9 Full controllability of linear systems

We begin a detailed study of linear controllable dynamical systems by finding criteria for
existence of controls to get from any given state to any other.
Consider the linear controllable dynamical system, with state-space R? and action-space
R™ given by
f(x,a) = Az 4+ Ba, x€R% acR™
Here A is a d x d matrix and B is a d X m matrix. We say that f is fully controllable in
n steps?® if, for all zy,z € RY, there is a control (ug, ..., Up_1) such that x, = z. Here,

(xo,...,2,) is the controlled sequence, given by zj1 = f(ag,uy) for 0 <k <n—1. We
then seek to minimize the energy S p—, |ug|? over the set of such controls.

Proposition 9.1. The system [ is fully controllable in n steps if and only if rank(M,,) = d,
where M, is the d x nm matriz [A"'B,..., AB, B]. Sety =1 — A"xq and G,, = M, M?".
Then the minimal energy from zo to x in n steps is y? G, 'y and this is achieved uniquely
by the control

u;‘f = yTGglA"_k_lB, 0<k<<n—-1.

Proof. By induction on n > 0 we obtain

Uo
z, = A"xg + A" 'Bug+ - -+ + Bu,_1 = A"z + Myu, u= : ,

Up—1

from which the first assertion is clear. Fix o,z € R? and a control u such that M,u = 3.
Then, by Cauchy—-Schwarz,

v Gy =y G Myu < (yT G ML MG y) P,
0 Y00 Jugl? = |ul? = yT Gy, with equality if and only if u” = y" Gt M,,. O

Note that rank(M,) is non-decreasing in n and, by Cayley—Hamilton??, is constant for
n >=d.
Consider now the continuous-time linear controllable dynamical system

b(z,u) = Az + Bu, z€R? uecR™

Given a starting point xg, the controlled process for control (u;):>o is given by the solution
of @y = b(wy, us) for t > 0. We say that b is fully controllable in time t if, for all zo,x € RY,
there exists a control (us)ocs<t such that x; = x. We then seek to minimize the energy
fot lus|?ds subject to z; = x. Note that

d

—(€

dt(
22This notion is also called controllability in accounts where controllable dynamical systems are called

something else.
23This standard result of linear algebra states that a matrix satisfies its own characteristic equation

g = e My — Axy) = e Y Buy,
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SO .
z, = ety +/ eAt=%) By ds.
0

Consider for ¢ > 0 the d x d matrix

t
G(t):/ e BBT (e?*)"ds.

0

Lemma 9.2. For allt > 0, G(t) is invertible if and only if rank(My) = d.

Proof. If rank(My) < d — 1, then we can find v € R?\ {0} such that v" A"B = 0 for all
n < d—1, and hence for all n > 0 by Cayley-Hamilton. Then v”e4*B = 0 for all s and so
vIG(t)v = 0 for all t+ > 0. On the other hand, if rank(M,) = d, then, given v € R?, there
is a smallest n > 0 such that vTA"B # 0. Then |[vTeA*B| ~ [vTA"B|s"/n! as s | 0, so
vTG(t)v > 0 for all t > 0. O

Proposition 9.3. The system b is fully controllable in time t if and only if G(t) is invertible.
The minimal energy for a control from xq to x in time t is yT G(t) "'y, where y = x —e*txy,
and is achieved uniquely by the control

ul = yTG(t) et B,

The proof is similar to the proof of the discrete-time result and is left as an exercise.
As the invertibility of G(t) does not depend on the value of ¢ > 0, we speak from now of
simply of full controllability in the case of continuous time linear systems.

Example (Broom balancing). You attempt to balance a broom upside-down by sup-
porting the tip of the stick in your palm. Is this possible?

We can resolve the dynamics in components to reduce to a one-dimensional problem.
Write u for the horizontal distance of the tip from a fixed point of reference, and write
f for angle made by the stick with the vertical. Suppose that all the mass resides in the
head of the broom, at a distance L from the tip. Newton’s Law gives, for the component
perpendicular to the stick of the acceleration of the head

gsind = iicosd + L.

We investigate the linearized dynamics near the fixed point § = 0 and © = 0. Replace 6 by
g6 and u by eu. Then )
gel) = gii + Lef + O(£?),

so, in terms of x = u + L6 the linearized system is & = a(x — u), where o = ¢g/L, that is,

£0)=() o =0 0) 5=(%)

Then rank[AB, B] = 2, so the linearized system is fully controllable. This provides evidence
that, when the broom is close to vertical, we can bring by a suitable choice of control from
any initial condition to rest while vertical.
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Example (Satellite in a planar orbit). The following equations of motion describe a
satellite moving in a planar orbit with radial thrust u, and tangential thrust ug:

: c o 20

7"':7’92——2—1—%«, 0=——+ b
r r r

For each p > 0, there is a solution with f=w= \/¢/p?. We linearize around this solution,

setting r = p+ex, 0 = w+ €z, ueu and uy = ev. After some routine calculations, and

introducing y = &, we obtain the linear controllable dynamical system

T T u 0 1 0 0 O
yl=Aly +B<v)’ A= | 3w? 0 2wp|, B=|1 0
z 2 0 —2w/p 0 0 1/p

It is straightforward to check that rank[AB, B] = 3, so the linear system is fully controllable.
On the other hand, if the tangential thrust would fail, so v = 0, we would have to replace
B by its first column B;. We have

0 1 0
Bl = 1 s ABl = 0 s A231 = —w2 >
0 —2w/p 0

so rank[A%B;, ABy, B;] = 2 and the system is not fully controllable. In fact, it is the
angular momentum which cannot be controlled, as

d ..
—(r?6%) = (2wp, 0, p*)"

p . (2wp,0,p>)TA"B =0, n>0.

27



