved on
Example Sheet 2.

Lemma 7.1. The function mgy(s,t) is non-negative definite. That is, for all sy,...,s, € [0,1] and
A, ..., A\ € R, we have that

Z )\i)\jmg(si,sj) > 0.
4,j=1

Lemma 7.1 implies that there exists a mean-zero Gaussian process Z on [0, 1] with EZ;Z; = m(s, t).
The process Z is the “Brownian snake driven by ¢”. We note that
E|Z, — Z|* = EZ? + EZ? — 2EZ,Z,
= g(s) + g(t) — 2my(s,1)
< 2C|s —t|*.
This further implies that for every n € N we have that
E|Z, — Z;* < cpls — t|"

for a constant ¢, > 0. Therefore the Kolmogorov-Centsov continuity criterion implies that Z has a
modification which is (/2 — €)-Hélder continuous for every e > 0.

The “Brownian snake” is the process Z obtained by:

(1) Sampling a Brownian excursion e
(2) Given e, taking Z to be the Brownian snake driven by e.

Sine the Brownian excursion is (1/2 — €)-Holder continuous for every € > 0, it follows that the
Brownian snake is (1/4 — €)-Holder continuous for every e > 0.

7.3. Convergence of labeled trees to the Brownian snake. Suppose that (¢,7) € LT,,. Let
0, - . ., V2, be its contour exploration. For each j € {0,...,2n}, we let V(j) = ¢(v;). We then
extend V' to be a function on [0, 2n] by linear interpolation. We call V' the contour label function
for (¢, 7).
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Theorem 7.2. For each k € N, let (U, ) be uniformly distributed on LTy. Let Ck, V) be the

contour and label contour functions for (L, 7). Then we have that

1 9 1/4 d
(mck@k‘t), <8k‘> Vk(Qk‘t)) e — (e, Z)

where (e,Z) is the Brownian snake and the convergence is in the sense of distributions on

C([0,1], R?).

Proof. We have already showed that ((2k)~'/2Cy(2kt))o<t<1 % e. By the Skorokhod representation
theorem for weak convergence, we can put the sequence (71) and e on a common probability space
so that ((2k)~1/2Cy(2kt))o<t<1 — e a.s. with respect to the || - ||l distance.

The remainder of the proof has two steps:

(1) Show that the finite dimensional distributions converge
(2) Establish tightness (Example Sheet 2)

To prove the convergence of the finite dimensional distributions, we need to show that for each
0<t; <---<t, <1 we have that

1 g\ /4 .
(71) <m0k(2k’tl), <8k‘) Vk(Zk’tJ) e — (eti, Zti)lgigr.
We note that we have both
‘Ck(2kti) — Ck(LthzJ)’ S 1 and ‘Vk<2kti) — VkqutzJ)’ § 1.
Therefore it suffices to prove (7.1) with the integer part |2kt;] in place of 2kt;.

We will give the proof in the case that »r = 1. Fix 0 < ¢t < 1 and let Tj, = |2kt|. Recall that the
labels ¢; of 71, are given by performing a random walk on the branches of 7, with increments in

{—1,0,1}. Therefore we can write

Cr(Tk)
(ClTx), Vi(Th) = | Ck(Ti), > i

i=1
where the (7;) are i.i.d. random variables which are uniform on {—1,0,1} and are independent of

the 7. By the central limit theorem, we have that

1 n J 9 1/2
%Zm’ — <3) N where N ~ N(0,1).
i=1

This implies that

A A2
®(n,\) =E |exp Z—\/ﬁan — exp <—3> as n — oo.
j=1
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Therefore if we condition on 7, we have for all A, # € R that

i 9 LT i
B |exp | <2-Culri m > — B o (Jp-um)) #(Cum).0).

Since we have that Ci(T%)/v2k — e(t) a.s. (recall the usage of the Skorokhod representation
theorem at the beginning of the proof), it thus follows (using also dominated convergence) that the
above converges as k — 0o to

Elexp(ite(t))] exp(—62/3).
Combining, we have show that

Cr(Ty)

WZW

where N ~ N(0, 1) is independent of e.

i 4 (e(t), (2/3)12N)

‘We now write
Cr(Ty)

1 9\ a [ Cum) (3\"? [T\ 1
D), Ve(t)N) < (e(t), Z0).

This completes the proof of the convergence of the first order marginal. General finite dimensional

distributions are proved in the same manner, but there is more bookkeeping. We will therefore omit
the details. 0

Recall that if (¢,7,¢) € LT,, x {—1,1} and g € Qp is the corresponding quadrangulation, then for
x € V(q) = V(1) U {v.} we have that ¢(x) — ¢(v,) gives the distance of x to v, in ¢. therefore
the convergence statement from the theorem implies that the typical diameter of ¢ € Q) chosen
uniformly at random is of order n!/4. In fact,

9 1/4 p
— L(x) —Lb(vy)) — Zy — inf Z;.
() (o=t S22

Let us make a few further comments:

(1) Tt is possible to deduce from the theorem the tightness of (¢, (9/(8n))'/*d,), where g, is
uniformly random in O and d,, is its graph metric, with respect to the Gromov-Hausdorft
topology. It is then a difficult result of Le Gall and Miermont that the subsequential limit
exists as a true limit (giving rise to the Brownian map).

(2) There is a generalization of the CVS bijection to 2p-angulations called the BDG bijection
and also to triangulations. An argument analogous to the theorem above also gives the

convergence of the analog of the contour label function to the Brownian snake.
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(3) In general, one has the “same behavior” for planar maps chosen uniformly at random from
any reasonable class (in the same way that many different types of random walks converge
in the limit to Brownian motion).

(4) There are also many other types of random planar maps that one studies which are not
chosen uniformly at random. In these cases, the behavior is very different. There are a
number of bijections that one uses to study these types of maps and they are always based
on an encoding in terms of trees.

8. CONFORMAL MAPPING REVIEW

Suppose that U,V are domains in C and that f: U — V is a map. We say that f is holomorphic if
it is complex differentiable, i.e., for each z € U then limit

o) — 1 T = 1)

w—z w—z

exists.

A conformal transformation is a map which is a bijection (also sometimes called a “conformal

equivalence” or just “conformal”).

A domain U C C is called simply connected if C\ U is connected. Important examples of simply
connected domains include the complex plane C, the unit disk D = {z € C : |z| < 1}, and the
upper half-plane H = {z € C : Im(z) > 0}.

Theorem 8.1 (Riemann mapping theorem). Suppose that U is a simply connected domain with
U # C and z € U. Then there exists a unique conformal transformation f: D — U with f(0) = z
and f'(0) > 0.

We will not give a proof of the Riemann mapping theorem here. It can be found in most complex
analysis textbooks. An immediate consequence of the Riemann mapping theorem is that any two
simply connected domains which are both distinct from C can be mapped to each other using a

conformal transformation.

Corollary 8.2. If U,V are simply connected domains with U,V # C and z € U and w € V, then

there exists a unique conformal transformation f: U — V with f(z) =w and f'(z) > 0.

8.1. Examples. Conformal transformations of D. Suppose that U = D and z € D. Then

f: D — D given by
W+ z
flw) = 1+zw

is the unique conformal transformation with f(0) = z and f’(0) > 0. More generally, every conformal

transformation f: D — D is of the form
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where A\ € 9D and z € D. So, there is a three-real-parameter family of such maps (z corresponds to
two parameters and A to one).
The map f: H — D given by

zZ—1
f(z):z—i-z'

is a conformal transformation. It is the so-called Cayley transform. Its inverse g: D — H is given
by

i(14+w)

g(w) = ——

and is also a conformal transformation.

The conformal transformations H — H consist of the maps of the form

az+b
fz)= 2T

cz+d

where a,b,c,d € R with ad — bc = 1.

More generally, if U, V' are simply connected domains with U, V' # C, then there is a three-parameter
family of conformal transformations f: U — V.

Here is another important example which motivates the definition of SLE. For each ¢ > 0, let
H, =H\|0, 2\/&] Let g;: H; — H be the map z — /22 + 4t. Then g, is a conformal transformation
H; — H.

We make two observations about the family of conformal maps (g;). First, we have that
lgt(2) — 2| = |V22+4t— 2| -0 as z— co.
That is, “g; looks like the identity map at oc.”

Second, we have that
1 2
a9 2V 22 + 4t g¢(2)

So, for each z € H fixed we have that ¢;(z) solves the ODE

(8.1) Orgi(2) =

2
——, with go(2) = 2.
07) (2)
For each z € H, the basic existence and uniqueness theorem for ODEs implies that (8.1) has a

unique solution up until the denominator on the right hand side explodes, i.e.
7(z) = inf{t > 0: Im(g:(2)) = 0}.

In other words, the family of conformal transformations (g;) are characterized by (8.1). In particular,
the curve ~(t) = 2v/#i is encoded by (8.1). This is a special case of Loewner’s theorem.

Here is a preview for later on in the course. Suppose that 7 is any simple curve (i.e., non-self-
intersecting) in H starting from 0. For each ¢ > 0, let g; be the unique conformal transformation
which maps H; := H \ ([0, t]) to H with |g;(z) — z| — oco. (We will later prove that there indeed
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does exist a unique such conformal transformation.) Then Loewner’s theorem states that there

exists a continuous, real-valued function W such that

2
6 = —
92 = Lo -

This is the so-called chordal Loewner equation. Using this equation, we see that there is a corre-

with  go(z) = z.

spondence between simple curves in H and continuous, real-valued functions.
The case v(t) = 2v/ti corresponds to W = 0.

SLE,; corresponds to the case W = y/kB where B is a standard Brownian motion.

9. BROWNIAN MOTION, HARMONIC FUNCTIONS, AND CONFORMAL MAPS

Recall that f = u + v is holomorphic if and only if u satisfy the Cauchy-Riemann equations
ou_ov  ou_ v
oxr Oy’ oy Oz’

One important consequence of the Cauchy-Riemann equations is that if f is holomorphic then u, v

(9.1)

are harmonic. This means that
H? 0?2
Au = <8932—|—ay2>u:0 and Av=0.

Indeed,

Pu_oo0_oov_ o

0x2  Oxdy Oydx  Oy?
We will now recall a few results which were proved in Advanced Probability which serve to relate
harmonic functions and Brownian motion. Throughout, we say that a process B = B! +iB? is a

complex Brownian motion if B!, B? are independent standard Brownian motions in R.

Theorem 9.1. Let u be a harmonic function on a bounded domain D which is continuous on D.
Fiz z € D and let P, be the law of a complex Brownian motion B starting from z and let

T=inf{t >0: B, ¢ D}. Then

Proof. This was proved in Advanced Probability. Another proof based on It6’s formula will be given

in Stochastic Calculus. O

Theorem 9.2 (Mean-value property for harmonic functions). In the setting of the prevoius theorem
if z€ D and r > 0 are such that B(z,7) ={w € C: |w—2z| <r} C D, then

1 2m )
/ u(z 4 re?)dd.
0

T or

Proof. This was proved in Advanced Probability. O
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Theorem 9.3 (Maximum principle). Suppose that u is harmonic in a domain D. If u attains its

maximum at an interior point in D, then u is constant.

Proof. Assume that u attains its maximum at zp € D. Let Dy = {2z € D : u(z) = u(z9)}. Then
Dy # () since zg € Dy. The continuity of u in D implies that Dy is (relatively) closed in D. Suppose
that z € Dy and r > 0 is such that B(z,7) C D. Then ulpp(.,) = u(20) for otherwise there exists
w € 0B(z,r) and € > 0 such that u is at most u(zp) — € on B(w,€) which, by the mean-value
property, would contradict that u(z) = u(zp). Combining this with Theorem 9.1 implies that u is
constant on B(z,r). Therefore Dy is open hence Dy = D. O

Theorem 9.4 (Maximum modulus principle). Let D be a domain and let f: D — C be a holomor-

phic map. If | f| attains its mazimum in the interior of D, then f is constant.

Proof. Assume that f attains its maximum at zg € D. Let K be compact in D with zg € K.
Assume further that the interior of K is connected and that K is the closure of its interior. By
replacing f with f + M for M € R sufficiently large, we can assume that |f| # 0 on K. Note that
log | f| is a harmonic function on K. As |f| attains its maximum in D on K, it follows that log | f|
does as well, hence log|f]| is constant on K by the maximum principle. Therefore |f| is constant on
K as well. Since K was an arbitrary compact subset of D containing zy (which is connected and is
the closure of its interior), we deduce that |f| is constant on all of D. This implies that f(D) is
contained in a circle in C hence the Lebesgue measure of f(D) is equal to 0. It is easy to see that
if f(z) # 0 for some z € D, then the area of f(D) is strictly positive. Therefore f'(z) = 0 for all
z € D, which implies that f is constant on D. O

Theorem 9.5 (Schwarz Lemma). Suppose that f: D — D is a holomorphic map with f(0) = 0.
Then |f(z)| < |z| for all z € D. If |f(2)| = |z| for some z € D, then there exists 6 € R so that
fw) = we® (i.e., f is a rotation map).

Proof. Let
f(2))z i 240,
f/) if z=0.

Then ¢ is a holomorphic map on D and |g(z)| < 1 for all z € D by the maximum modulus principle.

9(z) =

If | f(20)| = |#0| for some zp € D\ {0} then the maximum modulus principle implies that there
exists ¢ € C such that g(z) = c for all z € D. As |g(z0)| = 1 it follows that |c| = 1. That is, there
exists 6 € R so that ¢ = €. Hence, f(w) = ew as claimed. O

10. HALF-PLANE CAPACITY

Definition 10.1. A set A C H is called a compact H-hull if A =HnN A, A is compact, and H\ A
is simply connected. We let Q be the collection of compact H-hulls.
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In this section, we will be interested in

e Analyzing the “correct” conformal transformation g4: H\ A — H and
e A notion of “size” for A € Q (half-plane capacity).

Proposition 10.2. For each A € Q, there exists a unique conformal transformation g4: H\A — H
with |ga(z) — z| = 0 as z — oo.

In order to prove Proposition 10.2, we will need to make use of the so-called Schwarz reflection

principle.

Proposition 10.3 (Schwarz reflection principle). Let D C H be a simply connected domain
and let ¢: D — H be a conformal transformation which is bounded on bounded sets. Then ¢
extends by reflection to a conformal transformation on D* = DU{z : z € D} U {x € JH :
D is a neighborhood of x in H} by setting ¢(Z) = ¢(2).

We will not provide a proof of Proposition 10.3.

Proof of Proposition 10.2. The Riemann mapping theorem implies that there exists a conformal
transformation g: H\ A — H. By post-composing H with a conformal transformation H — H if
necessary, we may assume without loss of generality that |g(z)| — oo as |z| — oo (i.e., g fixes 00). By
Schwarz reflection, we can extend g to a conformal transformation defined on C\ ({Z: 2z € A} U A)
by setting g(Z) = g(z). By performing a series expansion for 1/g(1/z), we see that g admits the
Laurent expansion

S bn
g(z) =b_12+ by + Z prt

n=1

If z € R, then Z = 2z and g(2) = g(Z) = g(2). That is, if z € R\ A then g(2) € R. Consequently,
b_1z+b — =b_12+b —  for all R\ A
12 + o—i-nzlzn 12 + o+nz:1zn orall ze R\

This implies that b; = E for each j. In other words, each b; is real. Set

g(2) — bo
by

As b_1,bg € R, we have that g4: H\ A — H is a conformal transformation with |ga(z) — z| — 0 as

ga(z) =

z — oo. This completes the proof of existence.

To see the uniqueness, suppose that g4: H\ A — H is another conformal transformation such that
|ga(2) — 2| = 0 as z — co. Then g4 0g," is a conformal transformation H — H. This implies that
there exists a,b,c,d € R with ad — bc = 1 such that

az+b

cz+d

gaog, (z) =
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Since [ga o 921(2) —z| - 0 as z — o0, it follows that a = ¢ = 1 and b = d = 0. That is,
Ga 0 g,'(2) = z which implies that §a = ga. o

Definition 10.4. Suppose that A € Q. The half-plane capacity of A is defined by
heap(4) = lim 2(ga(2) - 2).

Equivalently, we have that
heap(A) n = by,

z 2n
n=2

ga(z) =z +

One should think of hcap(A) as a notion of “size” for A. We will shortly show that it is non-negative

and monotone.

Example 10.5. Recall that z — /22 + 4t is a conformal transformation H \ [0,2+/ti] — H with
|Vz2 + 4t — z| — 0 as z — oco. Note that

2t
V22+dt=z4+—+---.
z
Therefore hcap([0, 2v/#i]) = 2t.

Example 10.6. The map z + 2z + 1/2z maps H\ D — H and |(z + 1/2) — 2| — 0 as 2 — oo.
Therefore hcap(HN D) = 1.

We are now going to collect several properties of the half-plane capacity.

(i) Scaling. Suppose that r > 0, A € Q. Then hcap(rA) = r?hcap(A) and g.4(z) = rga(z/r).
(ii) Translation invariance. Suppose that x € R and A € Q. Then hcap(A + x) = hcap(A)
and gato(2) =ga(z —2) +2. N
(ili) Monotonicity. Suppose that A, A € Q with A C A. Then

heap(A) = heap(A) 4 heap(ga(A \ A)).

Upon showing that hcap > 0, this will imply that hcap(A) > hcap(A). That is, hcap is

monotone.

By combining the scaling and monotonicity properties of the half-plane capacity, we note that if
A€ Qand A C rDnNH, then we have that

hcap(A) < heap(rD NH) = r?hcap(D N H) = r*.
We now turn to derive a representation for the half-plane capacity in terms of Brownian motion,

which in particular implies that the half-plane capacity is non-negative.

Proposition 10.7. Suppose that A € Q, B is a complex Brownian motion, and 7 = inf{t > 0 :
B, ¢ H\ A} is the first exit time of B from H \ A.
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(i) For all z€ H\ A, Im(z — ga(z)) = E,[Im(B;)].
(it) heap(A) = limy_,o0 YEi [Im(B;)].

(iii) heap(A) = 2 [ E, i [Im(B;)] sin(0)df.

T

Proof. Note that ¢(z) = Im(z — ga(z)) is harmonic in H\ A as it is the imaginary part of a complex
differentiable function. As ga(z) = z + hcap(A4)/z + --- and Im(ga(z)) =0 for z € O(H \ A), it
follows that ¢ is bounded and continuous. Therefore (i) follows from Theorem 9.1.

Note that
heap(A) = lim z(ga(z) — 2)
Z—00
= lim iy(ga(iy) —iy).
Yy—00
The proof of Proposition 10.2 implies that hcap(A) is real (as the coefficients in the series expansion

of g4 are real). Taking real parts of both sides, we thus see that
heap(4) = lim yIm(iy — ga(iy)).
Y—+00
Therefore (ii) follows from (i).

Part (iii) is on Example Sheet 2. O

Before we proceed to derive some estimates for g4, we pause to discuss the conformal invariance of
Brownian motion. Roughly, this says that if B is a complex Brownian motion and f is a conformal
transformation, then the random process f(B) is a Brownian motion up to a random time-change.
This statement can be checked directly in the special case that f(z) = cz + d for ¢,d € C (i.e., f
can be thought of as first performing a rotation, then a scaling, then a translation) because one
can check directly from the definition of complex Brownian motion then it is rotationally invariant,
scale invariant (up to a time change), and translation invariant. Conformal transformations locally
behave like such f, which is why this fact is intuitive. We now give a formal statement:

Theorem 10.8. Let D, D be domains and let f:D— D be a conformal transformation. Let B, B

be complex Brownian motions starting from z € D, z = f(z) € 15, respectively. Let
T=inf{t >0:B, ¢ D} and F=inf{t>0:B,¢ D}
be the exit times of B, B from D, ﬁ, respectively. Set
= /OT |f'(Bs)|?ds and o(t) = inf {s >0: /Os | (B,)2dr = t} for t<T.
With By = f(Bg()), we have that

(7 Blit<t)L(F:B :t<7).
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Theorem 10.8 will be given as a problem on an example sheet in Stochastic Calculus. It is proved by
applying I[t6’s formula, the Cauchy-Riemann equations, and the Lévy characterization of Brownian

motion.

We can use Theorem 10.8 to deduce the form of the exit distribution of a complex Brownian motion
from a simply connected domain D. Since we will only be concerned with exit distributions, we
emphasize that the random time-change in Theorem 10.8 will not play a role. Here are a few cases
that will be important for what follows:

e If B is a complex Brownian motion in D starting from 0, then its first exit distribution is
given by the uniform distribution on 0D. This follows because complex Brownian motion is
rotationally invariant.

e Using Theorem 10.8 and applying a conformal transformation D — D which takes 0 to a
given point z € D, one can show that the density (with respect to Lebesgue measure on
0D) of the first exit distribution of a complex Brownian motion starting from z at the point
e € 9D is given by

11—z
o |eif — 2|2

This is on Example Sheet 2.

for 6 €[0,2m).

e Again using Theorem 10.8, one can see that the first exit distribution of a complex Brownian
motion starting from z = z + iy € H from H has density with respect to Lebesgue measure
on R given by

1 v for we OH.
7 (x —u)? +y?
This is also on Example Sheet 2.

For A € Q, we let
rad(A) = sup{|z| : z € A}.

That is, rad(A) is the diameter of the smallest ball centered at the origin which contains A.

Proposition 10.9. There exists ¢ > 0 such that for all A € Q and |z| > 2rad(A) we have that

_ hcap(4) < rad(A)hcap(A).

ga(z) — z . <ec EE

Proof. By scaling, we may assume without loss of generality that rad(A4) = 1. Throughout, we let

h(z) = z+ hcaiw —ga(2).

Our goal is then to bound |h(z)|. We will proceed by bounding the modulus of the imaginary part
of h and then deduce the bound for h itself using the Cauchy-Riemann equations. To this end, we

let
Im(z)hcap(A)

() = Im(h(z) = In(z — ga(z)) ~ =7
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Let B be a complex Brownian motion and let ¢ = inf{t > 0 : B, ¢ H\ D}. We also let
7=inf{t >0: B, ¢ H\ A}. For 0 € [0, 7], we let p(z,e") be the density with respect to Lebesgue
measure at e’ for B,. It follows from the strong Markov property for B at time o together with
part (i) of Proposition 10.7 that

Im(z —ga(z)) = /O7T E, i [Im(B,)|p(z, ?)db.

Recall that

: 21
(10.1) p(z, €)== I’Z?Zz) sin(f) (1 + O(|z| ™))  (Example Sheet 2, Problem 9)
7r
2 ™
(10.2) heap(A4) = / E io[Im(B;)]sin(f)df (part (iii) of Proposition 10.7).
T Jo

‘We thus have that

wwﬂzhm@—gA@>—““”

2

heap(A) ‘

2|

_ /OﬁEeie[Im(BT)]p(z,ew)dQ—ilig) /OTrEewIm(BT)sin(H)d& (by (10.2))
_c}mr’ﬂ‘jﬁ;m(z) (by (10.1)),

where ¢ > 0 is a constant.

As v is harmonic (as it is the imaginary part of a complex differentiable function), it follows from
Example Sheet 1, Problem 8 that we have for a constant ¢ > 0 both
hcap(A) hcap(A)

|2 ks

By the Cauchy-Riemann equations, this implies that (possibly increasing the value of ¢)

|0zv(2)] < ¢ and [Oyv(z)| < ¢

(10.3) ()] < )
Hence,
|h(iy)| = /OO h'(is)ds| (as h(iy) — 0 as y — o)
< /OO 1 (is) | ds
hcap(A)

se—p by (103)),

with another possible increase in the value of ¢ in the last inequality. This proves the bound for
z = iy. For general z = re’® with r > 2rad(A), we can integrate along 9(rD) using the bound (10.3)

to see that
hcap(A)

r2

()] < [h(ir)| + ¢

)
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which completes the proof. O

11. THE CHORDAL LOEWNER EQUATION

For T' > 0, we also let Az be the collection of families of compact H-hulls which satisfy (?7)—(??)
but are only defined on the interval [0,77] (so that A = A).

Theorem 11.1. Suppose that (A;) is in A with Ag = 0. For each t >0, let gt = ga,. There exists
U: [0,00) = R continuous such that
2
Dgi(z) =

m, go(z) = z.

Proof. Note that Ng>1g:(As) contains a single point since (A4;) is locally growing. Call this point U;.

It is not difficult to see that in fact Uy is continuous in ¢ since (A;) is locally growing.

Recall from Proposition 10.9 that if A € Q then

h A h A A
(11.1) gA(Z):Z+Cap()+O<‘W();“1())‘
z ]
If z € R, then as ga4,(2) —x = ga(z — x), it follows from (11.1) that
hcap(A) 1
11.2 = —w =24 —2 | heap(A)rad(A ).
(11.2) 94(2) = gavo(z + @) — @ =z + ——= = + heap(A)rad(4 + 2)0 P

Fix € > 0. Note that hcap(gi(Arye \ Ar)) = 2. For 0 < s <t, let g5+ = g+ 0 g5 *. Applying (11.2)
with A = gt(At-i-e \ At) and x = —Ut and using that I‘&d(gt(At+5 \ At) — Ut) < diam(gt(AHe \ At)),
we thus see that

2¢

Gire(z) = 2+
z— U

| 1
+ 2ediam (g (Arie \ Ar))O <\Z—Ut\2> '

‘We thus have that

Gt+e(2) — ge(2) = (t,t+e — gr.t) © 9:(2)

2e 1
= ——— + 2ediam (g (Asre \ A4))O <>
91(2) — Uy (g:(Arre A1) |9¢(2) = Ut|?
Dividing both sides by €, sending ¢ — 0, and using that (A;) is locally growing, we thus see that
2
Ogi(z) = ————
tgt( ) gt(z) — Ut
as desired. g

Theorem 11.1 implies that we can encode a family (A;) in A with Ag = () in terms of a continuous,

real-valued function U.

Conversely, if U is a continuous, real-valued function and we let

Orge(z) = go(2) = 2,

gi(z) = Uy’
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then A; given by the complement in H of the domain of g; is a family in A with Ag = 0.

The function U is called the “Loewner driving function” for (A;).

12. DERIVATION OF THE SCHRAMM-LOEWNER EVOLUTION

The purpose of this section is to explain the derivation and definition of SLE.

Definition 12.1. Suppose that (A;) is a random family in A encoded with the Loewner driving
function U. We say that (A;) satisfies the conformal Markov property if the following is true. For
eacht >0, let 7y = 0(Us : s <t). Then:

(i) The conditional law of (g:(Ait+s) — Ut)s>0 given F; is equal to that of (As)s>0. (Markov

property)
(ii) For each r >0, (rA/,2) 4 (A¢). (Scale invariance)

Note that (i) is equivalent to the statement that, given F;, (Upys — Ut)s>0 has the same distribution
as (Us)s>0. That is, U has stationary, independent increments. As U is continuous, this implies that
there exists k > 0 and a € R such that Uy = \/kB; + at where B is a standard Brownian motion.

By (ii), we have for r > 0 that
rUyjr2 = VKT By + ra(t/r?) = VB + at/r <y,
where B is a standard Brownian motion. The only way that this can be the case is if a = 0.

Combining, we have just obtained Schramm’s theorem.

Theorem 12.2 (Schramm). If (A;) satisfies the conformal Markov property, then there exists k > 0
such that Uy = \/kBy; where B is a standard Brownian motion.

For k > 0, SLE is the random family of hulls (A;) which are obtained by solving the Loewner

equation with U; = y/kB; where B is a standard Brownian motion.

SLEq corresponds to the case U; = 0 for all ¢ > 0, which corresponds to the curve A; = [0, 2\/1%]

Remark 12.3. (i) It turns out that SLE, is generated by a continuous curve 7. That is, H '\ A;
is equal to the unbounded component of H \ ([0, t]) for each ¢ > 0. Equivalently, A; is equal
to the set obtained by “filling in” the holes cut off from co by 7|jg . This result was first
proved by Rohde-Schramm. In the rest of this course, we will take it as an assumption.

(ii) The behavior of SLE, depends strongly on k. We will show later that SLE, is simple for
k € (0,4], self-intersecting for x € (4, 8), and space-filling for k > 8.

(iii) As we proved just above, SLE, is singled out by the conformal Markov property. This is
motivated from conjectures in the physics literature which regarding the behavior of scaling
limits of discrete models in two dimensions (percolation, loop-erased random walk, etc...)

(iv) The main tool to analyze SLE, is stochastic calculus, which we will review next.
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13. STOCHASTIC CALCULUS REVIEW

The general setting that we shall have in mind is a probability space (2, F,P) with a filtration (F%)
which satisfies the usual conditions:

(i) Fo contains all P-null sets
(ii) (F) is right-continuous, i.e., F; = Ny Fs for all ¢ > 0.

The basic object in stochastic calculus is the continuous semi-martingale. This is a process X; which
can be written as a sum M; + A; where M; is a continuous local martingale and Ay is a process of

bounded variation.

The following concepts from stochastic calculus will be important for this course:

e The stochastic integral
e The quadratic variation
e [t0’s fomrula

e Lévy characterization of Brownian motion

Stochastic differential equations

13.1. The stochastic integral. The stochastic integral of a previsible process H; against a semi-
martingale X; = M; + A; is defined by setting

t t t
/ Hsts:/ HSdMS—i—/ Hq,dX,.
0 0 0

The first integral on the right hand is an It6 integral and is a continuous local martingale. The
second integral is a Lebesgue-Stieljes integral and is a process of bounded variation. The It6 integral
is defined and constructed in a way which is similar to the Riemann integral. It exists due to the
cancellation which arises since M, is a continuous local martingale, even though M; does not have

finite variation.

13.2. Quadratic variation. The quadratic variation of a continuous local martingale M is
[2n¢]—1
M, = L M —n — Myg—n)?.
[M] nl_{go 2 ( (k+1)2 k2-n)

It is the unique non-decreasing continuous process such that
M} — [M];

is a continuous local martingale. The quadratic variation of a continuous process of finite variation
vanishes. So,

[(X]e = [M + Al = [M];.
Also,

[ / H,dM,); = /0 t HZd[M];.
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13.3. Itd’s formula. Ito’s formula is the stochastic calculus analog of the fundamental theorem of
calculus. To motiviate it, suppose that f € C(R). Ift>0and 0=ty <--- <t, =tis a partition
of [0, t], then we can write

)+ Z fte1))

)+ Z (tg—1)(tp — tg—1) + o(tx — tk_l)) (Taylor’s theorem)

/ f'(s as  max (fx —tg—1) — 0.

1<k<n

Now suppose that B is a standard Brownian motion with By = 0. Then we can write

f( + Z Btk Btk—l))
+ Z ( Btk 1 Btk Btk—l) + %f”(Btk—l)(Btk - Btk71)2 + 0((Btk - Btk1)2)>

"( -
/f s)dBs + = /f as 11%1kagxn(tk tp—1) — 0.

We have derived a special case of 1t6’s formula:

f(B: /f dB+/f”

Here is a more general version. Suppose that f € C1?(R, xR). The first variable is the time variable
and the second variable is the spatial variable. If X; = M; + A; is a continuous semimartingale,

then Ito’s formula states that:

t t t
16.50) = F0.50) + [ 0uf(s Xds+ [ (s, XaX,+ 5 [ 827 X)dlML.

We can rewrite this as:

t t
£(t,X,) =£(0. Xo) + /0 O f (5, X,)dM, + ( /0 9 f (s, X,)ds+

t 1 t
/&;f(s,Xs)dAer?/ agf(s,xs)d[M]s>.
0 0

The first integral is the martingale part of the semimartinagle decomposition of f(¢, X;) and the
other integrals together are the bounded variation part.

13.4. Lévy characterization. Suppose that M is a continuous local martingale. The Lévy
characterization of Brownian motion states that M is a Brownian motion if and only if [M]; = ¢ for
all t > 0. It is proved by using [t6’s formula to show that the process eOMe+02/2[M]t §g 3 continuous

martingale.
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13.5. Stochastic differential equations. Suppose that (2, F,P) together with (F;) is a proba-
bility space satisfying the usual conditions. Let B be a standard Brownian motion which is adapted
to (Ft). If b, 0 are measurable functions, then we say that a continuous semimartingale X; adapted
to (F;) satisfies the SDE

dX; = b(Xy)dt + o(X;)dBy

provided
t t
X = X +/ b(Xy)ds —1—/ o(Xs)dBs forall t>0.
0 0

It will be proved in Stochastic Calculus that this SDE has a unique solution when b, 0 are Lipschitz

functions.

14. PHASES OF SLE

Suppose that X = (B!, ..., B%) is a d-dimensional Brownian motion. In other words, B!, ..., B¢

are independent standard Brownian motions. Let
Zy = | Xe|* = (B)* + -+ (B).
By It6’s formula, we have that
¢ t
Zy = (B§)2+---+(B§’)2:Zo+2/ B§dB§+---+2/ BYB? + dt.
0 0
Let
| b1
Y = / —-BldB} + .. + / ——-B%BI.
0 0

251/2 Z;/2
Then Y; is a continuous local martingale with

1 1
BldBl+---+/deBd
/OZSl/Q s s 0 Zsl/z s st

! !
= ——BldB! / ——BB?
[/0 Zsl/2 . 0 Z§/2

/tl(Bl)zds—i— +/t1(Bd)2ds
B 0 Zs ° 0 Zs 3

=t.

Y] =

Consequently, the Lévy characterization implies that Y; = Et where B is a standard Brownian

motion. This allows us to write
t ~
Zy = Zo + 2/ ZY2dB, + dt.
0

Equivalently,

dZ, = 272dB, + d - dt.
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This it the “square Bessel SDE of dimension d” and we say that Z is a square Bessel process of
dimension d. Sometimes, this is written as Z; ~ BESQ?. This SDE has a solution for every d € R
which is defined at least up until the first time that the process hits 0. In particular, d need not be

an integer.

By applying Itd’s formula with f(z) = \/x, we next see that

I I
7 = 3/2+2/0 Zsl/des—S/O 7324 2),

12, 5, d ! —1/2 L[ —1/2
=7, +Bt+§ Z, ds—i Z ' ds
0 0

d—1\ [* ~
:Z§/Q+<2 )/0 Z;'2ds + B,.

d—1\ [*1 ~
= — —ds + By.
Ut U0+< 9 )AUS S + t

d—1\ 1 ~
dUy = | —— | —=dt + dB;.
t ( 5 ) 7, + dby
This is the “Bessel SDE of dimension d” and we say that U is a Bessel process of dimension d.
Sometimes this is written as U; ~ BES?. As in the case of the square Bessel SDE, the Bessel SDE

has a solution for every d € R which is defined at least up until the first time that the process hits

Thus U; = Ztl/2 satisfies

Equivalently,

0. So, as before, d need not be an integer.
Proposition 14.1. Suppose that d € R and U; ~ BESZ.

(1) If d < 2, then Uy hits 0 a.s.
(ii) If d > 2, then Uy does not hit 0 a.s.

Proof. We will prove the proposition by considering the process Uffd. By It6’s formula, we have
that

t 1 [t
vt = vt [ - guita s [ - a0 - austdu),
0 0

t ~ bd—2)(d—1 1/t
—Ug—d+/ (2—d)Usldst+/ ()()Usldder/ (2—d)(1—d)U; s
0 0 2U, 2 Jo

t ~
U4 / (2 — d)U~dB,.
0

This proves that Utz_d is a continuous, local martingale. For each a € R, we let 7, = inf{t > 0 :
Us=a}. f 0<a < Uy <b< oo, then the process UtzA_TffATb is a bounded, continuous martingale.
The optional stopping theorem thus implies that

Uy ' =E[U20] = a> "Plry < 1] + 0> P, < 7.

Ta/\Tp
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If d < 2, then we can take a = 0 to see that

U = v Pr, < 19].

P, < 1] = <UI;0>2_d.

By sending b — oo, we see that P[ry < oo] = 1. If d > 2, then we can write

Plr, <7 = (Z[’Yd — <b)2dP[Tb < Tq)-

That is,

a

Taking a limit as a — 0, we see that P[ry < 7] = 0 for any b. Therefore P[ry < co] = 0. The case
d = 2 is proved similarly but with log U; in place of UtQ_d. ([l

Suppose that (g;) solves the chordal Loewner equation driven by U; = v/kB; where B is a standard
Brownian motion. That is, )

ege(z) = OEA g0(z) = z.
Let 7 be the curve which corresponds to the family of hulls encoded by (g;). For each = € R, let
V¥ = gi(z) — Uy and let 7, = inf{t > 0: V;¥ = 0}. Then 7, is the first time that x is cut off from oo
by ~. Note that

2 2
dVF¥ = ————dt — dU; = —dt — \/kdB;.
= G = gt = VRdB
Equivalently,
2/k ~ ~
d(\V* = dt + dB h B; = —B;.
(Vi /VE) NG + db; where t t
That is, V;*/\/k is a BES? with
d—1 g
2 kK
hence A
d=1+ —.
K

Note that d > 2 if and only if k < 4. Consequently, 7, < oo if and only if £ > 4.

Proposition 14.2. SLE,; corresponds to a simple curve for k < 4. It is self-intersecting for k > 4.

Proof. The above considerations imply that SLE, intersects OH if and only if k > 4. Suppose
that ¢t > 0 is fixed. Then s+ g;(y(s +t)) — Uy is an SLE, curve. The proposition follows as, for
each ¢t > 0, intersection points between 7| ) and 7|4 correspond to points where the curve
s+ gi(v(s +t)) — U; hits the boundary. O

We are now going to show that SLE for x € (4,8) cuts off regions from oo and that SLE, for k > 8
fills the boundary and does not cut off regions from oco. It will be shown on Example Sheet 2 that
SLE,, for x > 8 in fact fills all H (i.e., is space-filling).

For the rest of this section, we will assume that x > 4.



40 JASON MILLER

To this end, for 0 < z < y, we let g(x,y) = P[r, = 7] be the probability that both = and y are cut

off from oo at the same time. We make two observations about g(x,y):

e g(z,y) = g(1,y/z) since SLE, is scale-invariant.
e g(1,r) > 0asr — oo since P[r; <t] > 1ast — oo and P[r, < t] - 0 as r — oo with ¢
fixed.

We say that events A, B are equivalent if P[A\ B] = P[B\ A] =0, i.e., A, B differ by an event of
probability 0.

Lemma 14.3. Fiz r > 1. The event {11 = 7} is equivalent to the event

v =V }
EF=<{sup—<o00,.
{t<£ V!

Proof. Indeed, if E occurs then we cannot have that 71 < 7. Therefore E C {71 = 7,.}. On the
other hand, if M > 0, then we have that

Vr_vl
P[ﬁ:n\supt —t >M:|:P[T1:T7«IO'M<T1}
t<m1 ‘/;j

where o)y = inf{t > 0: (V7 — V;})/V;! > M}. By the scale-invariance of SLE, and the strong
Markov property applied at the stopping time o,s, we therefore have that
Plri=7n|lov<m]=91,1+M)—0 as M — occ.
This implies that
Plr=m7,E=0,

which concludes the proof that {r; = 7.} and E are equivalent. O

Our goal now is to show that
Plsup(V; —V,))/V;' < o]

t<t1
is positive if k € (4,8) and is equal to 0 if Kk > 8. Let

‘/tr_‘/t1>

Zy = log< A
t

With d = 1+ 4/k, we have by It&’s formula that

3 1 d—1\ (Vy =V} 1
dZy=((>—d Lt ) )dt— —dB; with Z;=log(r—1).
= (G- o+ (57) (v ) - s w201t =
We are now going to perform a time-change to turn the local martingale part of Z; into a standard
. (1
o(t)=infSu>0: ; st:t .

o) 1 do(t)
t= / ———ds hence dt = —*%.
SRAE (V)

Brownian motion. Let

Then we have that
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Note that the process

~ o) 1
B, = —/0 WdBS

S

o) 1 p
= —_ =t.
/0 vnz®

Therefore the Lévy characterization implies that B is a standard Brownian motion. Thus, with
Zy = Zg(t), we have that

is a continuous local martingale with
o) 1
o Vi

B, = |- d B

1

= ((3 d—1\ (Vo) = Vou ~
dZt_<<2 d>+( . >< v dt + dB,.

> > D d—1 tV;s_vals
0

2 V;(S)

Consequently,

-~ /3
> Zo+ By + <2—d>t.
If Kk > 8 then d =1+ 4/k < 3/2, in which case we have that
Zy > Zo + By.

Hence

sup Z > Zg + supét = 00.
t>0 t>0

As o(o0) = 71, we thus have that

sup e?t = .
t<t1

We conclude that g(z,y) =0 for all 0 < x < y if Kk > 8. We have just established the following.

Proposition 14.4. An SLE, for k > 8 almost surely fills OH. In particular, such a process does

not cut regions off from oo.

Now suppose that & € (4,8). Fix e > 0 and assume that r = 1+¢/2. Note Zy = log(r—1) = log(e/2).
Let

T=inf{t > 0: Z, = loge}.
Then

_ - 3 d—1\ [ Vi) — Vol(s)
Zine = Zo+ Bins + (= — i Zols)  Tols)
tA 0+ Bia +<2 d)t/\7'+< 5 >/0 VT ds

o(s)
~ ~ -1 tANT
< Q+BtAT+<3—d)tAT+<d>/ eZsds
2 2 0
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= = d—1
§Z0+BtAT<(3—d> + <> e)t/\T
2 2
7 o) -1
= Zo+ Bipnr +at AT where a= (Zd) + <d> €.

2

Assume that € > 0 is taken to be sufficiently small so that a < 0 (recall that d > 3/2 since k € (4, 8)).
Let
Zf = Zo + B; + at.
Then
Zine > Zinr.

As Z7 is a Brownian motion with negative drift starting from log(e/2), it follows that

Plsup Z; < loge] > 0.

t>0
Therefore
Plsup Z; < loge] > 0.
>0
Hence

P [sup e?t < 6:| > 0.
t<m1

This implies that g(1,1 + €/2) > 0. It follows from the scale-invariance and Markov property for
SLE, that then g(x,y) > 0 for all 0 < x < y as desired (see Example Sheet 2). We have just
established the following:

Proposition 14.5. An SLE, for k € (4,8) almost surely cuts off regions from oo.

15. LoCALITY OF SLEg

So far, we have only defined SLE, in H from 0 to co. If D C C is a simply connected domain and
x,y € D are distinct, then there exists a conformal transformation ¢: H — D with ¢(0) = x and
¢(00) =y. An SLE,; v in D from z to y is defined by taking it to be ¢(¥) where 7 is an SLE,; in H
from 0 to co. (It will be shown on Example Sheet 3 that this definition is well-defined.)

We will now analyze the question of which SLE, should correspond to the scaling limit of percolation.

Suppose that D C C is simply connected, z,y € 9D are distinct. Consider p = 1/2 (critical)
percolation on the hexagonal lattice with hexagons of size € which intersect D. We take the hexagons
which intersect the clockwise (resp. counterclockwise) segment of 9D from z to y to be all black
(resp. white). With this choice of boundary conditions, there exists a unique interface ¢ which
connects = to y with black (resp. white) hexagons on its left (resp. right) side. (See Figure 15.1 for

an illustration and Figure 1.3 for actual simulations in the special case of a lozenge shaped domain.)

It was conjectured (now proved by Smirnov) that the limit v of v¢ is conformally invariant. This
means that if D is another simply connected domain, Z,y € 0D are distinct, and ¢¥: D — D is a
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Y

FIGURE 15.1. Percolation exploration v¢ in the hexagonal lattice with hexagons of size € in a
simply connected domain D from z to y with black (resp. white) hexagons on the clockwise (resp.
counterclockwise) arc of 9D from x to y. Some representative hexagons are shown together with
their colors. The scaling limit v of v¢ as € — 0 was conjectured (now proved by Smirnov) to be
conformally invariant, which means that if ¢: D — D is a conformal transformation with Z = v (z)
and y = ¢(y), then the law of ¥(y) = lime_,0 ¥ (7°) is equal in distribution to the scaling limit of the
percolation exploration in D from 7 to y with the corresponding black/white boundary conditions.

conformal transformation, then () is equal in distribution to the scaling limit of percolation on D
from Z to y with boundary conditions analogous to those described just above. (See Figure 15.1 for

an illustration.)

Also, percolation satisfies a natural Markov property (this is its spatial Markov property). Namely,
if you condition on ¢ up to a time t, then the conditional law of the remainder of the percolation
interface is that of a percolation exploration in the remaining domain from ~¢(¢) to y. The reason
for this is that in order to observe ¥¢, one need only observe the black (resp. white) hexagons which
are on its left (resp. right) side.

If the scaling limit v of the percolation exploration exists and it is conformally invariant, then the
above considerations imply that it must satisfy the conformal Markov property. Therefore there
must exist £ > 0 such that v is an SLE,. We will now show that the only s value which can

correspond to the scaling limit of percolation is k = 6.

Percolation possesses the extra property which is referred to as “locality”. In special situation that
we consider the percolation exploration on H, it can be formulated as follows (but is indeed a very
general principle). Suppose that D is a simply connected domain in H with 0 on its boundary. Then
a percolation exploration in D with black (resp. white) boundary conditions on R_ N 9D (resp.
R N9D), run up until hitting D \ OH, has the same distribution as a percolation exploration in
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0 0

FI1GURE 15.2. [Illustration of the locality property for SLE,. Shown on the left is an SLE,; curve
in H from 0 to oo stopped upon leaving a simply connected domain D C H with 0 € 9D. SLE, is
said to satisfy the locality property if v has the same distribution as an SLE,; in D, stopping upon
hitting D \ OH. Equivalently, if ¢ is a conformal transformation D — H fixing 0, then () has
the law of an SLE,; in H from 0 to oo, stopped upon hitting ¢(9D \ 0H). It turns out that locality
holds if and only if k = 6, which implies that the only SLE, which can correspond to the scaling
limit of percolation is SLEg.

all of H with black (resp. white) boundary conditions on R_ (resp. R4), also stopped upon hitting
oD\ OH.

Therefore, the corresponding SLE, should satisfy an analogous property. That is, we want to figure
out for which value of k the following is true. Suppose that D C H is a simply connected domain
with 0 on its boundary. Let 7 be an SLE, in H from 0 and consider v stopped upon hitting 0D \ 0H.
Then we want that v has the same law as an SLE, in D starting from 0 stopped at the analogous
time. Equivalently, if ¢»: D — H is a conformal transformation with ¢ (0) = 0, then we want that
¥(7) is an SLE,; in H. This is the so-called "locality property.”

We will now show that locality holds if and only if x = 6.

In order to establish this, we need to understand how the Loewner evolution changes when we
apply a conformal transformation. Suppose that (A;) is a non-decreasing family of compact H-hulls
which are locally growing and are parameterized by capacity and assume that 7" > 0 is such that
Ap C D. For each t € [0,T], let A, = 1(A;). Then (Z)te[O,T] is a family of compact H-hulls which

are non-decreasing, locally growing, and with Ag = (.
Foreacht>0,let g: =g 4, be the unique conformal transformation H '\ A; — H with gi(z)—z—0
as z — 0o. Let a(t) = hcap(A;). It will be shown on Example Sheet 3 that (g;) satisfies

Ora(t)
gi(2) = Uy
where ﬁt = Y(Uy) for oy =grotpo g{l, (g¢) the Loewner evolution associated with (A;), and Uy its
Loewner driving function. Also, (see Example Sheet 3)

(15.1) g (2) = go(z) =z

(15.2) a(t) = /0 241 (Us))2ds.
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(The formula (15.2) is intuitive — and indeed derived — if one recalls the scaling property for
half-plane capacity deduced earlier.)

We will want to apply Itd’s formula to deduce the semi-martingale form of [7,5 = 4(U;). In order to

do so, we need to identify the time-derivative of 1), evaluated at U;.

Proposition 15.1. The maps (¢) satisfy

atwt(z) =2 (
Moreover, at z = Uz, we have

Oy (Uy) = Zlijrclft O (2) = =31y (Uy).

(¢£(Ut))2 — (2 1
Yi(2) — e (Ur) vil )2- Ut) '

Proof. We have that

Oi(2) = (9hg) (W(g; " (2))) + Gi (g ()Y (9771 (2))De(g; " (2))

WP, 2
= Ul — (O T

This proves the first assertion of the proposition, where we have used the identity

2
0=0(g; " = (99, ! ~Ly -
i(9¢ (9¢(2))) = (Oegy " )(9e(2)) + (g, ) (gt(Z))gt(z) "7
in order to derive the formula for 9;g; *(2).
The second assertion of the proposition is on Example Sheet 3. ]

Suppose that U; = v/kB; where B is a standard Brownian motion. By Itd’s formula, we have that
dUy = dip(Uy)
K
= (atT/Jt(Ut) + §¢2/(Ut)> dt 4 /Ky (Ur)d By

= (—3¢;’(Ut) + gng’(Ut)) dt + kL (U)dB;  (by Proposition 15.1)

K—06
=5 7 (Uy)dt + /Ky (Uy)dBy.

We now let .
o(t) = inf{u >0 : / (W (U,))2ds = t}.
0
Then )
OrGo(t)(2) = ———=—dt, Go(0)(2) = 2.
9oty — Usr)

Also, if we let ﬁt* = ﬁg(t), then we have that

kK—26 ¢g(t)(Ua(t))
2 (¢;(t)(Ua(t)))

U} = Sdt + /kd DBy
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where ®
B, = / L(U)d By
0

is a standard Brownian motion (by the Lévy characterization). In particular, if kK = 6 then we have
that Ut* — V/6B,. That is, (ga(t)) is equal in distribution to the family of hulls associated with an
SLEg. We have now obtained the following theorem:

Theorem 15.2. If v is an SLEg curve, then () is an SLEg (up until first hitting (0D \ 0H)

and considered modulo a time-change).

We conclude that SLEg is the only possible SLE curve which could describe the scaling limit of

percolation.
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