10.3. Central limit theorem.

Theorem 10.3.1 (Central limit theorem). Let (X, : n € N) be a sequence of inde-
pendent, identically distributed, random variables with mean 0 and variance 1. Set
S, =X14+---+X,. Then, for all a <b, asn — oo,

P (% € [a, b]) — /ab \/%_We_yQ/Qdy.
Proof. Set ¢(u) = E(e™*1). Since E(X?) < oo, we can differentiate E(e™X*) twice
under the expectation, to show that

¢(0)=1, ¢(0)=0, ¢"(0)=-1
Hence, by Taylor’s theorem, as u — 0,

o(u) = 1 — u2/2 + ofus?).
So, for the characteristic function ¢,, of S, /\/n,
Gn(u) = BtV = [B( VDX = (1 —u? /20 + o(u? /n))".
The complex logarithm satisfies, as z — 0,
log(1+2) = 2+ of[2])
so, for each u € R, as n — oo,
log ¢ (u) = nlog(l —u?/2n + o(u®/n)) = —u?/2 + o(1).

Hence ¢, (1) — e~**/ for all u. But e~**/2 is the characteristic function of the N(0, 1)
distribution, so S,,/v/n — N(0,1) in distribution by Theorem 7.5.1, as required. [

Here is an alternative argument, which does not rely on Lévy’s continuity theorem.
Take a random variable Y ~ N(0, 1), independent of the sequence (X, : n € N). Fix
a < band 6 > 0 and consider the function f which interpolates linearly the points

(—00,0), (a—0,0), (a,1),(b,1),(b+6,0),(c0,0). Note that |f(z+y) — f(x)] < |yl/d
for all z,y. So, given ¢ > 0, for t = (7/2)(¢§/3)? and any random variable Z,
[E(f(Z + V1Y) = E(f(2))| SE(VH]Y])/6 = ¢/3.

Recall from the proof of the Fourier inversion formula that

E (f (%+\/¥Y)) = /R (%/R%(u)e_uzme_i“ydu) f(y)dy.

Consider a second sequence of independent random variables _(Xn :n € N), also
independent of Y, and with X,, ~ N(0,1) for all n. Note that S, /y/n ~ N(0,1) for
all n. So

B (f (% n \/ZY)> _ / (% / //du) F(y)dy.
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Now e %*2f(y) € L*(du ® dy) and ¢, is bounded, with ¢, (u) — e **/> for all u as
n — 00, so, by dominated convergence, for n sufficiently large,

(1 ()21 (50 )
Hence, by taking Z = S,,/v/n and then Z = S,,/y/n, we obtain
[E(f (Sa/vn)) =E(f (Su/vn))| <.

But S, /v/n ~ Y for all n and € > 0 is arbitrary, so we have shown that

E(f(Sn/vn)) = E(f(Y)) asn — oc.

The same argument applies to the function g, defined like f, but with a, b replaced
by a + 0,b — 6 respectively. Now g < 1,5 < f, so

(((5)) = () ()

On the other hand, as § | 0,
1

E(g(Y)) 1 / o

so we must have, as n — oo,

S b1 2
P~ b —— eV 2dy.
(\/ﬁe[a7])_>/a\/%e Yy

<e/3.

eV 2dy, B(f(Y "1 e V2
y, E(f(Y)) ] Nor y
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