5. COMPLETENESS OF LP AND ORTHOGONAL PROJECTION

5.1. LP as a Banach space. Let V be a vector space. A map v — ||v|| : V — [0, 00)
is a norm if

(1) |lu+o| < |ull + [Jv] for all u,v € V,
(ii) ||av|| = ||||v]| for all v € V and « € R,
(iii) ||v|| = 0 implies v = 0.
We note that, for any norm, if ||v, — v|| — 0 then |v,| — [|v]|.

A symmetric bilinear map (u,v) — (u,v) : V x V — R is an inner product
if (v,v) > 0, with equality only if v = 0. For any inner product, (.,.), the map
v — +/(v,v) is a norm, by the Cauchy-Schwarz inequality.

Minkowski’s inequality shows that each L” space is a vector space and that the
LP-norms satisfy condition (i) above. Condition (ii) also holds. Condition (iii) fails,
because ||f||, = 0 does not imply that f = 0, only that f = 0 a.e.. However, it is
possible to make the LP-norms into true norms by quotienting out by the subspace
of measurable functions vanishing a.e.. This quotient will be denoted L?. Note that,
for f € L% we have || f||3 = (f, f), where (.,.) is the symmetric bilinear form on L2
given by

(f,9) = /Efgdu-

Thus £2 is an inner product space. The notion of convergence in L? defined in §4.1
is the usual notion of convergence in a normed space.

A normed vector space V is complete if every Cauchy sequence in V' converges,
that is to say, given any sequence (v, : n € N) in V such that ||v, — v,|| — 0 as
n,m — 00, there exists v € V such that ||v, —v|| — 0 as n — co. A complete normed
vector space is called a Banach space. A complete inner product space is called a
Hilbert space. Such spaces have many useful properties, which makes the following
result important.

Theorem 5.1.1 (Completeness of LP). Let p € [1,00]. Let (f, : n € N) be a sequence
in LP such that

| fo— fullp =0 asn,m — oo.

Then there exists f € LP such that
[fn=fllp =0 asn— oo

Proof. Some modifications of the following argument are necessary in the case p = oo,
which are left as an exercise. We assume from now on that p < oo. Choose a
subsequence (ny) such that

)
S = Z ank-H - fnk”l’ < 0.
k=1
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By Minkowski’s inequality, for any K € N,

K
H Z ‘fnk+1 - fﬂk‘Hp <5,
k=1

By monotone convergence this bound holds also for K = oo, so

0o
Z‘med _fnk| < oo a.e..
k=1

Hence, by completeness of R, f,,, converges a.e.. We define a measurable function f
by
_ [lim f, () if the limit exists,
flz) = .
0 otherwise.
Given € > 0, we can find N so that n > N implies

w(|fo — fl?) <e, forallm>n,

in particular u(|f, — fn,.|P?) < € for all sufficiently large k. Hence, by Fatou’s lemma,
forn > N,

u(lfo = fI7) = N(hmkinf |fo = faiP) < hmkiﬂfﬂﬂfn — ful?) e
Hence f € L? and, since ¢ > 0 was arbitrary, ||f, — f|l, — 0. O

Corollary 5.1.2. We have

(a) L is a Banach space, for all 1 < p < oo,
(b) L2 is a Hilbert space.
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