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2 I. BAILLEUL AND J. FRANCHIof 
urvature bounds, the latter using a global information under the form of an upper boundfor the volume of large balls. Takeda used a purely probabilisti
 method due to Lyons andZheng in [LZ88℄, based on reversibility. This approa
h was re
ently improved by Hsu andQin in [HQ10℄. Hsu used sto
hasti
 analysis in [Hsu02℄, Theorem 3.5.1, to 
ontrol the radialpro
ess, by estimating the Lapla
ian of the distan
e fun
tion to a �xed point in terms of
urvature bounds. All these results are tied down to the metri
 framework provided by a
omplete Riemannian manifold.A natural analogue of Brownian motion in a Lorentzian setting was �rst introdu
ed byDudley in [Dud66℄ in the spe
ial relativisti
 
ase, and extended to the general relativisti
framework by Fran
hi and Le Jan in [FLJ07℄. It belongs to a larger 
lass of relativisti
pro
esses introdu
ed in [Bai10℄ and [FLJ10℄, de�ned in purely geometri
 terms, and 
olle
-tively refered to as relativisti
 di�usions. Their traje
tories represent the random motion inspa
etime of a small massive parti
le, and make sense only in the unit tangent bundle orin the orthonormal frame bundle. Only a few examples have been studied in detail up tonow: in Minkowski spa
etime (the framework of spe
ial relativity) [Dud66℄, [Bai08℄, [BR08℄,in Robertson-Walker spa
etimes (models of universe with a big-bang) [Ang09℄, Gödel spa
e-time (a 
ausally paradoxi
al universe) [Fra09℄, and S
hwarzs
hild spa
etime (a model for anisolated star or a bla
k hole) [FLJ07℄.Apart from the works [Bai10℄ and [FLJ10℄, no general study of these intrinsi
 randompro
esses was done. As a �rst step towards a better understanding of these pro
esses andtheir interplay with the geometry of the ambient spa
etime, we provide in this work somenon-explosion 
riteria for some generi
 
lasses of Lorentz manifolds. In addition to beinga natural question, the 
ompleteness issue is strongly related to important questions ingeneral relativity. Indeed, dating ba
k to Penrose and Hawking's in
ompleteness theorems,the appearan
e of singularities in Einstein's theory of gravitation has been re
ognized asunavoidable under quite natural assumptions. Although there is no agreement on whatshould be 
alled a singularity of a spa
etime, the existen
e of in
omplete geodesi
s has beenwidely used as an indi
ator of su
h a singular feature. In so far as the random dynami
s
onsidered in this work (�2.2) 
an be seen as intrinsi
 perturbations of the geodesi
 �ow,their 
ompleteness/in
ompleteness is a distinguishing feature of a spa
etime. We refer thereader to [Bai11℄ for a �rst approa
h of sto
hasti
 in
ompleteness.The paths of the random pro
esses we shall 
onsider are (almost-)all C1 paths parametrizedby their (proper time) ar
 length. What 
ould possibly make them explode? In a 
ompleteRiemannian manifold, any su
h path would have to be at time s in a 
losed ball of radius
s with 
entre its starting point, so it 
annot explode. There are two problems with theLorentzian setting: a Lorentzian manifold has no metri
 or �nite distan
e fun
tion asso
iatedwith its stru
ture, and the set of unit tangent ve
tors at any point is non-
ompa
t. As aresult, even in Minkowski spa
etime, one 
an 
onstru
t exploding paths with �nite (propertime) ar
 length.To start our investigations, we shall take advantage in Se
tion 3 of the bundle stru
tureof the state spa
e of the pro
ess, to exhibit a one-dimensional sub-pro
ess whose 
ontrolis possible in the 
lass of globally hyperboli
 spa
etimes. This stru
ture allows indeed tode�ne some Lyapounov fun
tion and leads to a non-explosion 
riterion by using a simpleand well-known observation due to Khasminsky.With a metri
 missing, the 
ompleteness notion used in a 
ru
ial way in the Riemanniansetting be
omes unavailable. Busemann, Hawking and Ellis, S
hmidt, Beem and Ehrli
h,



NON-EXPLOSION CRITERIA FOR RELATIVISTIC DIFFUSIONS 3proposed di�erent notions in repla
ement. S
hmidt's idea is to give a Riemannian stru
tureto the orthonormal frame bundle. We 
onsider S
hmidt b-
ompleteness notion in Se
tion 4,showing how it leads to a sto
hasti
 
ompleteness result for some of the relativisti
 di�usions.This result 
an be signi�
antly improved by adapting Takeda' strategy [Tak91℄, as im-proved by Hsu and Qin [HQ10℄, to the Lorentzian setting. This is however far from beingstraightforward, sin
e we are working in a non-symmetri
, non-ellipti
 setting, where themain ingredients of Takeda's method (use of symmetry and re�e
ted Brownian motion onthe boundary of large Riemannian balls) have no obvious Lorentzian 
ounterpart. To over-
ome this di�
ulty, we use in Se
tion 5 a sub-Riemannian stru
ture well-adapted to oursetting, and whi
h will somehow play for us the role of the non-existing Lorentzian distan
e.Aknowledgements. We thank E. Trélat for his guidan
e in the realm of 
ontrol theory,and A. Oan
ea and P. Pansu for their help in proving Lemma 15.2. Relativisti
 diffusions2.1. Basi
 geometri
al setting. Re
all Minkowski spa
e is the produ
t R1,d ≡ R × Rdequipped with the metri

gM(q, q) := t2 −

∣∣x1
∣∣2 − · · · −

∣∣xd
∣∣2 , for any q = (t, x) ∈ R1,d,where (t, x1, . . . , xd) denote the 
oordinates of q in the 
anoni
al basis {

ǫ0, ǫ1, . . . , ǫd
} of R1,d.Let (M, g) be a smooth (1 + d)-dimensional Lorentzian manifold (with d ≥ 2), whi
h weshall always suppose to be oriented and time-oriented. (We refer the reader to the books ofHawking-Ellis [HE73℄ and O'Neill [O'N83℄ for the basi
s on Lorentzian geometry.) Given anypoint m ∈ M, it is usual to 
onsider an orthonormal basis {e0, ..., ed} of the tangent spa
e

TmM as an isometry e from (
R1,d, gM) to (

TmM, gm

); so, stri
tly speaking, ei = e(ǫi). Theorthonormal frame bundle of M is just the 
olle
tion
OM =

{
Φ = (m, e)

∣∣m ∈ M, e an orthonormal basis of (TmM, gm)
}
.We shall write OU =

{
Φ = (m, e)

∣∣m ∈ U , e an orthonormal basis of TmM
} for any subset

U of M. For a small enough U and a 
hart x : U → R1+d on it, we shall write ej = ek
j∂xk forea
h ve
tor ej of a frame e ; this de
omposition provides lo
al 
oordinates (xi, ek

j ) on OU .Ea
h �bre OmM is modelled on the non-
ompa
t orthogonal group O(1, d), whi
h hasfour 
onne
ted 
omponents. We shall be interested in dynami
s leaving these 
omponentsglobally �xed. We 
hoose to 
onsider only one of them, spe
i�ed by the requirement that e0should be future-oriented and that the orientation of e should be dire
t. We shall still denotethe resulting frame bundle by OM, as there will be no risk of 
onfusion. The Lorentz-Möbiusgroup SO0(1, d), i.e. the 
onne
ted 
omponent of the unit in O(1, d), a
ts properly on OM.This natural a
tion indu
es the 
anoni
al verti
al ve
tor �elds (Vij)06i<j6d. The subgroupof elements in SO0(1, d) that �x ǫ0 
an be identi�ed with the rotation group SO(d), andgenerates the ve
tor �elds (Vij)16i<j6d. To shorten notations we shall write Vj for V0j ; itgenerates boosts, that is hyperboli
 rotations in ea
h �bre, and reads in the above lo
al
oordinates:(2.1) Vj = ek
j

∂

∂ek
0

+ ek
0

∂

∂ek
j

.



4 I. BAILLEUL AND J. FRANCHIThroughout this work, TM and OM will be endowed with the Levi-Civita 
onne
tion,inherited from the Lorentzian pseudo-metri
 g. Last, we denote by H0 the ve
tor �eldgenerating the geodesi
 �ow on OM. Denoting by Γℓ
kj the Christo�el 
oe�
ients, we havein the above lo
al 
hart on OM:(2.2) H0 = ek

0 ∂xk − ek
0 e

j
i Γℓ

kj

∂

∂eℓ
i

.We shall denote by T 1M the future-oriented unit tangent bundle over M, with generi
element (m, ṁ). In Minkowski spa
etime R1,d, it is the produ
t of R1,d by the hyperboloid
H =

{
q = (t, x) ∈ R1,d ; g(q, q) = 1, t > 0

}. The bundle T 1M is lo
ally modelled on thatprodu
t. (Consult [HE73℄ or [O'N83℄ for some ba
kground.) Denote by π1 the proje
tion
(m, e) 7→ (m, e0 ≡ ṁ) from OM to T 1M, and by π0 the 
anoni
al proje
tion OM → M.2.2. Relativisti
 random dynami
s. Relativisti
 di�usions model the random motionin spa
etime of a small massive parti
le parametrized by its proper time, providing randomtimelike paths ; so, properly speaking, their mathemati
al 
ounterpart are random traje
to-ries (ms, ṁs) in the future unit bundle T 1M subje
t to the 
ondition d

ds
ms = ṁs . Yet ithappens to be more 
onvenient to de�ne random dynami
s in the orthonormal frame bundle

OM as it bears more stru
ture than T 1M ; these di�usions on OM are 
onstru
ted so as tohave a proje
tion on T 1M whi
h is itself a di�usion. Su
h a 
onstru
tion is remnis
ent ofMalliavin-Eells-Elworthy's 
onstru
tion of Brownian motion on a Riemannian manifold asthe proje
tion of a di�usion on the orthonormal frame bundle.2.2.1. Dynami
s in OM. Given any smooth non-negative fun
tion Θ : T 1M → R+, identi�edto a SO(d)-invariant fun
tion on OM by setting Θ(Φ) := Θ
(
π1(Φ)

), 
onsider the followingStratonovi
h di�erential equation on OM :(2.3) ◦dΦs = H0(Φs) ds+ 1
4

∑

1≤j≤d

VjΘ(Φs)Vj(Φs) ds+
√

Θ(Φs)
∑

1≤j≤d

Vj(Φs) ◦dwj
s ,where w is a d-dimensional Brownian motion and where we understand a ve
tor �eld asa �rst order di�erential operator. This equation has a unique maximal strong solution,de�ned up to its explosion time ζ .It is 
lear on this equation that the (e1, ..., ed)-part of Φs is irrelevant in de�ning thedynami
s of (

ms, e0(s)
) sin
e Θ(Φ) depends only on π1(Φ) ; this is the reason why thisdi�usion on OM proje
ts down in T 1M onto a di�usion. Consult [FLJ07℄, Theorem 1, or[FLJ10℄, Theorem 3.2.1, or �3.2 of [Bai10℄, for the details. The di�usion in OM has generator(2.4) GΘ = H0 + 1

2

∑

1≤j≤d

Vj

(
Θ Vj

)
.We shall generi
ally 
all these relativisti
 dynami
s Θ-di�usions (the Ξ-di�usions of[FLJ10℄). These di�usions are 
ovariant, in the sense that any isometry of (M, g) mapsa Θ-di�usion to a Θ-di�usion (with the same Θ : the law is preserved, up to the startingpoint), and admit the Liouville measure as an invariant measure. The π0-proje
tions (on thebase manifold M) of their traje
tories are almost-surely C1 paths. A Θ-di�usion (Φs)0≤s<ζsolving Equation (2.3) is parametrized by proper time s ≥ 0 . The parti
ular 
ase Θ = 0gives ba
k the deterministi
 geodesi
 �ow, and the 
ase of a non-null 
onstant Θ gives ba
kthe relativisti
 di�usion as de�ned �rst in [FLJ07℄, whi
h we shall 
all the basi
 relativisti
di�usion . It is des
ribed in simple terms in Minkowski spa
etime. Although the metri




NON-EXPLOSION CRITERIA FOR RELATIVISTIC DIFFUSIONS 5
gM is non-de�nite positive, its restri
tion to any tangent spa
e of the half sphere H of unittangent ve
tors is de�nite negative; this turns H into a Riemannian manifold with 
onstantnegative 
urvature. Dudley's di�usion (

ms, es

)
=

(
ms, (e0(s), . . . , ed(s))

), whi
h is the basi
relativisti
 di�usion in Minkowski spa
etime, 
orresponds to taking ms = m0 +
∫ s

0
e0(r) dr,and for the velo
ity e0(r) a Brownian motion on H. The remainder e1(r), . . . , ed(r) of the ba-sis is obtained by paralell transport of e1(0), . . . , ed(0) along the Brownian path (e0(u))06u6r.The following elementary lemma proved in [Bai11℄, �2.2, gives an intuitive pi
ture of the

Θ-di�usions, for Θ depending only on m ∈ M.Lemma 1. Let γ : [0, T ] → M be a C2 timelike path parametrized by its proper time, and
Γ0 ∈ OM su
h that π1(Γ0) =

(
γ(0), γ̇(0)

)
∈ T 1M. Then there exists a unique C2 path(

Ψs

)
06s6T

in OM, and some unique C1 real-valued 
ontrols h1, . . . , hd de�ned on [0, T ], su
hthat Ψ0 = Γ0, π1(Ψs) =
(
γ(s), γ̇(s)

) and
Ψ̇s = H0(Ψs) +

d∑

j=1

Vj(Ψs) h
j(s).So the Θ-di�usion is obtained by repla
ing the deterministi
 
ontrols of a typi
al C2 timelikepath by Brownian 
ontrols with position dependent varian
e Θ(ms).On a manifold with non-positive s
alar 
urvature R , taking Θ(Φ) = −̺2 R (for a non-null 
onstant ̺), one gets a dynami
s whi
h 
an be truly random only in non-empty partsof spa
etime ; it was 
alled R-di�usion in [FLJ10℄. Denote by T the energy-momentumtensor of the spa
etime. Taking Θ(Φ) = ̺2

T(e0, e0), we get what was named the energydi�usion in [FLJ10℄. See [Bai10℄ for more general models of di�usions.2.2.2. Dynami
s in T 1M. Denote by ∇v the gradient on T 1
mM, identi�ed with the hyperboli
spa
e Hd by means of the metri
 gm , and by L0 the ve
tor �eld generating the geodesi
 �owon T 1M . Note that Tπ1(H0) = L0 and Tπ1(Vj) =: ∇v

j = ek
j ∂ṁk (with Einstein summation
onvention). The proje
tion on T 1M of the OM-valued di�usion has the following SO(d)-invariant generator :

LΘ = L0 + 1
2
∇v

(
Θ∇v

)
.For a 
onstant Θ the operator LΘ has the following expression in the lo
al 
oordinatesintrodu
ed in �2.1.

L0 +
Θ

2
∆v = ṁk ∂

∂mk
+

(
d
2
Θ ṁk − ṁiṁj Γk

ij(m)
) ∂

∂ṁk
+

Θ

2

(
ṁkṁℓ − gkℓ(m)

) ∂2

∂ṁk ∂ṁℓ
,where ∆v denotes the verti
al Lapla
ian. We have for a generi
 Θ :(2.5) LΘ = L0 +

Θ

2
∆v + 1

2

(
ṁkṁℓ − gkℓ(m)

) ∂Θ

∂ṁk

∂

∂ṁℓ
.The purpose of this work is to provide some 
onditions under whi
h the Θ-di�usions havealmost-surely an in�nite lifetime ζ . In so far as we are mainly interested in the T 1M-valued

Θ-di�usions as models of physi
al phenomena, while we shall mainly be working with OM-valued di�usions, it is reassuring to have the following fa
t, whi
h essentially means that thepossible explosion of (Φs)0≤s<ζ is never due to its (e1, ..., ed)-part.Proposition 2. The Θ-di�usion on OM and its T 1M-proje
tion have the same lifetime.



6 I. BAILLEUL AND J. FRANCHIProof � Write Φs =
(
ms ;

(
ṁs, e1(s), . . . , ed(s)

))
∈ OM and φs := π1(Φs) = (ms, ṁs) ∈

T 1M. Using the lo
al 
oordinates (xk, eℓ
j)06k,ℓ6d;16j6d , Equation (2.3) de�ning the Θ-di�usion reads:

dṁk
s = dMk

s − Γk
iℓ(ms) ṁ

i
s ṁ

ℓ
s ds+ d

2
Θ(φs) ṁ

k
s ds+ 1

2

(
ṁk

sṁ
ℓ
s − gkℓ(ms)

) ∂Θ
∂ṁℓ

(φs) ds ,

dek
j (s) =

√
Θ(φs) ṁ

k
s dw

j
s − Γk

iℓ(ms) e
ℓ
j(s) ṁ

i
s ds+ 1

2
Θ(φs) e

k
j (s) ds+ 1

2
VjΘ(φs) ṁ

k
s ds ,with the martingale term dMk

s :=
√

Θ(φs) e
k
j (s) dw

j
s. (See Se
tion 3.2 of [FLJ10℄ for the
omputation of the It� 
orre
tion.) Setting e0 = ṁ and ηin := ηn

i := 1i=n=0 − 11≤i=n6d ,and noti
ing that the matrix (
ηin ek

n gkℓ

)
06i,ℓ6d

is the inverse of the matrix (
ei

ℓ

)
06i,ℓ6d

, itfollows from the above system that we have for all 0 ≤ k ≤ d , 1 ≤ j ≤ d :
dek

j (s) = ṁk
s η

n
j e

q
n(s) gqℓ(ms)dM

ℓ
s − Γk

iℓ(ms)e
ℓ
j(s)ṁ

i
s ds+ 1

2
Θ(φs)e

k
j (s) ds+ 1

2
VjΘ (φs)ṁ

k
s ds

= − eℓ
j(s) Γk

iℓ(ms) ṁ
i
s ds+ 1

2
ek

j (s) Θ(φs) ds+ 1
2
VjΘ(φs) ṁ

k
s ds

− eq
j(s)ṁ

k
s gqℓ(ms)

[
dṁℓ

s + Γℓ
ip(ms)ṁ

i
sṁ

p
s ds− d

2
Θ(φs)ṁ

ℓ
s ds− 1

2

[
ṁp

sṁ
ℓ
s − gpℓ(ms)

] ∂Θ
∂ṁp

(φs)ds
]So the matrix (

ek
j (s)

)
06s<ζ

and the frame-valued di�usion (Φs)06s<ζ satisfy a linear sto-
hasti
 di�erential equation, 
onditionally on (φs)06s<ζ . It is thus well de�ned up to theexplosion time ζ of the T 1M-valued Θ-di�usion. �This point being 
lari�ed, we shall work freely in the sequel with Θ-di�usions on OM.3. A first non-explosion 
riterionWe give in this se
tion a simple non-explosion 
riterion, well-suited to investigate thebehaviour of the Θ-di�usions in the largely used 
lass of globally hyperboli
 spa
etimes. ALyapounov fun
tion is introdu
ed for that purpose, and leads to a non-explosion 
riterion ofa di�erent nature than the typi
al Riemannian 
riteria mentionned in the introdu
tion.The idea is roughly the following: if we 
an �nd a fun
tion f = f(Φ) whi
h has 
ompa
tlevel sets {f 6 λ}, and does not in
rease along the traje
tories, then the dynami
s 
annotexplode. This was noted �rst by Khasminsky in a sto
hasti
 
ontext; we state his observationhere for the relativisti
 di�usions.Lemma 3 (Khasminsky). If there exists a non-negative fun
tion f on OM and a positive
onstant C su
h that GΘf 6 C f , and f goes to in�nity along any timelike path leaving any
ompa
t in a �nite time, then the Θ-di�usion has almost-surely an in�nite lifetime.Proof � The 
ondition GΘf 6 Cf implies that the real-valued pro
ess (
e−Csf(Φs)

)
s<ζ

isa non-negative supermartingale. Denote by τn the (possibly in�nite) exit time from thelevel set {f 6 n}. By optional stopping, we have
f(Φ0) > E

[
e−C τnf(Φτn

)
]

= nE
[
e−C τn

]
.This implies that τn goes to in�nity as n goes to in�nity; as ζ = lim

n→∞
τn , this provesKhasminsky's statement. �As Θ-di�usions have no a priori reason not to explode, su
h a Lyapounov fun
tion willgenerally not exist. Yet, it is possible to 
onstru
t su
h a fun
tion in some 
lasses of spa
e-times of interest for 
osmology and theoreti
al physi
s. We give below two su
h examples.



NON-EXPLOSION CRITERIA FOR RELATIVISTIC DIFFUSIONS 7The 
onstru
tion of the fun
tion f uses the same re
ipe in both 
ases : if there exists anintrinsi
 distinguished future-dire
ted timelike C1 ve
tor �eld U ∈ T 1M, we 
an de�ne(3.1) f(Φ) := gm(Um, ṁ);re
all that π1(Φ) = (m, ṁ) ∈ T 1M. For this 
hoi
e of f(Φ), whi
h is the hyperboli
 anglebetween U and ṁ , we have f > 1, and(3.2) H0f(Φ) = ∇ṁ

(
g(U, ṁ)

)
= g(∇ṁU, ṁ) .The following lemma shows why f is a good 
hoi
e to apply Khasminsky's 
riterion.Lemma 4. We have on OM : 1

2

d∑
j=1

Vj(ΘVjf) = d
2
Θ f + 1

2
(f ṁk − Uk) ∂Θ

∂ṁk
.Proof � Choose lo
al 
oordinates for whi
h U = ∂x0 , so f(Φ) = ṁ0 = e00 . Using (2.1), wehave thus lo
ally :

Vjf =
(
ek

j

∂

∂ek
0

+ ek
0

∂

∂ek
j

)
e00 = e0j , V 2

j f = e00 = f ,and d∑

j=1

(VjΘ)(Vjf) =
d∑

j=1

e0j e
k
j

∂Θ

∂ṁk
= (ṁ0 ṁk − g0k)

∂Θ

∂ṁk
= (f ṁk − Uk)

∂Θ

∂ṁk
.

�It follows from (2.4) and (3.2) that
GΘf = g(∇ṁU, ṁ) +

d

2
Θf + 1

2
(f ṁk − Uk)

∂Θ

∂ṁk
·Khasminsky's 
riterion will thus guarantee the non-explosion of the Θ-di�usion provided fexplodes along exploding traje
tories and there exists a positive 
onstant C su
h that(3.3) g(∇ṁU, ṁ) + 1

2
(f ṁk − Uk)

∂Θ

∂ṁk
6

(
C − d

2
Θ

)
g(U, ṁ).In order to turn this 
riterion into an e�e
tive tool, we �rst restri
t ourselves to the followinggeneral 
lass of spa
etimes. This inequality be
ome s parti
ularly simple when Θ dependsonly on the base point m ∈ M.3.1. Globally hyperboli
 spa
etimes. This 
lass of 
osmologi
al models is 
hara
ter-ized by the existen
e of a global time fun
tion (that is a fun
tion τ : M → R, with timelikegradient) su
h that it has 
onne
ted spa
elike level sets {τ = t} of τ , and ea
h integral 
urveof the ve
tor �eld ∇τ meets ea
h leevl set of τ in exa
tly one point. Thus M is di�eomor-phi
 to the produ
t I × S of an interval I and a d-dimensional manifold S. Without lossof generality, we 
an suppose the interval I unbonded from above. With the example ofMinkowski spa
etime in mind, we see that a given spa
etime may have an in�nity of timefun
tions; they are not intrinsi
ally asso
iated with the geometry.Yet, we 
an take for ve
tor �eld U in this setting the gradient of the time fun
tion τ :

m = (t, x) ∈ I × S 7→ t, so
f(Φ) = g(U, ṁ) = ∇ṁ τ = ṁ0 = ṫ > 0.There is no hope, though, to prove Inequality (3.3) without spe
ifying further the model, asthe time fun
tion is not intrinsi
ally de�ned. To pro
eed further, we shall look at the sub-
lass of generalized warped produ
t spa
etimes, in whi
h the time fun
tion is supplied
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an be seen as an absolute time. These universes are globally hyperboli
spa
etimes M = I × S whose metri
 tensor has the form(3.4) gm(ṁ, ṁ) = a2
m

∣∣ṁ0
∣∣2 − hm(ṁS , ṁS) ,where ṁ0 is the image of ṁ ∈ T 1

mM by the di�erential of the �rst proje
tion I × S → Iand ṁS the image of ṁ by the di�erential of the se
ond proje
tion I × S → S. Write
m = (t, x) ∈ I × S. The fun
tion a is a positive C1 fun
tion on M , assumed to bebounded on any subset I ′ × S where I ′ is bounded from above, and hm is a positive-de�nite s
alar produ
t on TxS, depending on m in a C1 way. This 
lass of spa
etimes
ontains all Robertson-Walker spa
etimes (hen
e in parti
ular de Sitter and Einstein-deSitter spa
etimes, and the universal 
overing of the anti-de Sitter spa
etime).Theorem 5. Let (M, g) be a generalized warped produ
t spa
etime. If the fun
tion

T 1M ∋ (m, ṁ) 7−→ ∇ṁ log a− d
4
Θ(m, ṁ) − 1

4

(
ṁk ∂Θ

∂ṁk
− 1

a2(m) ṁ0

∂Θ

∂ṁ0

)is bounded below, then the Θ-di�usion almost-surely does not explode.Proof � • We �rst 
he
k that if the Θ-di�usion has a �nite lifetime ζ then f(Φs) ex-plodes at time ζ−. To that end, 
onsider a timelike traje
tory γ = (ms, ṁs)0≤s<T =(
(ts, xs), ṁs

)
0≤s<T

in T 1M, de�ned on some semi-open interval [0, T ), and su
h that
d
ds
ms = ṁs and f(γs) = ṫs is bounded above by some positive 
onstant C. It followsthat t0 ≤ ts ≤ t0 + CT , and hms

(ẋs, ẋs) 6 C2a2
ms

is bounded above by a 
onstant sin
e
a is bounded above on (inf I, t0 + CT ] × S. This entails that (xs)0≤s<T 
annot exit abounded region of S, and so that γ must be trapped in a �nite union of sets of the form
J+(m0) ∩ J−(qj) , for some qj ∈ M. A su
h a union of sets is 
ompa
t in a hyperboli
spa
etime (see for instan
e [HE73℄, Se
tion 6.6), γ is trapped in a 
ompa
t set. Would
γ explode, it would have a 
luster point at whi
h the strong 
ausality would fail, leadingto a 
ontradi
tion as globally hyperboli
 spa
etimes are strongly 
ausal ([HE73℄, Se
tion6.6).
• The 
ondition of the theorem is a rephrasing of the lo
al 
ondition (3.3). To see that, letus work in a neighbourhood V = [t1, t2]×V of a given point m0 , and 
hoose 
oordinates
xj on V ; this provides 
oordinates (t, xi) on V, whi
h indu
e 
oordinates on T 1V : for
m ∈ V and ṁ ∈ T 1

mM, write ṁ = ṁ0∂t +
∑

1≤j≤d

ṁj∂xj .Note �rst that sin
e U = a−2∂t , we have
∇ṁU = ∇ṁ(a−2) ∂t + a−2∇ṁ∂t .Using Christo�el' symbols Γi

jk we have
(
∇ṁ∂t

)α
= ∇ṁ(a−2) δα

0 + a−2ṁc Γα
c 0,for α ∈ {0, ..., d} and a summation over c in {0, ..., d}; so

H0f = g(∇ṁU, ṁ) = ∇ṁ(log a−2) ṁ0 + a−2ṁc Γα
c 0 gαβ ṁ

β.The expli
it formulas for the Christo�el symbols, in terms of the metri
, are
Γ0

0 0 = ∂t(log a), Γ0
k 0 = ∂xk(log a), Γi

0 0 = 1
2
hi ℓ∂xℓ(a2), Γi

k 0 = 1
2
hi ℓ∂thℓ k ,



NON-EXPLOSION CRITERIA FOR RELATIVISTIC DIFFUSIONS 9for i, k ∈ {1, ..., d} and a sommation over 1 ≤ ℓ ≤ d . We thus have, after simpli�
ations,
H0f = −2∇ṁ(log a) ṁ0 + |ṁ0|2 ∂t(log a) − a−2

2
ṁk ∂t(hℓ k) ṁ

ℓ

= − |ṁ0|2 ∂t log a− 2 ṁ0 ṁk ∂xk log a− a−2

2
ṁk ∂t(hℓ k) ṁ

ℓ.Using the unit pseudo-norm relation a2
m |ṁ0|2 − hℓ k(m) ṁk ṁℓ = 1, the above equalitybe
omes :

H0f = −|ṁ0|2 ∂t log a− 2 ṁ0ṁk ∂xk log a− a−2

2
|ṁ0|2 ∂t(a

2) ,that is, H0f = −2 ṁ0 ∇ṁ log a . The statement of the theorem follows from (3.3). �This result takes a parti
ularly simple form in the 
ase where Θ depends only on the basepoint m , as is the 
ase of the R-di�usion.Corollary 6. Let M = I × S denote a generalized warped produ
t spa
etime and Θbe a bounded non-negative fun
tion on M. Then the Θ-di�usion does not explode if ∇a iseverywhere non-spa
elike and future-dire
ted.Proof � The 
ondition of Theorem 5 reads in that 
ase: �T 1M ∋ (m, ṁ) 7→ ∇ṁ log ais bounded below �. To rephrase this 
ondition into the more syntheti
 
ondition of thestatement, let us work in lo
al 
oordinates, (t, x) and (ṫ, ẋ) for m and ṁ respe
tively.We have ṫ = a−1
hr and ẋ = (shr)σ , for some r ∈ R and σ ∈ TxS with |σ|h(m) = 1.De�ne u := ∂t log a and v := ∂x log a ∈ TxS ≡ Rd. Then the 
ondition of Theorem 5reads : u a−1
hr − (vi σ
i) shr > C, for any r and σ. Letting r → ±∞, gives a−1u ≥

|vi σ
i| ≥ 0 . As the 
onstant C 
an be taken negative without loss of generality, there
ipro
al is 
lear. Now, sin
e max

|σ|h(m)=1
|vi σ

i| = |v|h−1(m) , the 
ondition reads :
a−1u ≥ |v|h−1(m) . Finally, as ∇ =

(
a−2∂t ,−hij∂xj

), the ve
tor ∇ log a =
(
a−2u ,−hijvj

)has pseudo-norm g
(
∇ log a,∇ log a

)
= a−2u2 − |v|2h−1(m) ≥ 0 . �This 
riterion applies in parti
ular to Θ-di�usions in Robertson-Walker spa
etimes, re
over-ing the results of Angst, [Ang09℄, who pro
eeded by dire
t analysis of the sto
hasti
 di�er-ential equations of the dynami
s.3.2. Perfe
t �uids. Our se
ond 
lass of examples where to apply Lyapounov's methodto prove non-explosion will be the set of spa
etimes with normal matter whose energy-momentum tensor T is that of a perfe
t �uid. They are 
hara
terized by the datum ofa timelike ve
tor �eld U , the four velo
ity of the �uid, and two fun
tions ρ and p on M,respe
tively the energy density and pressure of the �uid. See [HE73℄, [BEE96℄. We havethen T = ρU ⊗ U + p

(
g + U ⊗ U

), or in lo
al 
oordinates,
Tij = (ρ+ p)UiUj + p gij .Su
h a spa
etime is said to be of perfe
t �uid type. Noti
e that 
ontrarily to the globallyhyperboli
 spa
etimes no topologi
al assumption is made on a perfe
t �uid type spa
etime.Gödel's universe is su
h a spa
etime. This is the manifold R4 with the metri
 ds2 =

dt2 − dx2 + 1
2
e2
√

2ω x dy2 − dz2 − 2e
√

2ω x dt dy, where ω > 0 is a 
onstant. It is a solutionto Einstein's equation with 
osmologi
al 
onstant ω2 and represents a pressure free perfe
t�uid. It has energy-momentum tensor T = U ⊗ U , where (Uj) = (
√

2ω, 0,
√

2ωe
√

2ω x, 0)
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ity 
ove
tor of the matter, and ω is the vorti
ity of this �eld. Thisspa
etime has 
onstant s
alar 
urvature 2ω2. See Se
tion 2.4 in [Fra09℄. As above, thefun
tion f is de�ned by Formula (3.1) and 
an be used as a Lyapounov fun
tion undersome 
onditions. The 
omputations made in Se
tion 3.1 work equally well in that settingand lead to the following results.Proposition 7. Let (M, g) be a Lorentzian manifold of perfe
t �uid type, and f de�nedby Formula (3.1). Suppose f goes almost-surely to in�nity along any exploding timelike path.If there exists a 
onstant C su
h that
H0f + d

2
Θf + 1

2

(
f ṁk − Uk

) ∂Θ
∂ṁk

6 C f ,then the Θ-di�usion has almost-surely an in�nite lifetime.In the parti
ular 
ase of Gödel universe, the gradient ∇U of the velo
ity vanishes (sin
e
U i = δi

0), so that H0f = 0, by Formula (3.2); and f is the square root of the energy.Corollary 8. Let us work in Gödel universe and suppose that 3Θ +
(
ṁk ∂Θ

∂ṁk − 1
f

∂Θ
∂ṁ0

) isbounded above in T 1M. Then the Θ-di�usion has almost-surely an in�nite lifetime.This 
ondition holds in parti
ular if Θ(Φ) = Θ(m) depends only on the base point and isbounded, as this is the 
ase for the basi
 relativisti
 di�usion and the R-di�usion in Gödeluniverse.Note that this 
riterion does not apply to the energy di�usion in Gödel's universe. Indeedone 
an see in that 
ase (see Se
tion 2.4 of [Fra09℄) that the above quantity is equal to
5Θ−4ω2 and that the energy Θ is unbounded along the traje
tories of the energy di�usion.Remark 9. In Einstein-de Sitter spa
etime the energy di�usion explodes with positiveprobability, as proved in Proposition 5.4.2 of [FLJ10℄. (This Robertson-Walker universe isboth a warped produ
t and a perfe
t �uid type spa
etime.) Consult [Bai11℄ for a �rst studyof sto
hasti
 in
ompleteness for relativisti
 di�usions.4. b-
ompletenessThe study of dynami
s in the orthonormal frame bundle is not new in general relativ-ity and essentially dates ba
k to Cartan's moving frame method. However, B.G. S
hmidt[S
h71℄ was the �rst to noti
e that the geometry of OM itself may be used to provide a
on
eptual framework in whi
h studying the nature of spa
etime singularities. For thatpurpose, he introdu
ed on the parallelizable manifold OM a Riemannian metri
, turning
{H0, ..., Hd , (Vij)06i<j6d} into a Riemannian orthonormal basis, and 
alled it the bundlemetri
, or b-metri
. The 
ompleteness of this metri
 stru
ture on OM 
an essentially bephrased in terms of M-valued paths. To state that fa
t, re
all that one 
an asso
iate to any
M-valued C1 path γ : [0, T [→ M and e ∈ Oγ0M a unique horizontal lift γ↑ : [0, T ) → OMof γ, starting from (γ0, e), and 
hara
tarized by the properties

d

ds
γ↑s ∈ span(H0, ..., Hd), and π0

(
γ↑s

)
= γs, for all s ∈ [0, T ) .The Se-length of γ is de�ned as the Riemannian length of its horizontal lift γ↑; it dependson e ∈ Oγ0M. In other words, given e ∈ Oγ0M, seen as orthonormal in the Eu
lidean sense,the Se-length of the M-valued C1 path γ is the Eu
lidean length of its anti-development in(

Tγ0M, e
). Although this length depends on e, its �niteness is independent of it; we 
an



NON-EXPLOSION CRITERIA FOR RELATIVISTIC DIFFUSIONS 11thus talk of �nite S-length of a C1 path without mentioning the frame e. Note that in aRiemannian setting the Se-lenth of a C1 path is its usual Riemannian length.Theorem 10 (S
hmidt, [S
h71℄). OM is 
omplete for the above b-metri
 if and only if any
C1 path γ : [0, T ) → M with a bounded S-length 
onverges in M at time T−.The above 
ompleteness hypothesis is usually 
alled b-
ompleteness. The Riemannianversion of this statement is trivial as the orthonormal frame bundle with its b-metri
 is
omplete i� the Riemannian manifold is 
omplete. The Lorentzian situation is more involvedas there exists (timelike, spa
elike and lightlike) 
omplete Lorentzian manifoldsM whi
h havean in
omplete path of bounded a

eleration, so OM is not b-
omplete, see e.g. [Ger68℄ and[Bee76℄. The non-
ompa
tness of SO0(1, d) lies at the 
ore of this phenomenon.However, the Riemannian view of a Lorentzian manifold provided by S
hmidt's metri
o�ers a bridge to investigate some features of the latter using the tools of Riemanniangeometry, as the following proposition shows.Proposition 11. Let Θ be a bounded fun
tion on M. Then the Θ-di�usion does not explodeif OM is b-
omplete.One should not be 
onfused about that statement. It does not mean that the Riemannian
ompleteness of OM implies the 
ompleteness of its Brownian traje
tories, whi
h is false.One 
annot assign an Se-length to a Brownian path in OM as it is not regular enough.Proof � • Given a horizontal C1-path (ρs)06s<T in OM, write γ for its proje
tion π0◦ρ in M,so ρ = γ↑. For 0 ≤ s < T , denote by τγ

0→s the parallel transport operator along the 
urve
(γr)06r6s, with inverse τγ

0←s . Also, denote by (ps)06s<T the anti-development of γ : this
Tγ0M-valued C1-path is de�ned for all s ∈ [0, T [ by the formula : ps =

∫ s

0

τγ
0←r γ̇r dr .Last, we shall denote by ṗj

r the 
oordinates of ṗr in the frame ρ0, and by ‖ . ‖ρs
theEu
lidean norm in (Tγs

M, ρs). We have by 
onstru
tion dρs =
∑

0≤j≤d

Hj(ρs) ṗ
j
s ds and

γ̇s = τγ
0→s ṗs , as well as the identity ‖γ̇s‖2

ρs
= ‖ṗs‖2

ρ0
=

∑
0≤j≤d

(
ṗj

s

)2. The b-
ompletenessassumption means that γ has a limit γT in M at time T if(4.1) ∫ T−

0

‖ṗs‖ρ0 ds <∞.

• The basi
 relativisti
 di�usion (
ms, es

)
06s<ζ

is by 
onstru
tion the development in Mof the relativisti
 Dudley di�usion in Minkowski spa
etime, identi�ed with Tm0M , seeTheorem 3.2 in [F-LJ-1℄. As traje
tories of the latter over a time a bounded time intervalhave almost-surely a �nite length in the Eulidean norm asso
iated with any frame of R1,d,the b-
ompleteness of OM ensures the non-explosion of the basi
 relativisti
 di�usion.
• For a generi
 Θ-di�usion, Formula (2.5) implies the existen
e for ea
h s ∈ [0, ζ [ of anorthonormal basis (

ϕ1(s), ..., ϕd(s)
) of ṗ⊥s in R1,d su
h that one has

dṗk
s =

d∑

j=1

√
Θ(ms)ϕ

k
j (s) dw

j
s + d

2
Θ(ms) ṗ

k
s dsfor some d-dimensional Brownian motion w. We have used the fa
t that Θ depends onlyon m to simplify the general expression. The path (ps, ṗs)06s<ζ appears then as a time
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hange of Dudley's di�usion, by means of the map s 7→ inf
{
u

∣∣ ∫ u

0
Θ(mr) dr > s

}. Theresult follows for a bounded fun
tion Θ. �This result 
an be improved in two ways: by relaxing the boundedness hypothesis on Θand by relaxing the geometri
 
ompleteness assumption. The next se
tion explains how this
an be done in a sub-Riemannian framework by using ideas from the theory of reversibleMarkov pro
esses. 5. A volume growth non-explosion 
riterionWe prove in this se
tion a non-explosion 
riterion involving only the volume growth ofsome sub-Riemannian boxes in OM and the fun
tion Θ, as des
ribed in theorem 13 below.This result is proved in Se
tion 5.4 following Takeda's method, as improved re
ently by Hsuand Qin in [HQ10℄. Yet, there is a real di�
ulty in doing this, as we are working with a non-symmetri
, hypoellipti
 di�usion, and on a prin
ipal bundle with non-
ompa
t �bres. Toover
ome these di�
ulties, we introdu
e a sub-Riemannian stru
ture on OM, well-adapted toour setting, and whi
h will somehow play for us the role of the missing Lorentzian distan
e.5.1. Sub-Riemannian framework and main results.5.1.1. Sub-Riemannian distan
e fun
tion. We have seen in �4 that the 
ompleteness of thenatural Riemannian metri
 of the parallelizable manifold OM implies the sto
hasti
 
om-pleteness of all the Θ-di�usions with a bounded Θ. One 
an signi�
antly improve that
on
lusion by working with the sub-Riemannian stru
ture on OM indu
ed by the �eld of
(d+ 1)-planes generated by the ve
tor �elds H0, V1, . . . , Vd. In that setting, one 
an assign alength only to C1 paths ρ : [0, T ] → OM whose tangent ve
tor belong at any time s to the ve
-tor spa
e spanned by H0, V1, . . . , Vd in Tρs

OM, say ρ̇s = ρ̇0
s H0(ρs)+ ρ̇

1
s V1(ρs)+ · · ·+ ρ̇d

s Vd(ρs).Su
h a path is said to be admissible; its length is then de�ned as ∫ T

0

(∑d
i=0

(
ρ̇i

s

)2) 1
2 ds. Thesub-Riemannian distan
e between two points of OM is de�ned as the in�mum of the lengthof the admissible paths joining these two points, with the 
onvention inf ∅ = +∞. Chow'stheorem [Cho39℄ ensures that the sub-Riemannian distan
e fun
tion D(·, ·) is �nite and 
on-tinuous in its two arguments if (see e.g. [Mon02℄) the Lie algebra generated by H0, V1, . . . , Vdhas full dimension , whi
h holds here. Fix a referen
e point Φref ∈ OM.(H) Completeness hypothesis. The 
losed boxes Bλ := {D(Φref, ·) 6 λ} are 
ompa
t forany λ > 0.This 
ompleteness hypothesis rules out the pathologi
al examples of Gero
h [Ger68℄ andBeem [Bee76℄; it does not depend on the arbitrary 
hoi
e of Φ0. Unlike its Riemannian ana-logue, the sub-Riemannian distan
e fun
tion D(Φref, ·) is not smooth in any neighbourhoodof Φref, [Mon02℄; however, it is a vis
osity solution of the equation

|H0D|2 + |V1D|2 + · · ·+ |VdD|2 = 1on OM\{Φref} (see e.g. theorem 2 in [Dra07℄; we do not use that fa
t in the sequel). Weshall use that quantitative information in �5.4 under the 
lassi
al form given in the followingproposition.Proposition 12. Fix λ > 0. One 
an asso
iate to any positive 
onstant η a smooth fun
tion
F : OM → R+ su
h that

max
Φ∈Bλ

∣∣F (Φ) −D(Φref,Φ)
∣∣ 6 η
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|H0F |2 + |V1F |2 + · · ·+ |VdF |2 6 2.Proof � Let us introdu
e the Riemannian metri
 gǫ on OM for whi
h H0, H1, . . . , Hd andthe (Vij)06i<j6d are orthogonal, with H0 and the V0j(= Vj) of norm 1 and the other ve
torsof norm ǫ−1. Denote by Dǫ(·) = Dǫ(Φref, ·) the distan
e fun
tion asso
iated with gǫ. Itis a 1-Lips
hitz-
ontinuous fun
tion (with respe
t to the distan
e fun
tion Dǫ) whi
h isdi�erentiable almost-everywhere, by Radema
her's theorem, and has a gradient of norm
1 almost-everywhere:(5.1) |H0Dǫ|2 + |V1Dǫ|2 + · · · + |VdDǫ|2 + ǫ−2

( d∑

i=1

|HiDǫ|2 +
∑

16i<j6d

|VijDǫ|2
)

= 1.(Indeed, the set of 
onjugate points to Φ0 in Bλ is 
losed and has null measure. In the
omplementary, relatively open, set the distan
e is attained along a unique geodesi
 whoseunit tangent ve
tor at the �nal point is the gradient of the distan
e fun
tion to Φ0.) Thefun
tion Dǫ is easily seen to 
onverge uniformly to D(Φref, ·) on the 
ompa
t box Bλ (thisis where we need these boxes to be 
ompa
t); see e.g. �� 0.8.A and 1.4.D of Gromov'sarti
le [Gro96℄. As we have almost-everywhere
|H0Dǫ|2 + |V1Dǫ|2 + · · · + |VdDǫ|2 6 1,by (5.1), a standard regularization pro
edure yields the 
on
lusion. �5.1.2. Main results. We use the natural volume measure on OM asso
iated with the Lorentzianstru
ture. It is de�ned by the formulaVol(dΦ) = VolM(dm) ⊗ Volm(de), Φ = (m, e),where VolM(dm) is the Lorentzian volume measure and Volm(de) is the image of a givenHaar measure on SO0(1, d) by the identi�
ation of the �bre π−1

0 (m) with SO0(1, d) (seee.g. [HE73℄, Se
tion 2.8, for the Lorentzian volume measure). The volume measure Vol on
OM is uniquely de�ned up to a multipli
ative 
onstant. In order to avoid some unpleasantpathologies, we shall make the following rather mild assumption on the 
ausal stru
ture ofspa
etime.Hypothesis. (M, g) is strongly 
ausal.It means that any point of M has arbitrarily small neighbourhoods whi
h no non-spa
elikepath interse
ts more than on
e; see [HE73℄, p.192, or [BEE96℄.Theorem 13. Let (M, g) be a strongly 
ausal Lorentzian manifold satisfying the 
omplete-ness hypothesis (H). Set Θr := sup

Φ∈Br

Θ(Φ), for any r > 0, and suppose(5.2) ∫ ∞ r dr

Θr log
(
Θr Vol(Br)

) = ∞ .Then the Θ-di�usion has almost-surely an in�nite lifetime, from any starting point.Condition (5.2) has the form of the 
lassi
al non-explosion 
ondition for Brownian motion:∫ ∞ r dr

logVol(Br)
= ∞, �rst proved by Grigor'yan in [Gri86℄ and has pre
isely that form for

Θ bounded. Note that no topologi
al assumption on M is needed, 
ontrary to the results of
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an give a quantitative version of the above theorem by providing an upper ratefun
tion.Corollary 14. Let M be a strongly 
ausal Lorentzian manifold satisfying the 
ompletenesshypothesis (H). Set h(ρ) ≡ ρ if Θ ≡ 0; otherwise, pi
k a 
onstant R0 su
h that ΘR0 > 0 andset for ρ > 0

h(ρ) := inf

{
R > R0

∣∣∣
∫ R

R0

r dr

Θr log
[
Θr Vol(Br)

] > ρ

}
.Then, given any Φ0 ∈ OM, there exist R0 > 0 and a positive 
onstant C su
h that we have

PΦ0-almost-surely
D(Φ0,Φs) 6 C h(Cs).We prove Theorem 13 following Takeda's method, explained in the next se
tion. To adaptit to our setting, we shall introdu
e in �5.3 a modi�ed Θ-di�usion on some 
ompa
t spa
e;it is used 
ru
ially in the proof of Theorem 13 given in �5.4.5.2. Takeda's method.5.2.1. The main ingredients. Using an idea of Lyons and Zheng, [LZ88℄ , Takeda devised in[Tak89℄, [Tak91℄, a remarkably simple and sharp non-explosion 
riterion for Brownian motionon a Riemannian manifold V. Loosely speaking, his reasonning works as follows. Supposewe have a di�usion (xs)s>0 on V whi
h is symmetri
 (with respe
t to the Riemannian volumemeasure Vol, say) and 
onservative; denote by L its generator, and let f be a su�
ientlysmooth fun
tion. Denote by PVol the measure ∫

Px Vol(dx) on the path spa
e, where Px isthe law of the di�usion started from x. Fix a time T > 0. As the reversed pro
ess (xT−s)06s6Tis an L-di�usion under PVol , applying It�'s formula to both f(xs) and f(xT−s) providestwo martingales M and M̃ (with respe
t to the two di�erent �ltrations σ(xs ; 0 6 s 6 T )and σ(xT−s ; 0 6 s 6 T ) respe
tively) su
h that :
f(xs) = f(x0) +Ms +

∫ s

0

Lf(xr) dr ,

f(xs) = f(xT−(T−s)) = f(xT ) + M̃T−s +

∫ T−s

0

Lf(xT−r) dr.It follows that f(xs) = f(x0)+f(xT )
2

+ Ms+fMT−s

2
+

∫ T

0
Lf(xs) dr, and 
onsequently,

f(xT ) − f(x0) = 1
2

(
MT − M̃T

)
.If d〈M〉s

ds
and d〈fM 〉s

ds
are bounded above, by 1 say, the previous identity provides a 
ontrol of(

f(xT )− f(x0)
) by the supremum of the absolute value of a Brownian motion over the timeinterval [0, T ].Ba
k to the non-explosion problem for Brownian motion on V, �x a point m ∈ V and aradius R > 1, and 
onsider the Brownian motion (xs)s>0 re�e
ted on the boundary of theRiemannian ball B(m;R), started under its invariant measure 1B(m;R)Vol. It is a symmetri

onservative di�usion ; denote by PB(m;R) its law. Using the Diri
hlet forms approa
h to sym-metri
 di�usions one 
an apply the above reasonning to the (non-smooth, but 1-Lips
hitz)Riemannian distan
e fun
tion d(m, .), whi
h gives the estimate

PB(m;R)

(
x0 ∈ B(m; 1), sup

s6T
d(m, xs) = R

)
6 Vol(B(m;R)

)
× 2 P

(
sup
s6T

|Bs| > R
)
.



NON-EXPLOSION CRITERIA FOR RELATIVISTIC DIFFUSIONS 15But as the Brownian motion on V behaves in the ball B(m;R) as the Brownian motionre�e
ted on the boundary of B(m;R), the above inequality also gives an upper bound forthe probability that the Brownian motion on V, started uniformly from B(m; 1), exits theball B(m;R) before time T . Combining this estimate with the Borel-Cantelli lemma, Takedaproved that the Brownian motion on V is 
onservative provided
lim inf
R→∞

R−2 logVol(B(m;R)
)
<∞ ,re-proving in a simple way a 
riterion due to Karp and Li. Takeda's method has been re�nedby several authors, 
ulminating with Hsu and Qin's re
ent work [HQ10℄, who give an elegantand simple proof of a sharp non-explosion 
riterion, due to Grigor'yan [Gri86℄, for Brownianmotion on a Riemannian manifold in terms of volume growth, as well as an es
ape ratefun
tion. We shall follow their method to deal with relativisti
 di�usions.5.2.2. The di�
ulties. The main di�
ulty in implementing this approa
h is in �nding what
an play the role of the pair �Riemannian distan
e fun
tion � re�e
ted Brownian motion�in our Lorentzian, hypoellipti
 framework. We des
ribe in the remainder of this se
tion anon-standard re�e
tion me
hanism for a Brownian motion in a Riemannian manifold whi
hwill serve us as a guide in the 
onstru
tion of the Θ-di�usion re�e
ted on the boundary ofthe sub-Riemannian boxes, as des
ribed in se
tion 5.3.Brownian motion re�e
ted on the boundary of a ball B(m;R) is the simplest di�usionpro
ess whi
h 
oin
ides with Brownian motion on the ball B(m;R) and has a state spa
ewith �nite volume. One 
annot take a smaller state spa
e if the former property is to besatis�ed. Yet, one 
an make di�erent 
hoi
es if one is ready to loose the minimality property.To explain that fa
t, let us suppose that (V, g) is a Cartan-Hadamard manifold. Given apoint m ∈ V let us use the exponential map expm at m as a global 
hart on V; this identi�esthe geodesi
 ballB(m;R) onM to the (Eu
lidean-shaped) ballB′(0;R) in TmV. Given ǫ > 0,let us modify the metri
 on B′(0;R + ǫ) \B′(0;R) so as to interpolate smoothly between

exp∗m g on B′(0;R) and the 
onstant metri
 gm outside B′(0;R + ǫ) (primed balls refer tothe pull-ba
k metri
 exp∗m g). Denote by g̃ the restri
tion to B′(0;R + 2ǫ) of this modi�edmetri
, and de�ne the 
ompa
t spa
e K as the quotient of the 
losed ball B′(0;R+2ǫ) by theidenti�
ation of m′ ∈ ∂B
′
(0;R+ 2ǫ) and −m′. Then the g̃-Brownian motion on K 
oin
ideswith the exp∗m g-Brownian motion on B′(0;R) and has a state spa
e with �nite g̃-volumeVoleg(K) = (1 + o(ǫ))Volg

(
B(m;R)

). The 
onstru
tion of a modi�ed Θ-di�usion given inse
tion 5.3 will be reminis
ent of the pre
eding non-standard re�e
ted Brownian motion.5.3. A modi�ed pro
ess. We start our 
onstru
tion of the �re�e
ted� Θ-di�usion by
onstru
ting the 
ompa
t spa
e on whi
h it is going to live. Fix for that purpose a referen
epoint Φref ∈ OM, the 
entre of the boxes Bλ, and set D(Φ) = D(Φref,Φ) for all Φ ∈ OM.Fix also two positive 
onstants λ and ε and 
onsider the relatively 
ompa
t open region
U := {λ < D < λ+ ε} = Bλ+ǫ \Bλ.Lemma 15. There exists in U a smooth hypersurfa
e V of OM separating ∂Bλ from ∂Bλ+εsu
h that the subset V0 := {Φ ∈ V |H0(Φ) ∈ TΦV } is a smooth hypersurfa
e of V .The separation property means that ∂Bλ ∪ ∂Bλ+ε does not interse
t V but any 
ontinuouspath from ∂Bλ to ∂Bλ+ε hits V . We thank A. Oan
ea and P. Pansu for their help in provingthis statement.



16 I. BAILLEUL AND J. FRANCHIProof � Let us use the fun
tion F of Proposition 12, with η < ε/4 and R > λ + ε , and�x some 
onstants η < ε1 < ε2 < ε/2 − η su
h that Bλ ⊂ {ε1 ≤ F − λ ≤ ε2} ⊂ Bλ+ε/2 .The set of regular values of (F − λ) is dense in the interval (ε1, ε2) , by Sard's theorem.Fix a regular value c ∈ (ǫ1, ǫ2), so the level set S := {F = c} is a smooth hypersurfa
eseparating ∂Bλ from ∂Bλ+ε/2 .We shall now be working in U ′ ≡ S ×
[
0, ε

2

), where we are going to 
onstru
t the sep-arating hypersurfa
e V as the graph of some fun
tion f : S →
[
0, ε

2

), resorting to thetransversality lemma. Denote by Gr(TU ′) the Grassmannian bundle over U ′ made upof all the hyperplanes of TU ′, and asso
iate to any fun
tion f : S →
(
0, ε

2

) the fun
-tion Gf : S → Gr(TU ′) de�ned by Gf(m) :=
{(
σ, dfm(σ)

)∣∣ σ ∈ TmS
}. Let H denotethe smooth hypersurfa
e of Gr(TU ′), made up of all hyperplanes 
ontaining H0 . Then

G−1
f (H) is a smooth hypersurfa
e of Graph(f) as soon as Gf is transverse toH . Thereforethe statement redu
es to �nding a fun
tion f su
h that Gf be transverse to H .Consider for that purpose a smooth partition of unity: 1S =

k∑
j=1

αj , with {αj > 0} =

ψj(Bν) di�eomorphi
 under ψj to the unit ball Bν ⊂ Rν
(with ν = dim(OM) − 1 =

(d+3)d/2
). Denoting by A the spa
e of (the resti
tions to Bν of) a�ne fun
tions on Rν ,
onsider the map F : An × S → Gr(TU ′) de�ned by the formula

G(ϕ1, . . . , ϕk, m) := Gf (m),where f =
k∑

j=1

αj ϕj ◦ ψ−1
j . This is easily seen to be a submersion. It follows from thetransversality lemma that su
h a Gf is transversal to H for almost-every (ϕ1, . . . , ϕk) ∈

An. The graph of the fun
tion f 
orresponding to a small multiple of su
h a k-tuple hasthe properties of the statement. �Let O be the set of points of the box Bλ+ε of the form γ(1) for some 
ontinuous path
γ : [0, 1] → Bλ+ε starting from a point of Bλ and not hitting V ; this is an open set with
V as a boundary. Denote also by W another smooth hypersurfa
e, separating V from ∂Bλand transverse to H0 ex
ept on a relative hypersurfa
e. Let now denote by O′M a disjoint
opy of the set of past-dire
ted frames:

{
(m, e) ∈ GLM | e = (e0, e1, . . . , ed) su
h that (

m, (−e0, e1, . . . , ed)
)
∈ OM

}
,and let O′, V ′, V ′0 and W ′ be the subsets of O′M 
orresponding to O, V , V0 and W . Theequivalen
e relation

(
m, (e0, e1, . . . , ed)

)
∈ V ∼

(
m, (−e0, e1, . . . , ed)

)
∈ V ′de�nes a manifold stru
ture on the quotient spa
e (O∪ V )⊔ (O′ ∪V ′)
/
∼ , whi
h we denoteby E . Note that E is 
ompa
t and that its volume is in between 2Vol(Bλ) and 2Vol(Bλ+ε).Write V for the image in E of V , and V0 for the image in E of V0 ; de�ne the primed sets

V ′ and V ′0 a

ordingly.Remark 16. The geodesi
 �ow is naturally well de�ned on E \V0 , getting instantly from
O to O′ or from O′ to O at its 
rossings of V \V0 . Indeed by the above de�nition, forany Φ ∈ V \V0, either H0(Φ) points outwards seen from O and inwards seen from O′, or
H0(Φ) points inwards seen from O and outwards seen from O′. There is however no a priori
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onvenient way to extend the geodesi
 �ow on V0. This is the reason why we need to take
are of this ex
eptional set.We de�ne the modi�ed relativisti
 di�usion on the 
ompa
t manifold E as follows.Let a : Bλ+ε → [0, 1] be a smooth fun
tion equal to 1 on Bλ , and whose vanishing setis exa
tly the 
losed part C of U in between W and V
(this means that C is the unionof the traje
tories (γs)s∈(0,1) ⊂ U of 
ontinuous paths γ su
h that γ0 ∈ W , γ1 ∈ V ,and (γs)s∈(0,1) does not interse
t the oriented hypersurfa
e W ∪ V

). We extend to E theresti
tion of a to O ∪ V , by setting a(e′) = a(e) for e
′ =

(
m, (−e0, e1, . . . , ed)

)
∈ O′M and

e =
(
m, (e0, e1, . . . , ed)

)
∈ OM. We de�ne the generator of the modi�ed di�usion to be thefollowing variant of GΘ :(5.3) G := H0 + 1

2

d∑

j=1

Vj

(
aΘ Vj

)
.Denote by VolE (resp. VolV , VolW ) the natural volume element on E (resp. V , W ).Lemma 17. For VolE-almost all starting point Φ0 ∈ E , the modi�ed relativisti
 di�usion isa well-de�ned E-valued pro
ess having an almost-surely in�nite lifetime.Proof � This modi�ed di�usion has generator GΘ in Bλ and in its mirror 
opy B′λ , andredu
es to the geodesi
 �ow in the region {a = 0} in between W and W ′. After remark16, we need �rst make sure that the set V0 ∪ V ′0 of bad points is polar.Let N and N ′ be the orbits in the region {a = 0} of V0 and V ′0 by the geodesi
 �ow. Theyhave, as a 
onsequen
e of lemma 15, null VolE -measure. But as the modi�ed di�usionstarted from any Φ0 ∈ {a > 0} is hypoellipti
, its hitting distribution of W ∪W ′ has adensity with respe
t to VolW∪W ′. It follows that the modi�ed di�usion, started from anypoint of Φ0\(N ∪ N ′), will almost surely never hit N ∪ N ′, proving that this E-valuedpro
ess is well-de�ned.It 
an behave in two ways as it approa
hes its lifetime: either 
rossing in�nitely manytimes V, or remaining eventually in a 
ompa
t subset of O or O′. In the latter 
ase, itsproje
tion on M is a (future or past-dire
ted) timelike path 
on�ned in a 
ompa
t subsetof O. As su
h it has a 
luster point at whi
h the strong 
ausality 
ondition 
annot hold,preventing M from being strongly 
ausal, a 
ontradi
tion.In the former 
ase, either the path eventually remains in the region {a = 0}, or it performsbefore some �nite proper time an in�nite number of 
rossings from W ∪W ′ to V. Sin
ethe geodesi
 �ow does not explode in {a = 0}, we are left with the latter possibility. It
annot lead to explosion either, sin
e the geodesi
 �ow needs a traveling time boundedaway from 0 to travel from W ∪W ′ to V. �Note that the volume measure VolE of the 
ompa
t manifold E is an invariant �nite measurefor the modi�ed di�usion.5.4. Crossing times and es
ape rate of Θ-di�usions. Fix a referen
e point Φref ∈ OM,and set D(·) = D(Φref , ·). Let us emphasize that D is a two points fun
tion, so it is easy topass from D(Φref ,Φ) to D(Φ0 ,Φ), or the other way round, using the triangle inequality, forany Φ0 ∈ OM.



18 I. BAILLEUL AND J. FRANCHIGiven an in
reasing sequen
e (Rn)n>1 of positive reals, set τ0 = 0 and asso
iate to ea
h
Rn the exit time τn from the box B(n) :=

{
D 6 Rn

}
.It takes the di�usion an amount of proper time (τn − τn−1) to go from the box B(n−1) to thebox B(n). The strategy in [HQ10℄ is to estimate PΦ(τn − τn−1 6 tn) for a suitably 
hosendeterministi
 sequen
e {tn}n>0 of in
rements of time. Set for n ≥ 1 :

Tn :=
n∑

k=1

tk , and rn := Rn −Rn−1.If one 
an show that(5.4) ∑

n>1

PΦ(τn − τn−1 6 tn) <∞for a 
onvenient 
hoi
e of the sequen
es (Rn)n>1 and (Tn)n>1, then the Borel-Cantelli lemmatells us that the di�usion does not exit B(n) before time Tn , for n large enough, preventingexplosion. Following [HQ10℄, we are going to 
onsider the events
En := {τn − τn−1 6 tn , τn 6 Tn},so as to be able to use our modi�ed pro
ess run ba
kwards from the �xed time Tn , whenestimating the probability that the pro
ess 
rosses from B(n−1) to B(n) not too fast. Lemma

2.1 of [HQ10℄ (an appli
ation of the Borel-Cantelli lemma) justi�es that 
onsidering theseevents leads to the same non-explosion 
on
lusion as (5.4). We re
all it here for the reader's
onvenien
e.Lemma 18 ([HQ10℄). Fix Φ ∈ OM . If ∑
n>1

PΦ(En) <∞ , then there exists PΦ-almost-surely
δ su
h that τn > Tn − δ, for all n > 1.We shall use the results of Se
tions 5.1.1 and 5.3 to prove the fundamental estimate ofProposition 19 below. Given any 
ompa
t subset B of OM, denote by PB the law of therelativisti
 di�usion in OM started under the uniform probability in B:

PB(·) =
1Vol(B)

∫

B

PΦ(·)Vol(dΦ).Similarly, and given any 
ompa
t subset A of E , write QA for the law of the modi�ed
Θ-di�usion in E started under the uniform probability in A.Proposition 19. There exists a 
onstant C su
h that we have for any n > 1:

PB(1)

(
τn − τn−1 6 tn , τn 6 Tn

)
6 C

Vol(B(n))Vol(B(1))

Tn

√
Θ̂n/tn

(rn − 1 − 4tn)
exp

[
− (rn − 1 − 4tn)2

32 Θ̂n tn

]
,where Θ̂n denotes the supremum of Θ over the box {

D 6 Rn + 1
}.The proof mimi
s Takeda's original proof, as adapted by Hsu and Qin in [HQ10℄, with thenoti
eable di�eren
e that we are working with a non-symmetri
, non-ellipti
 di�usion.



NON-EXPLOSION CRITERIA FOR RELATIVISTIC DIFFUSIONS 19Proof � We start by embedding the box B(n) into the set E (n) 
onstru
ted in Se
tion 5.3,with λ = Rn and ε = 1
2
, say. From now on we work on the path spa
e over E (n) and usethe 
oordinate pro
ess X, whose �ltration is denoted by (Fs)s>0. We still denote by τnthe exit time from (the image in E (n) of) B(n) ; the event

En := {τn − τn−1 6 tn, τn 6 Tn}belongs to Fτn
. As explained above in Se
tion 5.2, the proof has two main ingredients,the �rst of whi
h is Inequality (5.5) below, where QE(n) denotes the distribution of themodi�ed Θ-di�usion in E (n), with generator G given in (5.3).As the Θ-di�usion and the modi�ed Θ-di�usion have the same law before the stoppingtime τn, we have PB(n)(En) = QB(n)(En) 6 2 QE(n)(En), and so(5.5) PB(1)(En) 6 2

Vol(B(n))Vol(B(1))
QE(n)(En) ,by the obvious inequality PB(1)(En) 6

Vol(B(n))Vol(B(1))
PB(n)(En). The se
ond ingredient involvesthe Lyons-Zheng de
omposition of D(Xs) under QE(n) . As D is not a priori su�
ientlyregular to use It�'s formula, we apply it to its smooth approximation F 
onstru
ted inProposition 12 (with R = Rn and η = 1

2
). As the pro
ess (XTn−s)06s6Tn

is under QE(n)a homogeneous di�usion pro
ess with generator G∗ = −H0 + 1
2

d∑
j=1

Vj

(
aΘ Vj

), it followsfrom It�'s formula that there exists two martingales (Ms)06s6Tn
and (M̃s)06s6Tn

, withrespe
t to the forward and ba
kward �ltrations of the pro
ess respe
tively, su
h that
F (Xs) = F (X0) +Ms +

∫ s

0

GF (Xr) dr,

F (Xs) = F (XTn−(Tn−s)) = F (XTn
) + M̃Tn−s +

∫ Tn

s

G∗F (Xr) dr,with
〈M〉s =

d∑

j=1

∫ s

0

a(Xr) Θ(Xr)
∣∣VjF

∣∣2(Xr) dr 6 4 Θ̂n s,

〈
M̃

〉
s

=

d∑

j=1

∫ s

0

a(XTn−r) Θ(XTn−r)
∣∣VjF

∣∣2(XTn−r) dr 6 4 Θ̂n s.

(5.6)Setting M ′s := M̃Tn−s and noting that G − G∗ = 2H0, we thus have(5.7) d
(
F (Xs)

)
= d

(Ms +M ′s
2

)
+H0F (Xs) ds,with a 
ontrolled drift term |H0F | 6 2 , by Proposition 12. By 
onstru
tion, we have

sup
06s6tn

∣∣F (Xτn−1+s) − F (Xτn−1)
∣∣ > rn − 1on the event En , where X hits the set {F > Rn − 1

2
} in the time interval [τn−1, τn−1 + tn].To 
ontrol the QE(n)-probability of En, we use Hsu and Qin's tri
k. Cut the interval

[0, Tn] =
ℓn⋃

k=1

[
(k − 1)tn, k tn

] into ℓn := Tn/tn sub-intervals of length tn
(to lighten the



20 I. BAILLEUL AND J. FRANCHInotations, we shall negle
t the fa
t that ℓn may not be an integer ; this fa
t 
auses notrouble but notational), and write on ea
h event {
(k − 1)tn ≤ τn−1 ≤ k tn

}

F (Xτn−1+s) − F (Xτn−1) = F (Xτn−1+s) − F (Xktn) + F (Xktn) − F (Xτn−1).This simple remark shows that the event {
sup

06s6tn

∣∣F (Xτn−1+s) − F (Xτn−1)
∣∣ > rn − 1

} isin
luded in one of the ℓn events {
sup

06|s|6tn

∣∣F (Xktn+s) − F (Xktn)
∣∣ >

rn−1
2

}, where 1 6 k 6

ℓn. By (5.7) and the inequality |H0F | 6 2, the kth of these events is in
luded in the union
Ak ∪ Ãk , where

Ak :=

{
sup

06|s|6tn

∣∣Mktn+s −Mktn

∣∣ >
rn−1

2
− 2tn

}and
Ãk :=

{
sup

06|s|6tn

∣∣M̃ ′ktn+s − M̃ ′ktn

∣∣ >
rn−1

2
− 2tn

}
.Let W be a Brownian motion de�ned on some probability spa
e (Ω,F ,P). By (5.6) wehave

QE(n)(Ak) 6 2 P

(
sup

06s6tn

|Ws| >
rn−1−4tn

4
√

bΘn

)
6

C

√
Θ̂n/tn

rn − 1 − 4tn
exp

(
−(rn − 1 − 4tn)2

32 Θ̂n tn

)for some positive 
onstant C ; the same identity holds for Ãk, using (5.6). Summingover k and using Inequality (5.5) yields the statement of the proposition sin
e En ⊂⋃ℓn

k=1(Ak ∪ Ãk). �This key proposition being proved, it be
omes easy to prove theorem 13.Proof of Theorem 13 � Taking Rn = 2n+5 and tn 6 2n+1 in Proposition 19, so that
Tn 6 2n+2, we get for any n > 1 :(5.8) PB(1)(En) = PB(1)

(
τn − τn−1 6 tn, τn 6 Tn

)
6 C

Vol(B(n))Vol(B(1))

√
Θ̂n

tn
exp

[
− 4n

Θ̂n tn

]
.Spe
ifying the 
hoi
e of tn by setting

tn := min

{
2n+1,

4n−1

(
1 + log+

[
Θ̂n Vol(B(n))

])
Θ̂n

}
,the right hand side of (5.8) is seen to be bounded above by a 
onstant multiple of 2−n,ensuring as a 
onsequen
e the 
onvergen
e of the series ∑

n>1

PB(1)(En). Indeed, we getfrom (5.8), with the above tn,
PB(1)(En) ≤ C ′ Vol(B(n))

√
Θ̂2

n log
[
Θ̂n Vol(B(n))

]

4n
e− 4 log

[
bΘnVol(B(n))

]
≤ C ′′/2n.(Ignoring the trivial 
ase Θ ≡ 0, we 
an suppose without loss of generality that we have

Θ̂n Vol(B(n)) > 3 for n large enough.) Note that the above 
hoi
e of time in
rements tn issimpler than Hsu and Qin's 
hoi
e in [HQ10℄; there is in parti
ular no need to introdu
e
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tion h(R) ≡ log logR , to get Grigor'yan's 
riterion, if the se
ondupper bound of their se
tion 3 is not used.To 
on
lude that the Θ-di�usion does not explode we need to 
he
k that Tn =
n∑

k=1

tkin
reases to in�nity. For the above 
hoi
e of time in
rements tn, we have PB(1)-almost-surely, for n larger than some n0, and for a positive universal 
onstant c:
Tn ≥

n∑

k=n0

min

{
2k+1,

4k−1

Θ2k+5+1

(
log+

[
Θ2k+5+1Vol(B2k+5)

]
+ 1

)
}

(5.9) ≥ c

∫ 2n

2n0+1

min

{8 , r

Θr log
[
Θr Vol(Br)

]
}
dr .Leaving aside the trivial 
ase Θ ≡ 0 and re
alling that the map r 7→ Θr = max

Br

Θ isnon-de
reasing, we 
an suppose without loss of generality that Θr > 3. The divergen
eof the sequen
e (Tn) is then granted by the integral 
riterion
∫ ∞

min

{8 , r

Θr log
[
Θr Vol(Br)

]
}
dr = ∞.As Θr in
reases, this 
ondition is equivalent to

∑

n>1

min

{8 , n

Θn log
[
Θn Vol(Bn)

]
}

= ∞,that is to ∑

n>1

n

Θn log
[
Θn Vol(Bn)

] = ∞,sin
e the former holds obviously if an in�nite number of terms were larger than 8. Theprevious 
ondition is equivalent to Condition (5.2) of Theorem 13.Using Borel-Cantelli lemma under the form of Lemma 18, it follows that we have(5.10) PB(1)

(
sup

06s6Tn−δ
D(Φs) 6 2n+5 for any large enough n

)
= 1 ,so sup

06s6t
D(Φs) < ∞, for all t > 0, sin
e Tn in
reases to ∞. Would a realization of thepath Φs explode by time t, its proje
tion in M would provide a timelike path with ana

umulation point (for it stays in the proje
tion of a 
ompa
t set by hypothesis (H)),
ontradi
ting the strong 
ausality assumption on M.To prove that the same happens under any PΦ0 , noti
e that sin
e the non-explosion event

E belongs to the invariant σ-algebra, the fun
tion OM ∋ Φ 7→ PΦ(E) is GΘ-harmoni
,hen
e 
ontinuous, as GΘ is hypoellipti
. It follows that sin
e
PB(1)(E) =

1Vol(B(1)
)

∫

B(1)

PΦ(E)Vol(dΦ) ,the probability PΦ(E) must be equal to 1 for all Φ ∈ B(1). But as the ball B(1) wasarbitrarily 
hosen, PΦ(E) is identi
ally equal to 1 everywhere. �



22 I. BAILLEUL AND J. FRANCHI5.5. Upper rate fun
tion. Using essentially the same reasoning as in Se
tion 4 of [HQ10℄,the above proof yields almost for free the upper rate fun
tion for the Θ-di�usion given in
orollary 14. See also [Gri99℄ for related results. We keep the pre
eding notations.Proof of Corollary 14 � We follow the argument of [HQ10℄, Se
tion 4, making sure thatit works here as well with our 
hoi
e for tn, and without their auxiliary fun
tion log log.Suppose �rst Θ non-identi
ally null and re
all inequality (5.9), in whi
h we 
an forget totake the minimum with 8, by Proposition 20 below. By (5.10), this yields the almost-surely inequality
sup

06s6c h−1(2n)−δ

D(Φs) 6 2n+5,that is
sup

06s6c h−1(R)−δ

D(Φs) 6 32R,for large enough R . Letting R = h
(
(t+δ)/c

), this entails sup
06s6 t

D(Φs) 6 32 h
(
(t+δ)/c

),hen
e sup
06s6t

D(Φs) 6 32 h(C t), for large enough t . This shows the 
laim under theprobability PB(1) , and then under PΦ0 as well, by the same argument already used at theend of the proof of Theorem 13. Finally, in the geodesi
 
ase (
Θ ≡ 0

), the same holdswith Tn ≥ c 2n = c h(2n). �5.6. Estimates of the volume of the sub-Riemannian boxes and appli
ation. Letus begin with a 
rude lower estimate of the volume of the boxes Br based on the verti
alexpansion in the SO0(1, d)-�bre of OM, without taking into a

ount the horizontal expansionwhi
h depends on the 
urvature of the base Lorentzian manifold M. We used this lowerbound in the proof of Corollary 14.Proposition 20. We have lim inf
r→∞

logVol(Br)

r
≥ d− 1 .Proof � Fix a relatively 
ompa
t neighbourhood U of m0 in M, above whi
h OU is trivi-alized in U×SO0(1, d). Assume without loss of generality that Φ0 
orresponds to (m0, 1).By the ball-box theorem (see e.g. [Mon02℄), the box Br = {D ≤ r} 
ontains a neigh-bourhood V × B(1, ε) of Φ0 , for some ε > 0 and for r larger than some �xed r1. Usingthis argument a �nite number of times, together with the triangle inequality for D, wesee that the box {D ≤ r} 
ontains any neighbourhood U × B(1, ̺) of Φ0, for any ̺ > 0,provided r is large enough, say no less than r0 = r0(U , ̺). Take ̺ larger than the diameterof SO(d).We easily see that the boxes {D ≤ r} dilate in the verti
al dire
tions V1, . . . , Vd with speed

r, as r in
reases. So {D ≤ r} 
ontains the produ
t of U by the ball of radius (r − r0)in SO0(1, d) for r large enough. This provides a lower bound on Vol({D ≤ r}
) by some
onstant multiple of the volume of the hyperboli
 ball of radius (r − r0), from whi
h itfollows that there exists some positive 
onstant c su
h that logVol(Br) ≥ (d−1) r+log c ,for r large enough. �To 
lose this work, we give a non-explosion 
riterion involving only the geometry of M,rather than the geometry of OM as it appears in Theorem 13 through the sub-Riemannianboxes Br.



NON-EXPLOSION CRITERIA FOR RELATIVISTIC DIFFUSIONS 23Proposition 21. Fix Φ0 = (m0, e0) ∈ OM, and de�ne the SΦ0-radius ρS
Φ0

(m) of any
m ∈ M as the in�mum of the SΦ0-length of C1 paths joining m0 to m. De�ne the SΦ0-ball
BS

Φ0
(r) of radius r as the set BS

Φ0
(r) :=

{
m ∈ M

∣∣ ρS
Φ0

(m) 6 r
}, and set

V S(r) := VolM

(
BS

Φ0
(r)

)
.Then there exists a 
onstant C su
h that we have for all r > 0

logVol(Br) ≤ C + (d− 1) r + log V S(Cer).Note that the SΦ0-balls BS
Φ0

(r) and their volume depend only on the 
hoi
e of Φ0 =
(m0, e0) ∈ OM and on the geometry of M. We noti
ed indeed in Se
tion 4 that the Se0-length of a path in M started from m0 is the Eu
lidean length of its anti-development in(
Tm0M, e0

).Proof � By the de�nitions in Se
tions 4 and 5.1.1, the b-distan
e of Φ0 to any Φ ∈ OMis not larger than DΦ0(Φ), so Br ⊂ Bb(Φ0; r), where Bb denotes the ball in OM of theb-metri
. Verti
ally, that is to say in the frame τγ
0→s(Φ0) parallely transported along aminimizing 
urve γ, the maximal hyperboli
 distan
e rea
hed by the velo
ity 
omponent

ṁs of γs is s, whi
h is responsible for a maximal verti
al volume O(e(d−1)r).Having a

elerated till rea
hing a maximal velo
ity O(er), a minimizing 
urve in Bb(Φ0; r)
an perform a maximal horizontal displa
ement O(er). Hen
e we have the in
lusions
BS

Φ0
(r) ⊂ π0

(
Bb(Φ0; r)

)
⊂ BS

Φ0

(
O(er)

)
,and so Vol(Br) ≤ C e(d−1)r V S(Cer). �Applying Proposition 21 to the integral 
ondition of Theorem 13 yields in the 
ase ofa bounded Θ the non-explosion 
riterion ∫ ∞ r dr

r + log V S(er)
= ∞. Using the in
reasing
hara
ter of the map (

r 7→ V S(er)
), dis
retizing and distinguishing whether or not there arein�nitely many n su
h that log V S(en) 6 n, we easily see that this 
ondition is equivalent tothe 
ondition ∫∞ r dr

log V S(er)
= ∞.Corollary 22. Let (M, g) be a strongly 
ausal Lorentz manifold satisfying the 
omplete-ness assumption (H) and the volume growth 
ondition: ∫ ∞ r dr

log V S(er)
= ∞. Then all

Θ-di�usions with a bounded Θ are sto
hasti
ally 
omplete.It is easy to see that this volume growth integral 
riterion does not depend on the 
hoi
eof Φ0 ∈ OM. Contrary to Proposition 20, it relies on the horizontal expansion and not onthe verti
al expansion. This 
riterion does not apply to Gödel universe, for whi
h log V S(er)is of order er; the non-explosion 
riterion of �3.2 
overs the 
ase of that spa
etime. Corollary22 applies for example to Lorentz manifolds whi
h are topologi
ally R1+d and have a pseudo-metri
 g su
h that g, g−1, and the �rst order derivatives of g with respe
t to the 
anoni
al
oordinates are bounded, sin
e then log V S(er) is of order r, as is the 
ase in Minkowskispa
etime. Referen
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