2. MEASURABLE FUNCTIONS AND RANDOM VARIABLES

2.1. Measurable functions. Let (£, ) and (G, 9) be measurable spaces. A func-
tion f: F — G is measurable if f~'(A) € & whenever A € G. Here f~'(A) denotes
the inverse image of A by f

YA ={zeE: f(x) € A}

Usually G = R or G = [—00, 0], in which case G is always taken to be the Borel
o-algebra. If F is a topological space and €& = B(FE), then a measurable function on
E is called a Borel function. For any function f : E — G, the inverse image preserves
set operations

! <UA> = Uf_l(Ai)a UGN A)=E\ f7H(A).

Therefore, the set {f~'(A) : A € G} is a o-algebraon F and {A C G : f~1(A) € &} is
a o-algebra on G. In particular, if G = o(A) and f~!(A) € & whenever A € A, then
{A: f7Y(A) € &} is a o-algebra containing A and hence G, so f is measurable. In the
case G = R, the Borel o-algebra is generated by intervals of the form (—o0,y],y € R,
so, to show that f : E — R is Borel measurable, it suffices to show that {x € E :
f(x) <y} e € for all y.

If F is any topological space and f : E — R is continuous, then f~(U) is open in
E and hence measurable, whenever U is open in R; the open sets U generate B, so
any continuous function is measurable.

For A C E, the indicator function 14 of A is the function 14 : £ — {0,1}
which takes the value 1 on A and 0 otherwise. Note that the indicator function of
any measurable set is a measurable function. Also, the composition of measurable
functions is measurable.

Given any family of functions f; : F — G,i € I, we can make them all measurable
by taking

E=o(fi*'(A):AecG,iecl).
Then € is the o-algebra generated by (f; 11 € I).

Proposition 2.1.1. Let f, : E — R,n € N, be measurable functions. Then so are
fi+ fo, [ifa and each of the following:

inf f,, supf,, liminff,, limsup f,.

Theorem 2.1.2 (Monotone class theorem). Let (E, E) be a measurable space and let
A be a m-system generating E. Let'V be a vector space of bounded functions f : E — R
such that:

(i) 1eVand1a €V forall Ac A;
(ii) if fn €V for all n and f is bounded with 0 < f, T f, then f € V.

Then V contains every bounded measurable function.
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Proof. Consider D = {A € € : 14 € V}. Then D is a d-system containing A, so
D = €. Since V is a vector space, it thus contains all finite linear combinations of
indicator functions of measurable sets. If f is a bounded and non-negative measurable
function, then the functions f, = 272" f],n € N, belong to V and 0 < f, T f, so
f € V. Finally, any bounded measurable function is the difference of two non-negative
such functions, hence in V. O

2.2. Image measures. Let (F, ) and (G, §G) be measurable spaces and let p be a
measure on €. Then any measurable function f : E — G induces an image measure
v=po f~ton G, given by

v(A) = u(f~(4)).

We shall construct some new measures from Lebesgue measure in this way.

Lemma 2.2.1. Let g : R — R be non-constant, right-continuous and non-decreasing.
Let I = (g(—0),g(0)) and define f: I — R by f(z) =inf{y e R:x < g(y)}. Then
f is left-continuous and non-decreasing. Moreover, for x € I and y € R,

f@)<y if and only if =< g(y).

Proof. Fix € I and consider the set J, = {y € R: z < g(y)}. Note that J, is
non-empty and is not the whole of R. Since g is non-decreasing, if y € J, and y' > v,
then y' € J,. Since g is right-continuous, if y,, € J, and y, | y, then y € J,. Hence
Jr. = [f(x),00) and = < g(y) if and only if f(z) < y. For z < 2’, we have J, D Jy
and so f(x) < f(«'). For x, T x, we have J, = N,J,,, so f(x,) — f(x). So f is
left-continuous and non-decreasing, as claimed. O

Theorem 2.2.2. Let g : R — R be non-constant, right-continuous and non-decreasing.
Then there exists a unique Radon measure dg on R such that, for all a,b € R with

a<b,
dg((a,b]) = g(b) — g(a).
Moreover, we obtain in this way all non-zero Radon measures on R.

The measure dg is called the Lebesque-Stieltjes measure associated with g.

Proof. Define I and f as in the lemma and let p denote Lebesgue measure on I.
Then f is Borel measurable and the induced measure dg = pro f~! on R satisfies

dg((a,b]) = p({z : f(x) > aand f(x) <b}) = p((g(a), g(0)]) = g(b) — g(a).

The argument used for uniqueness of Lebesgue measure shows that there is at most
one Borel measure with this property. Finally, if v is any Radon measure on R, we
can define g : R — R, right-continuous and non-decreasing, by

v((0,y]), ify>0,
9(y) = { 0, ity <0

Then v((a,b]) = g(b) — g(a) whenever a < b, so v = dg by uniqueness. O
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