13 Observability

We introduce the notion of observability for deterministic linear systems.
Consider the system

Tn41 = Axn; Yn+1 = ana n = 0.

Here the state z takes values in RY, the observation y takes values in R?, and A and C
are matrices of appropriate dimensions. We say that the system is observable in n-steps if
Y1, ...,Yn determine uniquely the initial state xg, for all zo € R%. It is observable if it is
observable in n-steps for some n > 1. Note that

C
Y1 CA
= Nnan Nn = . s
Yn OAn—l

so the system is observable in n-steps if and only if rank(N,,) = d. Hence, by the Cayley—
Hamilton theorem, the system is observable if and only if rank(Ny) = d.
The continuous-time system

Z.'t = Axt, yt = C'xt, Yo = 0, t 2 0
is observable in time t if (y)ocs<: determines uniquely the initial state zg, for all 2y € RY.

Since .
a
()

it is clear that, for any ¢ > 0, the condition rank(/N,;) = d is sufficient for observability in
time ¢. On the other hand, if rank(Ny) < d — 1, then there exists xy € R?\ {0} such that
CA"xg=0forn=0,1,...,d— 1, and hence for all n by Cayley—Hamilton. Hence

y=CA 'z, n>1,
t=0

t
Y = / Ce*aods =0
0
for all ¢ > 0 and we cannot distinguish zo from 0. The condition rank(N;) = d is thus

equivalent to observability (in any time ¢ > 0).

Example (The sum of two populations). Suppose @; = Azy, 2, = 1z, and we observe
Yy = x; + 2. Can we determine xy and z3?. In this case

A:(g 2) c=(1 0. NFG i)

So we can determine zy and zy, provided A # pu. Even though we are provided with the
extra information x + 2o, if A = p, we will have y; = (29 + 20)e™, so we can never recover
o alone.
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Example (Radioactive decay). Suppose atoms of element 1 can decay in two ways, to
atoms of element 2 at rate o and to atoms of element 3 at rate 3. Suppose that atoms of
element 2 also decay to atoms of element 3, at rate v. We observe the number of atoms of
element 3. Can we determine the initial numbers of atoms of elements 1 and 27

Here we have the system

oy = —(a+ B)zy, = ax -7, @) = Py + g,
SO
—a—f3 0 0 C 0 0 1
A= a -y 0],0=(0 0 1),N;=| CA | = 6] v 0
8 v 0 CA® ay—pBla+p3) —* 0

Note that det N3 = y(a + 3)(y — [3), so the system is observable if v > 0,a+ § > 0 and
(8 # ~. It is easy to see that it is not so otherwise.
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