1.5. Set functions and properties. Let A be any set of subsets of £/ containing
the empty set (). A set function is a function p : A — [0, 0o] with u(@) = 0. Let u be
a set function. Say that u is increasing if, for all A, B € A with A C B,

1(A) < p(B).
Say that p is additive if, for all disjoint sets A, B € A with AU B € A,
p(AU B) = u(A) + u(B).

Say that p is countably additive if, for all sequences of disjoint sets (A4, : n € N) in
A with {J,, A, € A,

u (Lnj An) = zﬂ:u(An)‘

Say that u is countably subadditive if, for all sequences (A, : n € N) in A with
U, A, € A,

u (U An> <> u(Ay).
1.6. Construction of measures. Let A be a set of subsets of E/. Say that A is a
ringon E if ) € A and, for all A, B € A,
B\AcA, AUBEcA.
Say that A is an algebra on E if () € A and, for all A, B € A,
A€ A, AUBEeA.

Theorem 1.6.1 (Carathéodory’s extension theorem). Let A be a ring of subsets of
E and let p: A — [0,00] be a countably additive set function. Then u extends to a
measure on the o-algebra generated by A.

Proof. For any B C F, define the outer measure
p(B) =inf > p(Ay,)

where the infimum is taken over all sequences (A, : n € N) in A such that B C |, 4,
and is taken to be oo if there is no such sequence. Note that p* is increasing and
p*(0) = 0. Let us say that A C E is p*-measurable if, for all B C E,

i(B) = 1" (B A) + (B A°).

Write M for the set of all p*-measurable sets. We shall show that M is a o-algebra
containing A and that p* is a measure on M, extending p. This will prove the

theorem.
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Step I. We show that p* is countably subadditive. — Suppose that B C |, B,. If
p*(B,) < oo for all n, then, given ¢ > 0, there exist sequences (A, : m € N) in A,
with

By C|JAum, w7 (Bu) +/2° 2 p(Apm).

Then

B < JUJAm

p(B) < ZZU(AMH) < Z,U*(Bn) t+e.

SO

Hence, in any case,

pi(B) <Y i (B).

Step II. We show that p* extends p. Since A is a ring and p is countably additive,

i is countably subadditive and increasing. Hence, for A € A and any sequence
(A, :neN)in A with A C |, A,,

p(A) <Y AN A) <) p(Ay).
On taking the infimum over all such sequences, we see that u(A) < u*(A). On the
other hand, it is obvious that p*(A) < u(A) for A € A.
Step I1I. We show that M contains A. Let A € A and B C E. We have to show that
p'(B) = p(BNA)+p"(BNAY).
By subadditivity of p*, it is enough to show that
p(B) z p(BNA)+p(BNAY).

If *(B) = oo, this is clearly true, so let us assume that p*(B) < oco. Then, given
e > 0, we can find a sequence (A, : n € N) in A such that

BC|JAn, w(B)+e=) uAn).

Then
BnAC|J(A4,n4), BnA c|JA,nA9)

SO

WH(BAA) +u (BAAY) <3 p(A N A) + 3 p(A N A) = 3 ulA,) < ' (B) +=.

Since € > 0 was arbitrary, we are done.



Step IV. We show that M is an algebra. Clearly E € M and A° € M whenever
A € M. Suppose that A;, Ay € M and B C E. Then

pi(B) = p (BN AL+ p(BNAY)
=u (BNA NAy)+p*(BNA NAS) + p' (BN AS)
=p (BNANA)+p (BN(ATNA)NA)+ p (BN (A N AN AS)
= (BN (A1 NAy))+ p" (BN (AN Ay)°).
Hence A; N Ay € M.

Step V. We show that M is a o-algebra and that p* is a measure on M. We already
know that M is an algebra, so it suffices to show that, for any sequence of disjoint
sets (A, :n € N)in M, for A =, A, we have

AEM, p(A4) = (A,

So, take any B C F, then
p'(B) = p (BN A+ p" (BN AS)
= (BNA) +p" (BN Ay) 4+ p" (BN AN AS)

== p(BNA)+p (BNATN---NAS).
=1

Note that p* (BN A{N---NAS) > p*(B N A°) for all n. Hence, on letting n — oo
and using countable subadditivity, we get

p(B) 2 p(BNA,)+p (BNAY) > p*(BNA) + (BN AY).
n=1
The reverse inequality holds by subadditivity, so we have equality. Hence A € M
and, setting B = A, we get

i (A) =3 it (A).



