1.7. Uniqueness of measures.

Theorem 1.7.1 (Uniqueness of extension). Let py, pio be measures on (E, &) with
p1(E) = po(E) < oo. Suppose that py = pus on A, for some w-system A generating
E. Then puy = g on €.

Proof. Consider D = {A € € : 1(A) = u2(A)}. By hypothesis, E € D; for A, B € £
with A C B, we have

pi(A) + (B A) = i (B) <00,  pa(A) + pa(B\ A) = pa(B) < o0
so, if A, B € D, then also B\ A € D; if A, € D,n € N, with 4,, T A, then
pa(A) = lim i (Ap) = lim o (An) = pa(A)

so A € D. Thus D is a d-system containing the m-system A, so D = £ by Dynkin’s
lemma. ]

1.8. Borel sets and measures. Let E be a topological space. The o-algebra gen-
erated by the set of open sets is F is called the Borel o-algebra of E' and is denoted
B(FE). The Borel o-algebra of R is denoted simply by B. A measure p on (E, B(FE))
is called a Borel measure on E. If moreover p(K) < oo for all compact sets K, then
1 is called a Radon measure on E.

1.9. Probability, finite and o-finite measures. If y(F) = 1 then p is a probability
measure and (E, &, ) is a probability space. The notation (2, F,P) is often used to
denote a probability space. If u(FE) < oo, then p is a finite measure. If there exists
a sequence of sets (£, : n € N) in € with p(E,) < oo for all n and |J,, E, = E, then
[t is a o-finite measure.

1.10. Lebesgue measure.

Theorem 1.10.1. There exists a unique Borel measure p on R such that, for all
a,be R with a <b,

u((a, b)) =b—a.
The measure p is called Lebesgue measure on R.

Proof. (Existence.) Consider the ring A of finite unions of disjoint intervals of the
form

A= (Cll, bl] U---u (an,bn].
We note that A generates B. Define for such A € A

i=1
Note that the presentation of A is not unique, as (a,b] U (b,c] = (a,c] whenever

a < b < c¢. Nevertheless, it is easy to check that p is well-defined and additive.
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We aim to show that p is countably additive on A, which then proves existence by
Carathéodory’s extension theorem.

By additivity, it suffices to show that, if A € A and if (4, : n € N) is an increasing
sequence in A with A4,, T A, then u(A,) — u(A). Set B, = A\ A, then B, € A and
B, | 0. By additivity again, it suffices to show that u(B,) — 0. Suppose, in fact,
that for some ¢ > 0, we have p(B,) > 2¢ for all n. For each n we can find C,, € A
with C,, € B, and u(B, \ C,) < e27". Then

B\ (CLN - NCR) S p((Bi\C)U- U (B, \Cp)) <Y 27" =e.
neN
Since p(B,) > 2¢, we must have u(Cy N ---NC,) > e, 50 C1N---NC, # 0, and
so K, =Cin---NC, #0. Now (K, : n € N) is a decreasing sequence of bounded
non-empty closed sets in R, so 0 # (), K,, C (), By, which is a contradiction.

(Uniqueness.) Let A be any measure on B with u((a,b]) =b—a for all a < b. Fix n
and consider

pn(A) = u((n,n+ 11N A), A(A) =A(n,n+1]NA).

Then p, and A, are probability measures on B and pu, = A, on the m-system of
intervals of the form (a, b], which generates B. So, by Theorem 1.7.1, p,, = A\,, on B.
Hence, for all A € B, we have

= ZMn(A) = Z)‘H(A) =



