
10. Sums of independent random variables

10.1. Strong law of large numbers for finite fourth moment. The result we
obtain in this section will be largely superseded in the next. We include it because
its proof is much more elementary than that needed for the definitive version of the
strong law which follows.

Theorem 10.1.1. Let (Xn : n ∈ N) be a sequence of independent random variables
such that, for some constants µ ∈ R and M < ∞,

E(Xn) = µ, E(X4
n) ≤ M for all n.

Set Sn = X1 + · · ·+ Xn. Then

Sn/n → µ a.s., as n → ∞.

Proof. Consider Yn = Xn − µ. Then Y 4
n ≤ 24(X4

n + µ4), so

E(Y 4
n ) ≤ 16(M + µ4)

and it suffices to show that (Y1 + · · ·+ Yn)/n → 0 a.s.. So we are reduced to the case
where µ = 0.

Note that Xn, X2
n, X3

n are all integrable since X4
n is. Since µ = 0, by independence,

E(XiX
3
j ) = E(XiXjX

2
k) = E(XiXjXkXl) = 0

for distinct indices i, j, k, l. Hence

E(S4
n) = E

(

∑

1≤i≤n

X4
k + 6

∑

1≤i<j≤n

X2
i X2

j

)

.

Now for i < j, by independence and the Cauchy–Schwarz inequality

E(X2
i X2

j ) = E(X2
i )E(X2

j ) ≤ E(X4
i )1/2E(X4

j )1/2 ≤ M.

So we get the bound

E(S4
n) ≤ nM + 3n(n − 1)M ≤ 3n2M.

Thus

E
∑

n

(Sn/n)4 ≤ 3M
∑

n

1/n2 < ∞

which implies
∑

n

(Sn/n)4 < ∞ a.s.

and hence Sn/n → 0 a.s.. �
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10.2. Strong law of large numbers.

Theorem 10.2.1. Let m be a probability measure on R, with
∫

R

|x|m(dx) < ∞,

∫

R

xm(dx) = ν.

Let (E, E, µ) be the canonical model for a sequence of independent random variables
with law m. Then

µ({x : (x1 + · · ·+ xn)/n → ν as n → ∞}) = 1.

Proof. By Theorem 9.2.1, the shift map θ on E is measure-preserving and ergodic.
The coordinate function f = X1 is integrable and Sn(f) = f +f ◦ θ + · · ·+f ◦ θn−1 =
X1 + · · ·+Xn. So (X1 + · · ·+Xn)/n → f̄ a.e. and in L1, for some invariant function
f̄ , by Birkhoff’s theorem. Since θ is ergodic, f̄ = c a.e., for some constant c and then
c = µ(f̄) = limn µ(Sn/n) = ν. �

Theorem 10.2.2 (Strong law of large numbers). Let (Yn : n ∈ N) be a sequence
of independent, identically distributed, integrable random variables with mean ν. Set
Sn = Y1 + · · · + Yn. Then

Sn/n → ν a.s., as n → ∞.

Proof. In the notation of Theorem 10.2.1, take m to be the law of the random variables
Yn. Then µ = P ◦ Y −1, where Y : Ω → E is given by Y (ω) = (Yn(ω) : n ∈ N). Hence

P(Sn/n → ν as n → ∞) = µ({x : (x1 + · · ·+ xn)/n → ν as n → ∞}) = 1.

�
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