
7.4. Weak convergence. Let F be a distribution function on R and let (Fn : n ∈ N)
be a sequence of such distribution functions. We say that Fn → F as distribution
functions if FXn

(x) → FX(x) at every point x ∈ R where FX is continuous.
Let µ be a Borel probability measure on R and let (µn : n ∈ N) be a sequence

of such measures. We say that µn → µ weakly if µn(f) → µ(f) for all continuous
bounded functions f on R.

Let X be a random variable and let (Xn : n ∈ N) be a sequence of random variables.
We say that Xn → X in distribution if FXn

→ FX .

7.5. Equivalent modes of convergence. Suppose we are given a sequence of Borel
probability measures (µn : n ∈ N) on R and a further such measure µ. Write Fn and F
for the corresponding distribution functions, and write φn and φ for the corresponding
Fourier transforms. On the probability space ([0, 1), B([0, 1)), dx), define random
variables Xn(ω) = inf{x ∈ R : ω ≤ Fn(x)} and X(ω) = inf{x ∈ R : ω ≤ F (x)}, as in
Subsection 2.3. Recall that Xn ∼ µn and X ∼ µ.

Theorem 7.5.1. The following are equivalent:

(i) µn → µ weakly,
(ii) Fn → F as distribution functions,
(iii) φXn

(u) → φX(u) for all u ∈ R,
(iv) Xn → X a.s..

We do not prove this result in full, but note how to see certain of the implications.
First, (iii) is a special case of (i), and (iv) implies (i) by bounded convergence, using
µn(f) = E(f(Xn)) → E(f(X)) = µ(f). A proof that (ii) implies (iv) follows, with
some care, from the definition of Xn and X. The fact that (iii) implies (ii) is a
consequence of the following famous result, which we do not prove here.

Theorem 7.5.2 (Lévy’s continuity theorem for characteristic functions). Let (Xn :
n ∈ N) be a sequence of random variables and suppose that φXn

(u) converges as
n → ∞, with limit φ(u) say, for all u ∈ R. If φ is continuous in a neighbourhood of
0, then it is the characteristic function of some random variable X, and Xn → X in
distribution.

8. Gaussian random variables

8.1. Gaussian random variables in R. A random variable X in R is Gaussian if,
for some µ ∈ R and some σ2 ∈ (0,∞), X has density function

fX(x) =
1√

2πσ2
e−(x−µ)2/2σ2

.

We also admit as Gaussian any random variable X with X = µ a.s., this degenerate
case corresponding to taking σ2 = 0. We write X ∼ N(µ, σ2).

Proposition 8.1.1. Suppose X ∼ N(µ, σ2) and a, b ∈ R. Then (a) E(X) = µ, (b)
var(X) = σ2, (c) aX + b ∼ N(aµ + b, a2σ2), (d) φX(u) = eiuµ−u2σ2/2.
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8.2. Gaussian random variables in Rn. A random variable X in Rn is Gaussian if
〈u, X〉 is Gaussian, for all u ∈ Rn. An example of such a random variable is provided
by X = (X1, . . . , Xn), where X1, . . . , Xn are independent N(0, 1) random variables.
To see this, we note that

E ei〈u,X〉 = E
∏

k

eiukXk = e−|u|2/2

so 〈u, X〉 is N(0, |u|2) for all u ∈ Rn.

Theorem 8.2.1. Let X be a Gaussian random variable in Rn. Then

(a) AX + b is Gaussian, for all n × n matrices A and all b ∈ Rn,
(b) X ∈ L2 and its distribution is determined by its mean µ and its covariance

matrix V ,
(c) φX(u) = ei〈u,µ〉−〈u,V u〉/2,
(d) if V is invertible, then X has a density function on Rn, given by

fX(x) =
1

√

det(2πV )
exp{−〈x − µ, V −1(x − µ)〉/2},

(e) if X = (Y, Z), with Y in Rm and Z in Rp, then

cov(Y, Z) = 0 implies Y, Z independent.

Proof. For u ∈ Rn, we have 〈u, AX+b〉 = 〈ATu, X〉+〈u, b〉 so 〈u, AX+b〉 is Gaussian,
by Proposition 8.1.1. This proves (a).

Each component Xk is Gaussian, so X ∈ L2. Set µ = E(X) and V = var(X).
For u ∈ Rn we have E(〈u, X〉) = 〈u, µ〉 and var(〈u, X〉) = cov(〈u, X〉, 〈u, X〉) =
〈u, V u〉. Since 〈u, X〉 is Gaussian, by Proposition 8.1.1, we must have 〈u, X〉 ∼
N(〈u, µ〉, 〈u, V u〉) and φX(u) = E ei〈u,X〉 = ei〈u,µ〉−〈u,V u〉/2. This is (c) and (b) follows
by uniqueness of characteristic functions.

Let Y1, . . . , Yn be independent N(0, 1) random variables. Then Y = (Y1, . . . , Yn)
has density

fY (y) = (2π)−n/2 exp{−|y|2/2}.
Set X̃ = V 1/2Y +µ, then X̃ is Gaussian, with E(X̃) = µ and var(X̃) = V , so X̃ ∼ X.
If V is invertible, then X̃ and hence X has the density claimed in (d), by a linear
change of variables in Rn.

Finally, if X = (Y, Z) with cov(Y, Z) = 0, then, for u ∈ Rm and w ∈ Rp,

〈(u, w), V (u, w)〉 = 〈u, VY u〉 + 〈w, VZw〉,
where VY = var(Y ) and VZ = var(Z). Then Y and Z are independent by Theorem
7.3.1, because the joint characteristic function φY,Z splits as a product

φY,Z(u, w) = ei〈u,µY 〉−〈u,VY u〉/2ei〈w,µZ〉−〈w,VZw〉/2 = φY (u)φZ(w).

�

42


