7. CHARACTERISTIC FUNCTIONS AND WEAK CONVERGENCE

7.1. Definitions. For a finite Borel measure p on R", we define the Fourier trans-
form

f(u) :/ e y(de), u € R

Here, (.,.) denotes the usual inner product on R™. Note that /i is in general complex-
valued, with fi(u) = fg(—u), and ||i|lec = £(0) = p(R™). Moreover, by bounded
convergence, /i is continuous on R".

For a random variable X in R", we define the characteristic function
ox(u) = E(™Y),  uweR™

Thus ¢x = fix, where pux is the law of X.
A random variable X in R” is standard Gaussian if

1 2
- —lx]*/2
P(X € A) /A (27T)”/2€ dx, Ae€B.

Let us compute the characteristic function of a standard Gaussian random variable
X in R. We have

. 1 2 2
_ ux —x /2d _ U /2[
u € —¢€ T (&
¢x (u) /R o

where X
_ _ —(z—iu)?/2
1 /R me dz.
The integral I can be evaluated by considering the integral of the analytic func-
tion e**/2 around the rectangular contour with corners R, R — iu, —R — iu, —R:
by Cauchy’s theorem, the integral round the contour vanishes, as do, in the limit
R — o0, the contributions from the vertical sides of the rectangle. We deduce that

1 )
= | ——e /24y = 1.
/R\/Qﬁ

Hence ¢x(u) = e /2.

7.2. Uniqueness and inversion. We now show that a finite Borel measure is de-
termined uniquely by its Fourier transform and obtain, where possible, an inversion
formula by which to compute the measure from its transform.

Define, for ¢t > 0 and z,y € R", the heat kernel

1 2 o1 2
¢ — —ly—=z|?/2t _ | | —lyr—zx|*/2t
p(t@,y) (2rt)2” Lt
(This is the fundamental solution for the heat equation (0/0t — A)p = 0 in R”, but

we shall not pursue this property here.)
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Lemma 7.2.1. Let Z be a standard Gaussian random variable in R™. Let x € R™
and t € (0,00). Then

(a) the random variable x + \/tZ has density function p(t,x,.) on R,
(b) for ally € R™, we have

p(t,z,y) = —1 n/ eilw) g lul*t/2 g =iluy) gy,
(2m)" Jgn

Proof. The component random variables Y, = zj, + v/tZ; are independent Gaussians

with mean x; and variance t (see Subsection 8.1). So Y}, has density

_6—\yk—zk\2/2t

V27t

and we obtain the claimed density function for Y as the product of the marginal
densities.
For u € R and t € (0,00), we know that

. 1 2 . 2
ux —|z| /2td - K iuN/tZ1 — Lu’t/2
€ —€ T € € .
/R V2t ( )

By relabelling the variables we obtain, for z, yx, ur € R and ¢ € (0, 00),

/eiuk(u’vk—yk) \/E e—t|uk\2/2duk - e(x—y)2/2t’
R
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On taking the product over k € {1,...,n}, we obtain the claimed formula for
p(tz,y). O
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