
2.5. Tail events. Let (Xn : n ∈ N) be a sequence of random variables. Define

Tn = σ(Xn+1, Xn+2, . . . ), T =
⋂

n

Tn.

Then T is a σ-algebra, called the tail σ-algebra of (Xn : n ∈ N). It contains the
events which depend only on the limiting behaviour of the sequence.

Theorem 2.5.1 (Kolmogorov’s zero-one law). Suppose that (Xn : n ∈ N) is a se-

quence of independent random variables. Then the tail σ-algebra T of (Xn : n ∈ N)
contains only events of probability 0 or 1. Moreover, any T-measurable random vari-

able is almost surely constant.

Proof. Set Fn = σ(X1, . . . , Xn). Then Fn is generated by the π-system of events

A = {X1 ≤ x1, . . . , Xn ≤ xn}
whereas Tn is generated by the π-system of events

B = {Xn+1 ≤ xn+1, . . . , Xn+k ≤ xn+k}, k ∈ N.

We have P(A∩B) = P(A)P(B) for all such A and B, by independence. Hence Fn and
Tn are independent, by Theorem 1.12.1. It follows that Fn and T are independent.
Now

⋃

n Fn is a π-system which generates the σ-algebra F∞ = σ(Xn : n ∈ N). So by
Theorem 1.12.1 again, F∞ and T are independent. But T ⊆ F∞. So, if A ∈ T,

P(A) = P(A ∩ A) = P(A)P(A)

so P(A) ∈ {0, 1}.
Finally, if Y is any T-measurable random variable, then FY (y) = P(Y ≤ y) takes

values in {0, 1}, so P(Y = c) = 1, where c = inf{y : FY (y) = 1}. �

2.6. Convergence in measure and convergence almost everywhere.

Let (E, E, µ) be a measure space. A set A ∈ E is sometimes defined by a prop-
erty shared by its elements. If µ(Ac) = 0, then we say that property holds almost

everywhere (or a.e.). The alternative almost surely (or a.s.) is often used in a prob-
abilistic context. Thus, for a sequence of measurable functions (fn : n ∈ N), we say
fn converges to f a.e. to mean that

µ({x ∈ E : fn(x) 6→ f(x)}) = 0.

If, on the other hand, we have that

µ({x ∈ E : |fn(x) − f(x)| > ε}) → 0, for all ε > 0,

then we say fn converges to f in measure or, in a probabilistic context, in probability.

Theorem 2.6.1. Let (fn : n ∈ N) be a sequence of measurable functions.

(a) Assume that µ(E) < ∞. If fn → 0 a.e. then fn → 0 in measure.

(b) If fn → 0 in measure then fnk
→ 0 a.e. for some subsequence (nk).

16



Proof. (a) Suppose fn → 0 a.e.. For each ε > 0,

µ(|fn| ≤ ε) ≥ µ

(

⋂

m≥n

{|fm| ≤ ε}
)

↑ µ(|fn| ≤ ε ev.) ≥ µ(fn → 0) = µ(E).

Hence µ(|fn| > ε) → 0 and fn → 0 in measure.
(b) Suppose fn → 0 in measure, then we can find a subsequence (nk) such that

∑

k

µ(|fnk
| > 1/k) < ∞.

So, by the first Borel–Cantelli lemma,

µ(|fnk
| > 1/k i.o.) = 0

so fnk
→ 0 a.e.. �

2.7. Large values in sequences of IID random variables. Consider a sequence
(Xn : n ∈ N) of independent random variables, all having the same distribution
function F . Assume that F (x) < 1 for all x ∈ R. Then, almost surely, the sequence
(Xn : n ∈ N) is unbounded above, so lim supn Xn = ∞. A way to describe the
occurrence of large values in the sequence is to find a function g : N → (0,∞) such
that, almost surely,

lim sup
n

Xn/g(n) = 1.

We now show that g(n) = log n is the right choice when F (x) = 1 − e−x. The same
method adapts to other distributions.

Fix α > 0 and consider the event An = {Xn ≥ α log n}. Then P(An) = e−α log n =
n−a, so the series

∑

n P(An) converges if and only if α > 1. By the Borel–Cantelli
Lemmas, we deduce that, for all ε > 0,

P(Xn/ log n ≥ 1 i.o.) = 1, P(Xn/ log n ≥ 1 + ε i.o.) = 0.

Hence, almost surely,
lim sup

n
Xn/ log n = 1.
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