Theorem 9.3.2 (Birkhoff’s almost everywhere ergodic theorem). Assume that (E, &, 1)
is o-finite and that f is an integrable function on E. Then there erists an invariant
function f, with p(|f]) < wu(|f]), such that S,(f)/n — f a.e. asn — .

Proof. The functions liminf, (S, /n) and lim sup,, (S, /n) are invariant. Therefore, for
a < b, so is the following set

D = D(a,b) = {liminf(S,,/n) < a < b < limsup(S,/n)}.
We shall show that (D) = 0. First, by invariance, we can restrict everything to D

and thereby reduce to the case D = E. Note that either b > 0 or a < 0. We can
interchange the two cases by replacing f by —f. Let us assume then that b > 0.

Let B € € with u(B) < oo, then g = f — blp is integrable and, for each x € D,
for some n,

Sn(g)(x) = Su(f)(x) —nb > 0.
Hence S*(g) > 0 everywhere and, by the maximal ergodic lemma,

0 [ (F=via)du= [ fdu=bu()

Since p is o-finite, there is a sequence of sets B,, € &, with u(B,,) < oo for all n and
B, T D. Hence,

bu(D) = lim by(B,) < /D fdp.

In particular, we see that u(D) < co. A similar argument applied to —f and —a,
this time with B = D, shows that

(~a)u(D) < / (—f)dp.

D
Hence

bu(D) < / fdp < ap(D).
D
Since a < b and the integral is finite, this forces u(D) = 0. Set
A = {liminf(S,/n) < limsup(S,/n)}

then A is invariant. Also, A =, jcq.acp P(a@, 1), so p(A) = 0. On the complement
of A, S,,/n converges in [—00, 00|, so we can define an invariant function f by
= {limn(Sn/n) on A°
0 on A.
Finally, u(|fo6™]) = u(|f]), so u(|Sn]) < nu(]f]) for all n. Hence, by Fatou’s lemma,

u(1f1) = p(tim inf |, /nl) < limint u(]S,/n]) < p(] ).
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Theorem 9.3.3 (von Neumann’s L ergodic theorem). Assume that pi(E) < oo. Let
p € [1,00). Then, for all f € LP(u), S,(f)/n — f in LP.

Proof. We have
1/p
1f o8], = ( / |f\po0"du) — /1l

So, by Minkowski’s inequality,

15u(F)/nllp < N[ f1lp-

Given ¢ > 0, choose K < oo so that [|f — g||, < €/3, where g = (—K)V f A K.
By Birkhoft’s theorem, S,,(g)/n — g a.e.. We have |S,(g)/n| < K for all n so, by
bounded convergence, there exists N such that, for n > N,

1Sn(g)/n = gll, < /3.
By Fatou’s lemma,

1F =gl = [ timintSu(f - g)/nPd
E

<timint [ |5,(f = g)/nlPdu < | = oI}
E
Hence, for n > N,
182 (£) /= Fllp < 1Su(f = 9)/nllp + 11Su(9) /7 = Gllp + 17 — £l
<e/3+¢/3+¢/3=c¢.
OJ

Proof of Theorem 9.2.1. The details of showing that 6 is measurable and measure-
preserving are left as an exercise. To see that 6 is ergodic, we recall the definition of
the tail o-algebras

To=0(Xp:m>n+1), T=()T,.

For A =1]], .y An € A we have
07" (A) = { X4k € Ay, for all k} € T,,.

Since T, is a o-algebra, it follows that 07" (A) € T, for all A € £, so €y C T. Hence
0 is ergodic by Kolmogorov’s zero-one law. O
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