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(xB , yB , zB)

2 943{L�I @�T�2g<C;VB:3
K0t,;AHZ2R÷ √

(xB − xA)2 + (yB − yA)2 + (zB − zA)2
2G3gL&I ;A@N3:B52R<C;VB:3p÷

c(tB − tA)
s&<C@�W/95X-@�2|He;�~�WZ3:2�9:9:2|LN@i94W/tATC;AH

2 943�O0>ATC9435;AT-3:2AsNK t,;AHZ2�÷
c
b?z{T�;RLN>ATCO
c2(tb − tA)2 −

(
(xB − xA)2 + (yB − yA)2 + (zB − zA)2

)
= 0.

4�W�H�I >ATPB:2 <M8 B:2#HZ2�9�K ~AK0TC20QR20T-359
A

2G3
B

L�;ATC9\@�TP;A@N3:B526B5KGh�K B:2 T-3:W/20H�;ALNQRWe9:9:WZDCHZ2�<C;VB\H/20@�BdOG>�>ABjLN>,T�T�K02�9
(t′A, x

′
A, y

′
A, z

′
A)2G3

(t′B , x
′
B , y

′
B, z

′
B)

s�>,T�LN>,W%3�;A@C9594W&;v~,>AW/B
c2(t′b − t′A)2 −

(
(x′B − x′A)2 + (y′B − y′A)2 + (z′B − z′B)2

)
= 0,

<�@�We9:X-@�2yHe;R~-WZ3:2�9:9:2�LN2yH/;RH/@�QRW/80B52�Un2 943�;V@C9594W&O0>ATC9435;AT-3:2As�K t,;VH/2�÷
c
b���T�OG2�9�3:2 B:QR2 9 sNH/2�<M>-9F35@�H/;V3{mS94W/tAT�WZ[C2�X-@�2

c2(tb − tA)2 −
(
(xB − xA)2 + (yB − yA)2 + (zB − zB)2

)
> 0

94WJsN2G3�9:20@�H/20QR2 T,3�9:WJs
c2(t′b − t′A)2 −

(
(x′B − x′A)2 + (y′B − y′A)2 + (z′B − z′B)2

)
> 0.@=@C9594W�HJI 2 9:<C;AO02v]�3520QR<C9

R × R3 2�9F3:®JW/H&TC;V3:@�B520H/H/20QR20T-3�Qg@�TCW�LN2yH/;Sh�>,B:QR2�X-@C;AL�B5;V3:WeX,@C2
q(t, x, y, z) = c2 t2 − (x2 + y2 + z2),

LN2�9:W/tATC;V3:@�B52
(1,−3)

b,�6HZH/2{<?20B5QR2G3�L�I ;A9594>NOGW/20B�÷POj7M;AX-@�2�<?>AW/T-3
A ∈ R×R3

H/2Sq�LN20QRWZ®Ñu4OFEATC2
C>0(A)

LN2y9:>AQRQR2G3
Ah�>AB5QSKf<C;AB�HZ2�9�K0~,K0T�2 QR20T-359

B
W/TN�C@�2 T900;AD�H/2 9d<C;AB

A
=
C>0(A) =

{
B ∈ R×R3; q(B−A) > 0

} b	@�~A2 OfO02 9dT�>A35;^35WZ>,TC9 s
H/;ROGHe;A959:2yL�2 9fB5KGh�K0B520T-35WZ2 H/9�;,LNQRW/9594W/D�H/2 9�2 943=HJI 2 TC942 QgD�H/2�LN2 9

C∞ ®ÑLNWZY?K >AQR>AB5<�7�We9:QS2�9
f

LN2
R × R3

3520He9=X-@�2

q(B −A) > 0 ⇐⇒ q
(
f(B) − f(A)

)
> 0.

q ? b 8Cb ? u
z{T�<?>,9:2

c = 1
L�;VTC9fHe;|9:@�W%352As�O02pX,@CW�B:2 ~-W/20T-3=÷R<�B520TCL�B:2

(ct, x, y, z)
OG>,QRQS2�O0>->,B5L�>AT�T�K 2 9f9:@�B

R × R3 bc�2 9f35B:>,W/9#3FU�<?2 9=9:@�W/~v;AT-359�LN2y35B5;ATC9Fh�>,B:Q|;V3:W/>ATC9#~AK B:WZ[C20T-3=OG2034352pOG>ATMLNW%35WZ>,T&b
Ü c&2�9f3:Bj;VTM94He;^35WZ>,TC9fLN2

R × R3
b

G7HJI KML<NPO�QSRUT�V�NPWUX<Y�WUL	T[Z\T^]_T�R`KbacW d\W acegf<Y�ThacacT�diW acT7QcQjT
c
T7QPa_R`KJk!l�k!T.ZmKMX\Q_acngo\a_Ncehp2e�NcT�XFajWUT�RqT�X�acNjKMX\QjR`KbacWUngX>o<X<W p2ngNck!TJrsLmKMNBNcKML<LtngNPa�KMoNPehpse�NPT�X�acWUT�RuY7KMX<ngX<WUv�o<T[Z<ngX<X<e[L<KMNwRUT.LtngQcaco<R`Kba

1 xhy<z|{ ngWUQjWUQcQjngX<Qwo\X�acT�R�NPehpse�NPT7XFacWUT7R�f<T7X�acNjKMX<QcR`KbajWUngX�o<X<W p2ngNck!TSZmKMX<QwR`K�Z<WUNcT�YhacWUngX x
f\KMRUR`KMXFa} d\W acT�QjQcT

v yt~ W	R�I ngX�T7XFdFngWUT[Z<T�L<o<WUQBRUT�Y�T�XFajNPT[Z<o�Ncehp2e7NPT�X�acWUT�Rqk!ng�<WURUT_o<X�QcWU�gXmKMR�KMRUR`KMX�a } R`K�diW ajT�QjQcT�Z<T�R`K^RUo<k!WUO�NPT.Tha_QjT.L\NcngLmKM�gT7KMXFa�ZmKMX\QR`K�Z<WUNPT7YhacWUngX
x
f�RUT+QjWU�gX<KMR�Z<ngW a�K�dFngWUN^R`K�diW ajT�QjQcT

c
f�dio�Z<T�L<o<WUQ�RUT-NPe�p2e�NcT�XFajWUT�RwY7KMX<ngX<WUv�o<T>rsV�NPWUX<Y�WULtT!Z<T�]_T�R`KbacW d\W ace x fuKMRUngNcQ�v�o<T+R`K�RUngW9Z<TY�ngk!LtngQjW acWUngX�Z<T�Q_diW ajT�QcQjT�QSX\ngo<QSZ\W aSv�o<T[RUT[QcWU�gXmKMRuK-Ltngo<NwdiW ajT�QcQjT

c + v ym� I e��FKMRUW aje c = c + v
X<T[LtT�o\a.K7dFngWUNBRUWUT�o�v�o<T^QjW

c = +∞ y�
(tA, xA, yA, zA)

QjngXFa_RUT7Q_Y�ningNPZ<ngX<X\e7T�Q�Z\o�LtngWUX�a
A
ZmKMX\QSRUT[NPehpse�NPT7XFacWUT7RqZ\ngX<X<e^LmKMNBRUT[LtngQcaco<R`KbaJ� y
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Ü c&2�9=LNW/H/;V35;V3:W/>ATC9
ξ ∈ R × R3 7→ λξ ∈ R × R3

s
λ 6= 0

b
Ü c&2�9�We94>,QSK03:B5WZ2�9fLN2

q
=
SO(1, 3) = {g ∈ GL(R4) q(g(ξ)) = q(ξ), ∀ ξ ∈ R × R3}

b
SO(1, 3)

2 943r@�TËt,B:>,@�<M2�LN2�Q|;V3:B5W/O02 9|LN>,T,3rHJI ;VH/tA80DCB:2�LN2�c�WZ2
so(1, 3) =

{(
0 tζ
ζ M

)
; ζ ∈ R3,M ∈ so(3)

} 2 943
20T�t,20TCLNB5K02�<C;AB=LN20@Nx�94>,B4352 9fL�I K0H/K0QR20T-3j9)=

Ü H/2 9��\�u�9
Vÿ7

E1 =




0 1 0 0
1
0 03

0




s
E2 =




0 0 1 0
0
1 03

0




203
E3 =




0 0 0 1
0
0 03

1




sN>��
03

2 943fHJI ;V<�<�H/WZ®

O0;V3:W/>AT�T�@�HZH/2pLN2
R3 s

Ü H/2 9�ú<�Mÿb�?ÿ��7�Mþ�
�
g�B�?ÿ��7����ý�
��Ñþ��yþ��Fÿ:û�
m�h������ý�
�=
E1,2 =




0 (0)
0 1 0

(0) −1 0 0
0 0 0




s
E1,3 =




0 (0)
0 0 1

(0) 0 0 0
−1 0 0




2G3
E2,3 =




0 (0)
0 0 0

(0) 0 0 1
0 −1 0




b

z{T'LN>AWZ3�÷��?202 QR;ATiÎU��202 Ï	�^Ð�He;r<CB:2 @�~A2gL�@�h�;VWZ3�X-@&I WZH\T&I U�;|<C;A9�L�I ;V@N35B:2�9�35B5;ATC9Fh�>,B:Q|;V3:W/>ATC9=95;^35W/94h�;VWe95;VT-3=H/;nB:2 H/;V3:W/>AT
q ? b 8�b ? u�X-@�2yH/2 9=O0>AQR<M>-94K 2 9fLN2y35B5;ATC9Fh�>,B:Q|;V3:W/>ATC9�LN@�3FU�<M2�<�B5K O0K LN2 T-3 b
�)�&ÞM
������{�����b��¦�¦�× Ô��J��� �6¦-¦q����� ø ß �Mé^åNçÑá
¡0è ¢0ájìGçJè�é^êËëAá

R × R3 â0æ^çJèeâ�ðGæVèeâ0æ^êCçyïZæ'í:á0ïZæ^çJè�é^ê q ? b 8Cb ? u äGåCá0ï ânä0åCá
âGéVè�áGêMç�ïZáGâ=òCé^è�êCç�â

A
á0ç
B

áGâwç�ïZæ�ìjé^ô�ò�é^âGãjárë�ñ åNê¼ê?é^ô£¡0í:á+¤�êMè�ëAáSçJí:æVê�âwïZæ^çJè�é^êCâM¥�ë,árë^è�ïZæVç æVç�è�éVê�â|áGç�ë�ñ èeâGéVôRã0çJíwè�áwârëAá
ïZæ=ðGéVíwôRáRä0åCæAë^í5æ^çJè�äGåCá

q ¦¨§g© öz{T�T�2gB52G35WZ2 T-3�2 T'<�Bj;^3:WeX-@�2PX-@�2PHZ2StAB5>A@C<M2gL�2 9�W/9:>AQRK03:B5WZ2�9�;m�|T�2�9{L�2
q
s�20TCtA20TMLNB:Kg<C;VB�HZ2�9=35B5;ATC9:H/;V3:W/>ATC9�2G3yHZ2�9

W/9:>AQRKG35B:W/2 9�LN2
q
b�z{T�TC>V3:2

G0
OG2StAB5>A@�<?2Ab�c�I 2 9:<C;,OG2v]v3:2 QS<M90s?Qg@�TCW�LN2S95;nh�>AB5QS2RX-@C;AL�B5;V3:WeX,@C2

q
203yL�2R9:>AT�tAB5>A@�<?2L�I We9:>AQRKG35B:W/2 9�;t�RTC2 9 sN2 943fTC>V3:K

R1,3
b

2 Ò � ��ªS«M¦�×�¦ � ¡ Ô ¥ Ö�Ô ¡ �?Ø�¬^¦ �\Ô ¡iª�¬^¦-¥ Ü 1#2�tAB5>A@C<M2�LN2�35B5;ATC94h�>AB5QR;V3:W/>ATC9�LN26H�I 2 9:<C;AO02v]v3:20QR<C9�;AtAWZ3�94@CB&H�I 20TM942 QgD�H/2
LN2 9fOG>,@�B5DM2�9

γ : R>0 → R1,3 sNTC>ATnTCK OG2�9:95;VW/B520QR20T-3�O0>AT-3:W/T�@�2 9 s-20T�20T�~A>^U-;VT-3
γ

94@CB
ϕ ◦ γ

sN9:W
ϕ ∈ G0

b�1{I 2 943=L�;VTM9�O02
h�;VWZ3�X,@C2�t,K0>,QSK03:B5WZ2y203f<CB:>,DC;VD�W/H/W%35K 9�9:2�B520TMOG>AT-35B:2 T,3�b

Í{>ATCT�>ATC94® T�>A@C9{@�T�QS>,@�~A2 QR20T-3�;AHZK�;^3:>,WZB52As?LNKG[MT�Wd<C;VB�@�T�2Ph�;VQRW/HZH/2
{Pξ}ξ∈R1,3

LN2S<�B5>ADC;AD�WZH/WZ3:K 9{LN>ATCTC;VT-3yH/;nHZ>,W
L�I @CT�2�3:Bj;^EF2 OG3:>,WZB52�We9:9:@�2�LN2

ξ
b�¬{@�2�L�>AWZ34® >ATgW/QR<M>-942 B\÷�OG2034352#h�;AQRWZH/HZ2f<?>A@�B�X-@�2�H�I W/QR;AtA2�<C;VB

ϕ ∈ G0
L�I @�T�2�3:Bj;^EF2�Ow3:>,WZB52

W/9594@C2yL�2
ξ
;AW%3�QR}0QR2�H/>AW&X-@&I @�T�2y3:Bj;^EF2�Ow35>AW/B:2�W/959:@�2�LN2

ϕ(ξ)
sCX-@�2 H�X-@�2�94>,W%3

ϕ ∈ G0 ­� T-35K0B52 9594>,TC9F® T�>,@C9�<CHZ@C9y<M;VB:3:WeOG@�H/WZ8 B:2 QR20T-3y;A@Nx�OG>,@�B5DM2�9�;VH/K ;^35>AW/B:2�9{O0>AT-3:W/T�@�2 9yLN>,T-3�He;�OG>AQR<?>,95;VT-3:2P3:2 QR<M>,B:2 HZH/2
OGB5>m;e3�943:B5WeOw3:2 QR20T-3=L�;VTC9f@CT�O020B:35;AWZT�B:K0h�K0B520T-3:W/20H�q�LN>ATMO�L�;VTC9�35>A@C9juwb

Í�;VTM9gHJI 2�94<M;AOG2^]�3520QR<C9�2 @COGH/W/L�WZ2 Ti>	�iH/2ntAB5>A@C<M2
G0

2�9F3SB:2 QR<�H/;,OGK|<C;ABpH/2ntAB5>A@C<M2
G ®q¯�°h± LN2 9gW/9:>AQRK03:B5WZ2�9p;m�|T�2�9

20@CO0HZWeLNW/20T�T�2�90sMHZ2g3:2 QS<M9=2 943�H/2gQR}0QR2gLC;VTC9=3:>A@M9=H/2 9=B5KGh�K B:2 T-3:W/20He9BA�>,T�HZ2SOj7�>AWe94WZ3{O0>AQRQR2p<C;VBj;VQRK03:Bj;VtA2yLN2�9�OG>,@�B5DM2�9
;VH/K ;^35>AW/B:2�90s X,@C26HJI >,Tp<M2 @N3\9:@�<�<?>,9:20BdOG>,QRQS2 TCOG2 B�;A@y3:20QR<C9

0
bv1#2G3:3:2f94W/QR<�H/W%[MO ;^35WZ>,Tyh�;VWZ3:2Asv>,TpOj7�20BjOj7�26X-@�20H/H/2 9�HZ>,W/9�94@�B

C(R>0,R3)
9:>AT-3�W/T-~^;AB:We;VT-3:2�9�<C;VBfHJI ;,Ow3:W/>AT�LN2�9�W/9:>AQRK03:B5WZ2�9�;t�|T�2 9f2 @COGH/W/L�WZ2 T�T�2 9 b?z{T�T�2y<M2 @N3{;A<�<M>,B43520B�LN2yB5K0<?>ATC9:2

94W/QR<�HZ2r÷�O02G3:3:2|W/T,3520B5B:>,t,;V3:W/>AT�95;VTM9yWZQR<?>,9:20BpX-@�20HeX-@�2 9gOG>ATMLNW%35WZ>,TC9p9:@�B�He;�TC;^35@�B:2|LN@iQR>,@�~A2 QS2 T-3�;AHZK�;^35>AW/B:2i²Vb\z{T
>ADN35WZ2 T,3�@�TC2|B:K <M>,TC942R95;^3:We94h�;VWe9:;AT,352S9:W�HJI >,Tk9:2RB:2�9F35B:2 WZT-3p;V@�x�LNW%Y�@C9:WZ>,TiLN2´³�2 HZH/20B:® Í{U�T�`�WZT�µ^b�Í�;VTC9�O02rO0;AL�B:2,s?>,T�H/WZ3
94@�B�H/2�tAK T�K0Bj;^3520@�B

L
LN2yHe;SL�W%Y�@C9:WZ>,T�HJI WZT�~^;VB5W/;ATCOG2�LN2�9fHZ>,W/9�L�@�QR>,@�~A2 QS2 T-3f<M;VB�HJI ;,Ow3:W/>AT�LN2�9fW/9:>AQRKG35B:W/2 9>=

{
∀ϕ ∈ G ®q¯�°h± , ∀−→ξ ∈ R3, ϕ∗(P−→

ξ
) = P

ϕ(
−→
ξ )

}
⇐⇒

{
∀ϕ ∈ G ®q¯�°h± , ∀ f ∈ C∞

c (R3) , L(f ◦ ϕ) = (Lf) ◦ ϕ
}
.

¶g·SnMacT�NSv�o<T[Y�T�a { e�ngNcO�k!T^X<T[NPT7Y�v�o<WUT�NPa�KMo<Y�o<X<T^NPe7�go\R`KMNcW ace-KJL<NcWUngNPWuZ<T[R`K�LmKMN¸a.Z<T f y¹Fº o�I ngX>LtT�X<QcTJKMoi»>L<NPniY�T�QjQco<Q�Z<T�¼)KMNP½gn5d	f�KMo\»�L\Ncn�Y�T7QcQjo<Q.X<ngX)¼)KMNP½gn5diWUT7X\Q�Y�ngk!k!T[Y7T�o\»�v�o<WqZ<e�LtT7X\Z<T�X�a[Z\T�acngo\a�RUT�o<N_LmKMQcQjegftThajY y� T7o\NcQ_QcacNco\Y�aco<NPT�Q�QjngXFaSacNPO7Q_Z<W ¾	e�NcT�XFajT�Q y¿bÀ RuQ7I KM�gW aSZ\T7QSL<NPniY�T�QjQco<Q.Z<T�¼)KMNP½gn5d�Y�ngX�acWUXio\Q5ftZ<ngXFa.RUT[Z\ngk�KMWUX<T[Z<o>�ge�X<e�NcKbajT�o<N�Y�ngXFajWUT�XFa�R�I T�X<QcT7kJ�<RUT[Z<T�QBpsngX<YhacWUngX<Q.Z\T�Y�R`KMQcQjT
C∞

f} Qjo<L<LtngN¸a.Y�ngk!LmKMYha y	z ThacacT^Z<e�X<ngk!WUXmKbacWUngX�T�Qca_Y�T�RURUT[KMZ<ngL\ace�TJLmKMNS]Bng�gT7NPQSÁÃÂ�WURUW`KMk!Q�ZmKMX<Q^Ä ]�Â�ÅgÅMÆ¨f zw{ KML y 3 y
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L
2 943#@�Tn>A<?K0Bj;^3:2 @�B6LNWZY�K0B520T-3:W/20H�LN@n9:2 O0>ATCLR>,B5LNB52As,÷pOG>�2F�rO0WZ2 T,3j9#O0>AT-3:W/T�@C9 b,c�I W/T-~^;AB:We;VTCO02=LN2

L
<M;VB6H/2 9�3:Bj;VTC9:He;^3:W/>ATM9

T�>A@C96LNW%3fX-@�2�9:2 9�O0>-2��rOGW/20T-359#94>,T,36O0>ATC9435;AT-359 bV��Tr@N35WZH/We9:;AT,3#H/;y35B5;ATC94h�>AB5QR;V3:W/>ATRLN2�³C>A@�B5WZ2 B�2G3#H�I WZT�~^;VB5We;VTCO02=LN2
L

<C;AB
H�I ;AOG3:W/>AT�LN2 9fWe94>,QRKG3:B5W/2 9f20@MOGH/W/LNW/20TCT�2 9 s�>AT�QR>AT-3:B52�;VH/>ABj9fX,@C2

L
LN>,W%3=}03:B52y@�T�Qg@�HZ3:W/<�H/2�<M>-94WZ3:WZhdL�@�c�;V<�He;AO0WZ2 T9Ç^b

�)��ÞC
����9��� È�ßnà�áwâ�â0áGåNï â�éjò�ã0í:æ^çÑá0åNíjâ'ëVè É�ã0í:áGêMç�è�á0ï â�ë&ñ éVí:ë^í5á
2

âjåNí
R3 ¥fòCévâwè�çJè ð5âM¥gè�êCî^æ^íwè�æVêCç�âPòCæ^í�ï:ñ æAì0ç�è�éVê ë,áwâ

èeâGéVôRã0çJíwè�áwâPæ7Ê!ê�áwâgá0åCìGï è�ëVè�áGêMê?áGâyâGéVêCç�ïZáGâyôSåNï çJè ò?ïZáGâ�ò�é^âwè�ç�è ð5âPëVå�ïZæ5ò�ïZæAì0è�áGê�ö
4N>AWZ3

c > 0
b�c�I >A<?K0Bj;^3520@�B

c4
2�9F3RH/2ntAK T�K0Bj;^3520@�BSLN@!<CB:>NOG2�9:9:@C9

{wc t}t>0
sd>��

{ws}s>0
2 943P@�T�QS>,@�~A2 QR20T-3

D�B:>^a�TCWZ2 T�9:@�B
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ALN2

H

µ ? ν(A) =

∫
ν(Aξ̇)µ(dξ̇),

òbó�ngWUN^Ä À dFT7ôgõMÆ¨f z|{ KML y 4 yGPö z I T�Qca_R } o<X\T[Z<eh÷mX<W acWUngX>Z<T SO0(1, 3)
fmv�o<W�T�QPaSR`KJY7ngk!LtngQjKMX�acT[Y�ngX<X<Th»\T�Z<T À Z�ZmKMX<Q

SO(1, 3) yGhG À R�T�QPa.Qcngo<Qcø¨T�XFajT�X<Z\o>WUY�W�Y�ngk!k!T.ZmKMX\QSR`K�Qjo<W acT[vio\T[R�I ngX�Y�ngX<QjWUZ\O7NPT^o<X<T[k!T�Qjo\NcT^ù|ngNPe�RUWUT7X\X<Tgf
σ
øs÷mX<WUT y
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>	�
Aξ̇ = Tξ̇(A)

sM203
Tξ̇

2�9F3�T�I W/QR<M>,B4352gX-@�20H/HZ2gW/9:>AQRKG35B:W/2gLN2
H
sMOj7�>,W/9:WZ2pO0>AT-3:W/Tuû�QR20T-3�2 T�h�>ATCOG3:WZ>,T'LN2

ξ̇
s�X-@�W�2 T�~A>AW/2

ξ̇
9:@�B

ε0
b�c�;P<CB:>,<�B:W/KG35Kpmg<?20B5QR2G3�LN2�B5K0K�OGB5WZB52�He;R<�B5>A<�B5W/KG3:KyLN2p_';AB:`,>^~|94>,@C9fH/;Ph�>,B:QR2

Ps ? Pt = Ps+t.

@=@C9594WJsCOj7C;,X-@�2{<CB:>,DC;VD�W/H/W%35K
Pt(ε0, .) 1 D 2�9F3:®J2 HZH/2yWZTN[MT�WZQR2 T,3�L�WZ~�We94W/D�H/2£=

∀ n > 1, Pt(ε0, .) = P t
n
(ε0, .) ? · · · ? P t

n
(ε0, .).

ü ;AB:<?20H/W/~-WeOj7&si4�Oj7-@CB&2G3���@N35@�DC;VH/W/Tp>AT-3�LN>,T�T�K6L�;ATC9�Î ü ��ý�:tþ^Ð,@�T�2#O0;VBj;AOG3:K B:We9:;V3:W/>AT�LN2�HJI 2 TC942 QgD�H/26LN2�9&<�B5>ADM;VD�W/HZWZ3:K�9B5;,LNW/;AHZ2�9�9:@�B
H

W/TN[CT�W/QR20T-3�LNW/~-We9:WZD�H/2 9 sV;VTM;VH/>AtA@C2#;V@g3:7�K >AB580QR2fLN2�c&K0~�U-® ü 7�WZTMOj7�WZT�b^1#>AQRQR2f94>,TP;VTM;VH/>AtA@C26B5K020HJs^OG20343:2
O0;VBj;AOG3:K B:We9:;V3:W/>AT�942ph�>AB5Qg@�H/2g2 T�3:20B5QR2 9�LN2p35B5;ATC94h�>AB5QSK 2pLN2'³C>A@�B5W/20B�bMc&2gB5E,HZ2gL�2 9�h�>ATCOG3:W/>ATC9

eiλ.
sC~,2 Ow3520@�Bj9=<CB:>,<�B:2�9

LN@�H/;A<�H/;,OGW/20T�;A9594>NO0WZKy;V@Nx�~v;AHZ2 @�Bj9f<�B:>,<�B52 9
−λ2 s�2 943dEF>A@�K�<M;VB�H/2 9�h�>ATMOw3:W/>ATM9�94<�7CK0B5W/X-@�2�9

Fλ(ξ̇) =
sin(λρ)

λ
947

(ρ)
, Fλ(ε0) = 1, F0(ξ̇) =

ρ9:7
ρ
,

q ? b 8Cb m,u
>	�

ρ
2 943{He;nLNWe9435;VTMOG2g7�U�<?20B5DM>,HZWeX-@�2gLN2

ξ̇
÷
ε0

203
λ

@�T�TC>AQgDCB:2gO0>AQR<�H/2GxN2p3520HdX-@�2
|=m(λ)| 6 1

b�c�;rh�>ATCOG3:W/>AT
Fλ2 943�H/;n942 @�HZ2yh�>,TCOw35WZ>,T�B5;,LNWe;VH/2�~A2 OG3:2 @�B=<�B5>A<�B52pLN2

4H
sM;,9:9:>NOGW/Kp÷|He;R~v;AHZ2 @�B�<CB:>,<�B:2

−(1 + λ2)
b?c�;R35B5;ATC9Fh�>,B:QRK 2pLN2

³�>A@CB:W/20B�L�I @�T�2�<�B5>ADM;VD�W/HZWZ3:KyBj;ALNWe;VH/2
µ

2�9F3�LNK0[CT�W/2�<M>,@�B
|=m(λ)| 6 1

<C;AB�He;Sh�>AB5Qg@CHZ2

µ̂(λ) =

∫
Fλ(ξ̇)µ(dξ̇).

q ? b 8Cb /-u
�)�&ÞC
�������� ÿ �F© Ô ¬�Ú#¦-¥�¦�«&Ø�¤ � ��� ¤ � ª�¬ ��� ª�¡iª ù Ô ¥�Ø �J�
� © ��� ë	�9� ø ß ñ�ê?á|ò?í5é	¡jæ	¡0è�ï è�çÑã¼í:æAëVè�æ^ïZá!áwâwçRè�êi¤6êCè�ô|áGêMç

ë^è�î�èeâjèP¡0ïZáPâwè�¥�á0ç�â0á0åNïZáGô|á0êCç�âwè�¥

log µ̂(λ) = (1 + λ2)α−

∫ (
1 − Fλ(ξ̇)

)
Q(dξ̇),

é�

α > 0

áGç
Q

áwâwç6åNê�á�ô|áwâwåNí:áfò�é^âwè�ç�è�î^ág¥�í:æAëVè�æ^ïZáF¥#çÑá0ï�ïZáPä0åCá
∫

ρ2

1 + ρ2
Q(dξ̇) <∞.

C >V35>ATC9
{ξ̇s}s>0

H/2p<�B5>NOG2�9:9:@C9=LN2p_�;VB5`A>^~nO ÷ALNHe÷VtrLN>,T-3
{Ps}s>0

2 943=He;Rh�;VQRW/HZH/2gLN2�9=T�>^U-;V@Nx�L�2�3:Bj;VTC9:WZ3:W/>AT&bCc�;
O0;VBj;AOG3:K B:We9:;V3:W/>AT�LN2 ü ;VB5<M2 HZ2 ~�W/Oj7&s<4NOj7�@�B\2G3���@N35@�DC;AHZW/TSL�2 9�T�>^U,;A@NxyL�2635B5;ATC94WZ3:W/>AT

Ps

;ALNQR2G3d@�TP<M2 TCL�;VT-3�LNU�TC;VQRWeX-@�2
L�;VTC9�HZ2�X-@�20H

{ξ̇s}s>0
2 943{LNK O0B:WZ3{O0>AQRQR2pH/;n94>,HZ@N35WZ>,T'L�I @�T�2gK�X-@C;^35WZ>,T'LNW%Y�K0B520T-35WZ2 HZH/2g943:>NOj7C;A943:WeX-@�2pOG>,TCLN@�WZ3:2P<C;VB�@�T

QS>,@�~A2 QR20T-3�DCB:>^a�T�W/20T�2G3�@�Tk<�B:>NO02 9594@C9�LN2Í�d>AWe9:9:>AT�b�1#20343:2|LN2�9:O0B:W/<N35WZ>,T�LNU�TC;AQSWeX-@�2RLN2
{ξ̇s}s>0

<?20B5QS203yL�2S~,>AW/B
HZ2y<�B5>NOG2 959:@C9fOG>AQRQR2�H/;)3:OG>AQR<?>,9:K02F6{L�I @CT�QR>,@�~A2 QS2 T-3�D�B5>^a�T�W/20T�94@�B

H
2G3�L�I @�T�<�B:>NO02 9:9:@C9fLN2�95;V@N3�Bj;ALNWe;VH�9:@�B

H
A20H/HZ2y2 943�LNK035;VW/H/HZK 2yLC;VTC9�He;S<�B520QRWZ8 B:2�<C;AB435WZ2�LN2�HJI ;A<�<?20TCLNWeOG2
� ª\­�¥�¦,ª�Ù/¢S¬v¦�¢\ª�¥�¡ ¢ sN<&b����Mb

3 Ò î �?×iÚ6�M¬�¡�¦�×�¦ � ¡ Ô ¢ ª&×iÚ�¡��C¡�Ø��wª\¦ Ü 4NW�H/2�O0>AQR<?>AB:3:20QR2 T,3�;A9:U�QS<�3:>V35W/X-@�2kLN2
{ξs}s>0

2 943�LNW2�rOGW/HZ2¼÷
;V<�<�B5K07C20TCLN2 Bn;v~A2�O�HZ2�9r942 @�H/2 9rW/TNh�>,B:Q|;^35WZ>,TC9r9:@�B

{ξ̇s}s>0
LN>,T�T�K02�9|<C;ABrHZ2'3:7�K >AB580QR2'LN2 ü ;AB:<?20H/20~�WeOj7&s�4NOj7�@�Br203

��@N35@�DC;AHZW/T&s�>AT|<?20@N3�3:>,@N3�LN2�QR}0QR2{>ADN3520T�W/B#@CT�2{D?>ATCT�2{LN2�9:O0B:W/<N35WZ>,TrLN@�O0>AQR<M>,B43520QR20T-3#;,94U�QR<N35>V3:WeX-@�2{L�2
{ξ̇s}s>0÷PHJI ;VWeLN2�LN2�H/;R9:20@�H/2�<�B5>A<�B5W/KG3:K�mSL�I WZT�~^;VB5W/;ATCOG2,b

�)�&ÞC
������{��� � � ª�­\¥�¦-ª �-� � ª\­.���q� ��� � ¦��C¬^¦�× 9.2 � Ú�ß
261 �^� � ª\­�ÿ�Ïq� ��� � ¦��M¬v¦�× 3 � Ú�ß

3552 ø ß �!à�á�ò�í:é��
ìjáGâ5âwå�â

{ξ̇s}s>0
áGâjç#ç�í5æ^ê�âwè�á0êCçÑö

���Pé^çÑé^ê�â
(ρs, σs)

ïZáGâfìjé�é^í:ë,é^êMê?ãjáwâ�òCé^ïZæVè�í:áwâ�ë,á
ξ̇s

öNà�æpë^è�í5á5ì0çJè�é^ê
σs

ë,á
ξ̇s

ìjé^êMîvá0í�õ-á�ïZéVíjâ0äGåCá
s
çÑáGê�ë�îvá0íjâ#ï:ñ è�êi¤�êMè�ö

Gc�gº o<W�Z<ehajT�NPk!WUX<T
Pt(ξ̇, .)

fmvio\T7R�vio\T�QcngW a
ξ̇
�gN��MY7T } R`K�L<NPngL<NcWUehace-õJT�a } R`K^ajNcKMX<QcW ajW diW aje^Z<T[R�I KMYhacWUngX�Z<T

G
Qjo<N

H y
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z{TSLN>ATCT�26@�TC2#<�B520@C~A2#L�2�O02 9�3:7�K >AB580QR2 9\L�;VTM9�HJI ;A<�<?20TCLNWeOG2�� ª�­\¥�¦-ª�ÙZ¢=¬v¦�¢\ª�¥�¡ ¢ s <�b����Mb � H�2 943dL�W��rOGW/H/2�LN2�<?>A@C95942 B
<�HZ@M9�HZ>,WZT�HJI W/T�~A2�9F35WZt-;^3:W/>AT�94@CB=HZ2pO0>AQR<?>AB:3:20QR2 T,3=;,94U�QR<M>A3:WeX-@�2pLN@�<�B5>�O02 9594@M9 {

(ξ̇s, ξs)
}

s>0

94@�B
R1,d × H

sC9:>A@C9fH/2 9
942 @�HZ2�9�OG>,TCLNWZ3:W/>ATC9 ? 2G3{m�sN2G3�Í{@CLNH/20U�H/;AW/95942yH/2 9�Oj7�>-942�9�20T�H�I KG3j;^3=2 T

1974
q 1 § uwbz{T�T�>A3:2 B5;SLN>AB5K0TM;v~v;AT-3

us = (ξ̇s, ξs) ∈ R1,d × H
b

z{T�B520t-;VBjLN2�OG2�<�B5>NOG2 959:@C9fOG>AQRQR2�@�T�2g~v;AB:We;VDCHZ2�;VH/K ;V3:>,WZB52�L�KG[CT�W/2g9:@�B�@�T�2�94<C;,OG2yQR2 9:@�Bj;VD�H/2
(Ω,F)

s?÷R~v;AHZ2 @�Bj9
L�;VTC9

C(R>0,R1,d × H)
bM1#2G3=2 9:<C;,OG2�QS2�94@CB5;AD�HZ2y<?>AB:3:2y@�T�2yh�;AQRWZH/HZ2pL�2�<CB:>,DC;VD�W/H/W%35K 9

{Pu0}u0∈R1,d×H

sMLN>AT�TM;VT-3�HZ2�9
HZ>,W/9�LN2

{us}s>0
H/>ABj9:X-@�2=H/2 963:Bj;^EF2�Ow35>AW/B:2�969:>AT-3#We9:9:@�2�96LN2�9#<?>AW/T-359

u0 ∈ R1,d ×H
bNz{T�<M2 @N3�LNKG[CTCWZBfLN2 9f;A<�<�H/W/O ;^3:W/>ATM9

QS2�94@CB5;AD�HZ2�9
θt : Ω → Ω

s
t > 0

s�3520H/HZ2�9=X-@�2
us

(
θt(ω)

)
= us+t(ω),

X,@C20He9�X,@C2p94>,WZ2 T,3
s > 0, t > 0, ω ∈ Ω

bM1#2�9�>A<?K0Bj;^3520@�Bj9
θt

9:>AT-3=;V<C<M2 HZK�9�LN2 9>
��|�%ü,ÿ�
Cb
ÍPI @�T�<M>,WZT-3=LN2�~�@�2yh�>,B:QR20HJs�OVI 2 943=L�;VTM9fH/;S35B:W/D�@

τ
(
{us}

)
=

⋂

t>0

σ(us; s > t)

X,@C2�9:2�3:B5>A@�~,20T-3RHZ2�9RWZTNh�>,B:Q|;V3:W/>ATC9R9:@�B|HZ2�O0>AQR<M>,B43520QR20T-3r;A9:U�QR<N3:>A3:WeX,@C2�LN2�He;¼LNWZY?@C9:W/>AT
{us}s>0

b�1#2G3:3:2�3:B5W/D�@
90I ;V<�<?20H/H/2�He;�ÿFú��5�tç �9
� ��%��ÿb�Mÿ7�"!�ç\ý Ù9ç �\ú<� Ø ý�
m
mçS


{us}s>0
bc�;�3:B5WZDC@�;A9:U-QR<N35>V35W/X-@�2rO0>AT-3:W/20T-3p@�T�2�94>,@C9F®J3:B5W/D�@�W/T-3:K B:2�9:95;VT-3:2�=-�¸� ÿFú	�5�	ç#�Ñþ$#��Mú	�7�Mþ�ÿ:ý�b���HZH/2r2�9F3ph�>,B:QRK 2rLN2

H�I 20TC9:20QPD�H/2yL�2 9�K ~A80TC20QR20T-359fLN2
τ
(
{us}

) WZT�~^;VB5W/;AT-359�<C;VB�H/2 9�9:7�WZh�359
θt

=

Inv
(
{us}

)
=

{
Z ∈ τ

(
{us}

)
; ∀ t > 0, θ−1

t Z = Z
}
.

����
&%?*-������ß('�á0åNç��4éVênçJí:é^åNî^á0í�åNêrîvæVíwè�æ	¡0ïZá�æ^ï/ã5æVç éVè�í:á
Y
¥SÖgî^æ^ïZá0åNíjâ{ëAæVê�â�åNê�ìjá0íwç æVè�ê�áGâ�òCæAìjá ¦ åNê�á0ê�â0á0ôÍ¡0ïZáyë^èeâ0ì0í:áGçc¥

åNê?á�î^æ^íwè�ã0çÑãg¥6åNê�ágáGâJò�æ,ì5áRë,á*){æ^ê�æAìMÑ�ö�ö�ö © çÑá0ï�ïZáPä0åCáF¥�âGéVå�â�ìMÑ�æ,äGåCá=ò�í:é	¡jæ	¡0è�ï è�çÑã
Pu0��ïZáGâ�ç�íwèP¡0å�â

τ
(
{us}

) ¦ é^å Inv({us}
)© áGç

σ(Y )
ìjémÓ�ê�ìGè�ë,áGêMç+Ö�ëAáGâPáGêCâGá0ô£¡GïZáGâ

Pu0

�Ñô|áwâwåNí:ápêCåNï�ïZá�ò?íbæwâM¥��ïZænïZéVè6ëAá
Y

áGâjçfìjé^êCêMåCá�+
1#2n3:Bj;v~^;VW/H#LN2�3:7�8�942�;V<�<?>AB:3:2n@�T�2nB5K0<?>ATM942�÷'OG2�9PLN2 @Nxi<�B5>AD�H/80QR2 9gHZ>,B595X-@�2rH/2n<�B5>NOG2�9:9:@C9

{ξ̇s}s>0
9:@�B

H
2 943@�T�QR>,@�~A2 QS2 T-3�D�B5>^a�T�W/20T&b�c�2P357�K0>,B:8 QR2SLN2 ü ;VB5<?20H/20~�W%3jOj7&s���@�3:@�DC;AHZW/Tk2G3�4NOj7�@�B�LN>ATCT�2RH�I >ABjLNB52PLN2RtAK T�K0Bj;VH/WZ3:KRLN2

OG2gOj7�>,W%x =M>,T�T&I 2Gx�;VQRW/T�2gX-@�2pH/2 9�<�B:>NO02 9594@C9�OG>AT-35WZT�@C9�B5K0<?>ATML�;VT-3{;A@Nx�20xNWZt,20TCO02 9=LN2POG>ATM942 B:~^;^35WZ>,T�LN2pHe;|Q|;A95942�203
L�I W/T�~^;VB5W/;ATCOG2�<C;VB�HJI ;AOw35WZ>,T�L�2

G
b�z{T�t-;VtATC2{2 T�O0>AT-3:B52G® <C;AB435WZ2{3:>,@C9fHZ2�9f>A@N35WZHe9=LN@�O ;VHeOG@�H&943:>NOj7C;,9F35W/X-@�2,b

c�2�<�B:2 QRWZ2 BPD?K0T�K0[MOG2�L�I @�T�3:2 H=Oj7�>AWZxi2 943RHe;�B:2�LNK0QR>ATM9F35B5;V3:W/>AT�X-@C;A9:WZ®JW/QRQSK�LNWe;^3:2�LN@�3:7�K >AB580QR2 � L�2�Í{@CLNH/20U
94@�B�HZ2gO0>AQR<?>AB:3:20QR2 T,3�;,94U�QR<N35>V3:WeX-@�2gLN2

{ξ̇s}s>0
b�z{T�QR>AT-3:B52p20T�20Y?203{X-@�2g9:2 9=O0>�>ABjLN>AT�TCK02 9f<?>AHe;VW/B52 9

(ρs, θs)s>0~AK0B5WZ[C20T-3�HZ2�9fK X-@C;V3:W/>ATC9

ρs = ρ0 + wρ
s +

∫ s

0

O0>V3:7
(ρr) dr,

σs = Σ

(∫ s

0

dr9:7
ρr

)
,

>	�
wρ

2�9F3=@CT�QR>,@�~A2 QS2 T-3fDCB:>^a�T�W/20T�B5K020H�203
Σ

@CT�QR>,@�~A2 QS2 T-3=D�B:>^a�TCWZ2 T�9:@�B�He;S9:<�7�8 B:2
S2

s�W/TCLNK <M2 TCL�;VT-3�LN2
wρ

b
z{T�H/WZ3�94@�B=O02 9�K�X-@C;^35WZ>,TC9�X-@�2

ρs > ρ0 + wρ
s + s

s�3:20TML�~,20Bj9fH�I W/TN[CT�W�<�HZ@M9�~�W%352pX,@C2 s
2

sC2G3�X-@�2pLN>,TCOyHZ2pOj7M;VT�t,20QR20T-3
LN2y3:2 QS<M9 ∫ s

0
dr,.-
ρr

O0>AT�~A2 B:t,2�H/>ABj9:X-@�2
s→ +∞

b
GP¶ ß R`K!NPT7Y { T�NcY { T!Z<TJY�ngX<Z\W ajWUngX<Q[L\RUo<Q��ge�X<e�NjKMRUT�Q^T�X<Y�ngNcTgf�H.o<Z<RUThÜ KM�<KMX<Z<ngX<X<T-ZmKMX<Q�R�I KMN¸ajWUY�RUT�Ä H.o<Z0/21MÆ�R�I { Ü\LtnMa { O�QjT+Z�I WUX�dMKMNcW`KMX<Y�TJZ<T�QX\n5Ü�KMo\»�Z<T[ajNcKMX<QcW ajWUngX>L<KMNSRUT�QBWUQjngk!ehacNcWUT�Q_Z<T

H
T�a_Z<ngX\X<T^Z<T�Q.Y�ngX<Z<W acWUngX<Q_L<RUo<QBp�KMWU�<RUT�QBQjngo\QSRUT�Qjv�o<T�RURUT�QSR`KJZ<WUNcT�YhacWUngX

σs

Z<o�k!ngo\dFT�k!T�X�a
ξ̇s

Qjo<N
H
Y�ngXFdFT7NP�gT�rsv�o<T

{ξ̇s}s>

QjngW a_ngX�X<ngX�acNjKMX\QjWUT�X�a x y
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4N2 OG>,TCL'D?K0TCKG[MO02�=�>,T'<M2 @N3�B:20h�>AB5Qg@�H/20B�H/2P<�B5>ADCHZ8 QS2P<�B5K OGK�LN20T-3y20T�3:20B5QR2 9�;VTC;AHZU-35W/X-@�2�90sMh�;VWe9:;AT-3�W/T-3:20B5~A2 T�W/B{H/2
tAK0TCK0Bj;^3:2 @�B�LNWZY?K B:2 T,35WZ2 H&LN2 {

(ξ̇s, ξs)
}

s>0

b

Lf(ξ̇, ξ) =
4H

ξ̇
f

2
+ ∂ξf(ξ̇).

∂ξf(ξ̇)
U�LNK�94W/tATC2�He;RLNWZY?K B:2 T,35WZ2 HZH/2pLN2

f
<M;VB�Bj;V<�<?>AB:3=÷

ξ
sML�;VTC9fHe;RLNW/B:2�Ow3:W/>AT

ξ̇
b

����
&%?*-����� �y���^ß43Sã0ç á0íwôPè�ê�áGí�ï4ñ áGêCâ0áGô£¡Gï/áiëAáGâgðGé^ê?ì0çJè�é^ê�âé¡5éVíwê?ãjáGâ
h
¥Së,ãP¤6êCè�áGâ�âwåNí

R>0 ×
(
R1,d × H

) ¦ í:áGâJò�ö
R1,d × H © ¥�ç á0ï�ïZáGâPäGåCá

(∂s + L)h = 0 ¦ í:áwâJò&ö Lh = 0 © ö 1 ²
1#2034352=B:20h�>AB5Qg@�He;^35WZ>,TP2�9F3�20Y?2�Ow35@�K02�LC;VTC9�He;�9:2 Ow35WZ>,T�����b-z{TRUgQR>AT-3:B52=X-@&I @�T�2fh�>ATMOw3:W/>AT|D?>AB5T�K 2�~,K0B5W%[?;VT-3�H�I K X-@C;V®

3:W/>AT
(∂s + L)h = 0

2�9F3pW/TCLNK <M2 TCL�;VT-352rLN2
s
A&2 HZH/2|~AK B:WZ[C2|LN>,TCOSH�I K X-@C;V3:W/>AT

Lh = 0
bB@�@C9:9:W�T&I U�;V®�3:®JW/H�X-@&I @�Ti942 @�H
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(
{us}

) b
�RÞ�(����&�e����
��5��ßâñ\ê?á�ðGéVê?ì0ç�è�éVê

h : R1,d × H → R
¥#ëAáRìGï/ævâjâ0á

C2 ¥�ç á0ï�ïZáSäGåCá
Lf = 0

¥6áGâwçfëVè�ç á
L 6 �B�Mú	���Cþ��"!�ç\ý ö

c6I >,DNEF2 OG3:WZhfL�2|H/;�<C;AB435WZ2
2
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�RÞ�(����&�e����
��#�87�ß ñ�ê?á ü��Mþ Ø ÿ��7�Mþ

L 6 �B�Mú	���Mþ��"!	çdý��B��
m�Fÿ��9#�ý
h

áGâwç�ë^è�çÑá � �Ñþ��h�é����ý âwèfïZáGâgâ0áGåNï/áwâfðGé^ê?ì0çJè�é^ê�â
h′

L
�cÑ�æVíwôRéVêCè�ä0åCáwâM¥�òCévâwè�çJè�îváGâM¥#çÑáGï�ïZáGâgäGåCá

0 6 h′ 6 h
¥�â0é^êMç6ïZáGâ�ðGé^ê�ìGçJè�é^êCâ

λh
¥fæ^î^á5ì

0 6 λ 6 1
ö

z{T�~^;r35B:>,@�~A2 B�@�Tk20TC9:20QPD�H/2
{hα}α∈A

L�2gh�>,TCOw35WZ>,TC9
L
®J7M;VB5QS>,T�WeX,@C2 9=QRW/T�W/QR;AHZ2�90s�W/TCLN20x�KS<C;AB{@�T¼OG2 B43j;VW/T'20T�®

942 QgD�H/2
A
sC203=@�T�2�<�B5>ADM;VD�W/HZWZ3:K

ν1
9:@�B

A
sN3:2 H/9=X-@�2�He;Ph�>ATCOG3:W/>AT

1
s�W/L�20T-3:WeX-@�20QR20T-3=K t,;VH/2�÷

1
s�2 943=H/2�DC;VB5UNOG20T-35B:2yLN2 9

h�>ATCOG3:W/>ATC9
hα

=

1 =

∫
hαν1(dα).

q ? b 8Cb ��u
o�3:W/H/W/95;VT-3�LN2�9=B5K 9:@�H%3j;^3j9=LN2P1#7�>NX-@�2G3�94@�B�H/;RB520<�B5K 9:20T-3j;^3:W/>AT�WZT-35K0tABj;VH/2�L�;VTM9=H/2 9=O0>AT�~A20x�2�9fOG>AQR<C;,Ow3j90s�>,T�LNK LN@CW%3yLN2
H�I W/L�20T-3:WZ3:Krq ? b 8�b �-u�X-@�2�3:>A@�3:2yh�>ATMOw3:W/>AT

L
®J7C;AB:QR>,T�W/X-@�2{DM>,B:TCK02y2 943�LN2yH/;Sh�>,B:QR2

h(.) =

∫
hα(.)H(α)ν1(dα),

>	�
H

2�9F3�@�TC2yh�>ATCOG3:W/>AT�94@�B
A
s�D?>AB5K0H/WZ2 T�T�2AsCDM>,B:T�K 2Ab

: ª\¦-¥�¥�¦�¢�¢�� � ¡�¤,¦-¢y§ � � ¤A¡ Ø�� � ¢ hα
� Ü c�;�O0>AT�~A2 B:t,20TCO02#LN2

{σs}s>0
~,20Bj9�@CTS<?>AW/T-3�HZW/QRW%352

σ∞ ∈ S2
T�>A@M9dh�>A@�B5T�WZ3

@�T�2�WeLN2 T,35W%35K{LN@r3FU-<?2Rq ? b 8�b �-uwb-c�;�~^;VB5W/;AD�HZ2
σ∞

;,LNQR2G3�9:>A@M96Oj7C;,X,@C2=<�B5>ADC;AD�WZDCHZWZ3:K
Pu0

s
u0 ∈ H×R1,d

s,@CT�2{LN2 TC9:W%35K
σ ∈ S2 → hσ(u0)

<C;ABfB5;A<�<M>,B43f÷gHe;P<�B:>,DC;VDCWZH/W%35K{@CT�W%h�>,B:QR2
dσ

94@CB
S2

s�943:B5W/OG3:2 QS2 T-3�<?>,9:W%35WZ~,2Abq�d>A@CBfOj7M;AX-@�2
σ ∈ S2

s
H/;Ph�>ATMOw3:W/>AT

u ∈ R1,d × H 7→ hσ(u)
2 943

L
®J7M;VB5QS>,T�WeX,@C2As�2G3

∀u ∈ R1,d × H, 1 =

∫
hσ(u) dσ.

_';VWe9fHZ2�9�h�>ATCOG3:W/>ATC9
hσ

94>,T,3:®J2 HZH/2 9�20x-35B:} Q|;VH/2 9 ­G ¹ ]BT7k�KMNPv�o<T�NSv�o�I ngX�X\T�Qco<L<LtngQjT[L<KMQ
h
Z<T[Y�R`KMQcQjT

C2 y�; X<T[psngX<YhacWUngX h
dFe�NPW ÷tKMX�a.R`KJNPT�R`KbajWUngX

Lh = 0
ftKMo�QcT�X<QSZ\T7QSZ<WUQcacNPWU�<o\acWUngX<Q5fmT�QPaKMoiajngk�KbacWUvio\T7k!T�XFa_Z<T[Y�R`KMQjQjT

C2 y�< X�NPO��gRUT�Y�T�Q_vio<T�QPajWUngX<Q_Z<T^NPe7�go\R`KMNcW ace^ZmKMX<Q_R`K-QjT�YhajWUngX>=?= y
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4N>AWZ3
ϕ

@�TC2|B:>A35;^35WZ>,T�LN2
R3

bB�d>A@CB
ξ̇ ∈ H

s�L�2rOG>�>ABjLN>ATCT�K02�9{<?>AHe;VW/B52 9
(ρ, σ)

s�>ATkT�>A3:2
ϕ(ξ̇)

HZ2|<?>AW/T-3gLN2
H

L�2
OG>�>ABjLN>ATCT�K02�9#<?>AHe;VW/B52 9 (

ρ, ϕ(σ)
) b?1#2G3:3:2y35B5;ATC9Fh�>,B:Q|;V3:W/>ATn2�9F3�@�TC2�W/9:>AQRKG35B:W/2�LN2

H
bCo�35WZH/We9:;AT,3�He;RB:2 H/;V3:W/>AT

hϕ(σ)
(
(ξ̇, ξ)

)
= hσ

((
ϕ−1(ξ̇), ϕ−1(ξ)

))
,

~v;AH/;AD�H/2PX-@�20He9�X,@C2S9:>AW/20T-3
ϕ ∈ O(R3)

s
σ ∈ S2

s
(ξ̇, ξ) ∈ R1,d × H

s�2G3�H�I W/T-~^;AB:We;VTCO02PLN2
L

<M;VB�HJI ;AOw35WZ>,T�LN2
ϕ−1

94@CB
H×R1,3

s�>AT�~A>,W%3fX,@C2�HJI @�TC2�LN2�9#h�>ATCOG3:W/>ATC9
hσ

2 943#QRWZTCWZQ|;VH/2y94WJs�2G3�942 @�HZ2 QR20T-3�9:W�s-35>A@N352 9�HZ2�94>,T-3 bCz{Tr<?20@N3�LN>ATMO{9:2
OG>AT-3520T-3:2 B�LN2�~A>,WZB�9:W�He;�h�>ATCOG3:W/>AT

hε1(.)
2�9F3�QRW/T�WZQ|;AHZ2�>,@STC>AT 1 µVbNz{TS<?20@�36B:20h�>AB5Qg@�H/20BdHe;�LNKG[MT�W%35WZ>,T|L�I @CT�2�h�>ATMOw3:W/>ATM9

7C;VB5QR>AT�WeX-@�2{QRW/T�W/QR;AHZ2p9:>A@M9fH/;Ph�>AB5QR2
(F)

=
hε1(.)

áwâwç�ôSè�êCè�ô|æ^ïZá�âwè�¥&áGç�â0á0åNïZá0ôRá0êCç?âwè�¥CïZáGâ�â0áGåNï/áwâMðGéVê?ì0ç�è�éVê�â
h
¥B¡5éVíwê?ãjáGâb¥?îvã0íwè ¤#æVêCç�ï4ñ ã õ-æ^ï è�çÑã

L(hε1h) = 0
¥

âGéVêCç#ïZáwâgìjé^êCâwç æVêCçÑáwâ b
z{T�<?20@N3�O0>ATC943:B5@�W/B:2�@�T�2pL�W%Y�@C9:WZ>,T {

(ξ̇s, ξs)
}

s>0

9:@�B
R1,d × H

LN>,T,3=H/2ytAK T�K0Bj;^3520@�BfW/TN[CT�WZ3:K�94W/Q|;VH&2�9F3

f 7→
L(hε1f)

hε1
.

1#2G34352�LNWZY�@C94W/>AT�;�QR}0QR2nH/>AW�X,@C2nHe;'LNWZY?@C9:W/>AT�>,B:W/tAW/T�20H/H/2As�O0>ATCLNWZ3:W/>ATCT�K02r<M;VBgHJI K0~A8 T�20QR2 T,3�q�LN2�<�B:>,DC;VDCWZH/W%35KrT�@�H/HZ2vu
{σ∞ = ε1}

bMz{T�<C;VB5H/2yL�2pLNW%Y�@C9:WZ>,T�OG>ATMLNW%35WZ>,T�T�K 2�>,@�L�2
hε1 6 �dú<� Ø ý�
m
mç_
 1 Ç b?z{T�T�>A3:20Bj;

Pε1
95;PH/>AWJb

Í�;VTM96OG2=O ;ALNB52AsAHZ2�H/WZ2 T|QR20T-3:W/>AT�TCK�<�HZ@M9�7C;A@N3�20T-3:B52fh�>ATMOw3:W/>ATM9�7C;AB:QR>ATCW/X-@�2�9dDM>,B:T�K 2 9d203�3:B5WZDC@|WZT�~^;VB5W/;AT-3:2�LN>ATCT�2
LN2�H/;S<�7CB5;,942

(F)
@�T�2�~,20Bj94W/>AT�<�B:>,DC;VDCWZH/W/943:2,b

(F′)
=
hε1(.)

áGâjç�ábÔAçJíA@0ôRæVïZáyâwè�¥�á0ç�â0á0åNïZá0ôRá0êCç6âjè�¥#ïZænëVè É�å�âwè�é^êiì5éVê?ëVè�ç�è�é^êMê?ãjáSæ|åNê?ápç�íwèP¡0å�è�êCî^æ^íwè�æVêCçÑápçJíwè�î�è�æ^ïZá b
o�TÉ;AB:t,@�QR20T-3�9:WZQR<�H/2kL�2�Q|;VB:3:W/T�t,;AHZ2�QS>,T-3:B52�X-@�2�He;i35B:W/D�@ W/T�~^;VB5W/;AT,352'2 943 sf9:>A@C9�Oj7C;AX-@�2�<�B:>,DC;VDCWZH/W%35K

Pε1
u0

s
u0 ∈ R1,d × H

sN2 T�tA2 TCLNB5K02y<C;VB�H/2 9f~^;AB:We;VD�H/2 9f;AHZK�;^3:>,WZB52 9fLN2�He;Ph�>AB5QR2
lim

s→+∞
f(us)

>	�
f
2 943�@�T�2fh�>,TCOw35WZ>,TPD?>AB5K0H/WZ2 T�T�2,s^DM>,B:T�K 2AsV;AHZHe;VT-3�LN2

R1,d×H
LC;VTC9

R
q 1 ËvuwbA��T|94>,QSQR2,s^>ATSQS>,T-3:B52�X-@�2�He;{h�>ATCOG3:W/>AT

hε1
T&I 2�9F3{<C;A9�20x�3:B5}0Q|;VH/2p94W�H�I >AT�35B:>,@�~A2y@�TC2�h�>ATCOG3:W/>AT'X-@�W\OG>AT�~,20B5tA2|q�<�B52 95X-@�2p95û�B:2 QR20T-3jufH/2pH/>AT�trL�2 9�35B5;VEF2 OG3:>AW/B52 9LN2�H/;RLNWZY�@C94W/>AT�O0>ATCLNWZ3:W/>ATCT�K02y~A2 B59�@�TC2�~v;AB:We;VDCHZ2y;VH/K ;V3:>AW/B52�LN>,T-3=H/;SH/>AW�T&I 2 943=<C;A9�35B:W/~�W/;AHZ2,b
z{T�Oj7�>AWe94WZ3�@�T�;V@N35B:2p<M;VBj;VQRKG35B5;AtA2�LN2

H
X-@�2gH/2 9{OG>�>ABjLN>,T�T�K02�9�<?>AHe;VW/B:2�9�<M>,@�B�20xN;AQRWZT�2 B�H/2PO0>AQR<M>,B43520QR20T-3{L�2

H/;RLNWZY?@M94W/>AT�OG>,TCLNWZ3:W/>AT�TCK02Ab�c6I ;A<�<�H/W/O ;^35WZ>,T

ψ :
(
y, (x1, ..., x2)

)
∈ R>0 × R2 7→

(
|x|2 + y2 + 1

2y
,
|x|2 + y2 − 1

2y
,
x1

y
, · · · ,

x2

y2

)
∈ H

2 943f@CT�2�W/9:>AQRK03:B5WZ2y20T-35B:2yHJI 2�94<C;,OG2
R>0 × R2 sNQg@�T�W�LN2�H/;SQRKG35B:WeX-@�2yB:W/20Q|;AT�T�W/20T�T�2

U, V ∈ R3, (y, x) ∈ R>0 × R2, (U, V )(y,x) =
〈U, V 〉 ®q¯�°h±

y2
,

2G3
(H, q)

bz{T�@�3:W/HZWe942�H/26LN2 QRW%® 2 9:<C;AO02
R>0×R2

O0>AQRQR2�<C;VBj;VQRK03:Bj;VtA2dLN2
H
b Í{;ATC9&OG2�9&OG>�>,B5LN>,T�T�K 2 9 s5He;�h�>ATMOw3:W/>AT

hε1
(
(y, x), ξ

)
2 9436@�TrQP@�H%35WZ<CHZ2�LN2

y2
203#He;pLNWZY?@M94W/>ATnO0>ATCL�W%35WZ>,T�T�K02�2 9436B:K tAW/2=<C;AB6@�Tn9:UN9F3580QR2�L�I K X-@C;V3:W/>ATC9#LNWZY?K B:2 T,35WZ2 HZH/2 9#9F35>NOj7C;A94®

3:WeX,@C2 9 b

dys = ysdw
y
s +

3

2
ysds,

dxs = ysdw
x
s ,

dξs = ψ
(
(ys, xs)

)
,Gc¿M]_KML<LtT7RUngX\QSv�o�I ngX�X\nMajT

{ε0, ε1, ε2, ε3}
R`KJ�mKMQcT[Y5KMX\ngX<WUvio\TJZ<T

R × R3 yGPÚ < X�NjKML<LtT�RURUT^ZmKMX<Q_R�I KML<LtT�X<Z<WUY�TCBED�FHGHIKJ8LNMPOKGRQ4S8=?=	f\L y =?=	f\RUT[RUWUT�X�T�XFajNPT^Y7ngX\Z<W ajWUngX\X<T�k!T7XFaST�a h
ø¨L<NPniY�T�QjQco<Q yG Þ z ThacacT^RUWUk!W ajTST�»iWUQcacT[�<WUT�X P

ε1
u0

ø¨L<NPT7Qcvio\T�Q�T<NPT7k!T�XFa5f\vio\T7R�vio<T^QcngW a
u0 ∈ R1,d × H y
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>	�
wy

203
wx

9:>AT-3=LN20@Nx�QR>A@�~,20QR20T-359fDCB:>^a�T�W/20TM9#B5K02 H/9fW/TCLNK <M2 TCL�;AT,3j90b�z{T�QR>AT-35B:2�X-@�2yH/;Ph�>,TCOw35WZ>,T
Rε1

(
(ξ̇, ξ)

)
= q(ξ, ε0 + ε1)

OG>AT�~,20B5tA2S<�B:2�9:X-@�2|95û�B520QR20T-3pH/2|HZ>,T�t'LN2 9�3:Bj;^EF2 OG3:>,WZB52 9yLN2|He;�LNWZY?@C9:W/>AT�OG>,TCLNWZ3:W/>AT�TCK02|~A2 B59y@CT�2|~^;VB5W/;AD�HZ2|;AHZK�;^3:>,WZB52
Rε1∞

;vU,;AT,3f@�T�2�H/>AW�TC>AT�3:B5WZ~�We;VH/2Ab�c�;Ph�>,TCOw35WZ>,T
L
®J7M;VB5QS>,T�WeX,@C2

hε1
T&I 2 943�L�>ATCOy<C;,9f2Gx�3:B5}0Q|;AHZ2,b

z{T�B52G35B:>,@�~A2�÷|OG2G3:3:2y>NO0O ;A9:WZ>,Tn@�T�B5K 9:@�H%3j;^3=LN2pÍ{@Nh�B52 9:T�2yW/LN2 T-3:WZ[M;VT-3=He;PH/>AW&L�2�H�I WZT-35K0tABj;VH/2 ∫ ∞
0
ewu−cu du

sC>	�
w2 943f@CT�QR>,@�~A2 QS2 T-3fDCB:>^a�T�W/20T�B5K020H�203

c
@CT�2pOG>,TC9F3j;VT-3:2

> 0
b

c�;�~^;VB5We;VD�H/2�;VH/K ;V3:>,WZB52
Rε1∞

;,LNQR2G3�94>,@C9
Pε1

u

@�T�2kLN20TM94WZ3:K
` ∈ R 7→ hε1

` (u)
<C;AB�Bj;V<C<M>,B43n÷!H/;iQR2�94@�B52�L�2

c&20D?2 9:tA@C2Ab,c�2 96h�>ATCOG3:W/>ATC9
u ∈ R1,d ×H 7→ hε1

` (u)
s
` ∈ R

s�94>,T-3�3:>,@N3:2�9
Lhε1 ® 7C;VB5QR>AT�WeX-@�2 9 b-z{Tn;PLN>ATMO�@�T�2�h�;VQRWZH/H/2

{hε1hε1

` }`∈R

LN2�h�>ATCOG3:W/>ATC9
L
® 7C;VB5QR>AT�WeX-@�2 9 b-c6I @CT�2pLN2�OG2�9fh�>ATCOG3:W/>ATC9

hε1hε1

`

2�9F3:®J2 HZH/2yQSW/T�W/Q|;VH/2 ­@�H/;!LNW%Y�K0B520TMOG2�LN2
hε1

s#X-@�W{2 943
> 0

s�Oj7C;AO0@�T�2'LN2�OG2 9rh�>ATCOG3:W/>ATC9
hε1hε1

`
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Í{2 9nOG>�>ABjLN>ATCT�K02�9P<?>AHe;VW/B52 9
(ρ, σ)

s
ρ > 0, σ ∈ S2
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V
q Db§ uGbMz{TnWeLN20T-3:WZ[C2�LN2 @NxnOG>,@�B:D?2 9

{γt}t>0
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{γ′t}t>0
s�X-@�WZ343j;VT-3#35>A@N3=O0>AQR<C;AOG3 s-2G3=LN>,T�T�K02�9�20T

OG>�>ABjLN>ATCT�K02�9�<M>,H/;AWZB52 9 {
(ρt, σt

)
}t>0
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(ρ′t, σ

′
t)
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t>0

s�94WdH/2 9�LNWZB52 OG3:W/>ATC9
σt
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σ′

t

LN2
γt

2G3
γ′t
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LN20@Nx�~A20Bj9�@�T�QS} QR2�<M>,WZT-3

σ∞
LN2
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∂V
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tAK0>NLNK�94WeX-@�2
{(t, σ)}t>0
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σ∞

LN2
∂V

q D ²vuwb�z{T|LN>,W%3�÷)@=TCLN2 B59:>AT�Î @=TCL	�	/vÐ?H/;y<�B520QRW/80B52=LNK0QR>,TC9F35B5;V3:W/>AT
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σ(σ∞)
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) OG>Ep�TMOGWeLN20T-3n÷�LN2�9|20TM942 QgD�H/2 9rL�2
Pw0
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d(0, ε0 + ε1) = inf

{∫ 1

0

√
|q(γ̇t, γ̇t)| ds ; γ0 = 0, γ1 = ε0 + ε1

}
= 0,

;VH/>ABj9�X-@�2yH/2 9=L�20@Nxn<?>AW/T-359
0
203
ε0 + ε1

LN>AT-3=LNWe9F35WZTMOw359 ­� H�T�>A@C9�h�;A@N3�3:2 T�W/B�OG>,QS<�3:2�LN2�He;S943:B5@COG3:@�B52yHZ>,B:2 T,35Ì0W/20T�TC2Ab � T-3:B5>NLN@�We94>,TC9�<M>,@�B=OG2 H/;S@�T�<?20@�LN2�~A>NO ;VD�@�He;VW/B52Ab
�RÞ�(����&�e����
�� �qÏ&ß �ìñ\ê?á>Ø ��ç�úu��ý ë,á�ìGïZæ^âjâGá

C1 ¥ γ : R>0 → R1,3 ¥ s 7→ γs

¥dáGâjç�ëVè�ç á ÿ5ý	���B�Mú�ý��h��ý âwè
q(γ̇s) > 0

¥
ä0åCáGï\äGåCápâ0é^è�ç

s > 0
ö� Õfê�ëVè�çfä0åCáPìMñ áGâjç�åNê?á'Ø �9ç�úu��ýéÙ�ýâ��çS�Ã�"g,ú�ý âwè

q(γ̇s) = 0
¥#äGåCá0ï�ä0åCá�â0é^è�ç

s > 0
ö�rd�çÑæ^êMç�ë,é^êCê�ã�åNêRòCé^è�êMç

ξ ∈ R1,3 ¥�éVê'ê?éVç á
C>0(ξ) =

{
ζ ∈ R1,3; q(ζ − ξ) > 0

} ïZá ütç\ÿ�ç�úrs Ø ��ú\�Mþ^���¸�m���"!�çdý\tÙ�ý
ξ u ìCñ áGâwçSï:ñ áGêCâGá0ô£¡GïZáië,áwârò�éVè�êCç�â�ëAákï4ñ áGâJò�æ,ì5áFóMçÑá0ô=ò?â�è�ê\v�åCá0ê�×væ	¡0ïZáGâRò�æVí

ξ
Ö�ï4ñ æ^è�ë,á�ë&ñ åNêÉâwè%õVê�æ^ï�æ^ï�ïZæVêCç

âwçJíwè�ìGçÑáGô|á0êCç6ô|é^è�êCâ�î è�çÑáPä0åCágïZæ|ï åNôSèPæ0í:á ö� Õfê�ê?éVç áPæ^å�âjâwè
C>0(ξ) = {ζ ∈ R1,3; q(ζ − ξ) > 0}

ï/á ü	ç�ÿ�ç�ú Ø ��çS
	���+Ù�ý
ξ u ìMñ áwâwç6ï:ñ áGêCâGá0ô£¡GïZáSëAáGâ#ò�éVè�êCç�â�ë,á

ï4ñ áGâJò�æ,ìjáÑó?ç á0ô=ò?âgè�ê\v�åCá0ê�×væ	¡0ïZáGâ#òCæ^í
ξ
ö��3Sá�ïZæ{ôw@0ô|á�ôRæVêCèPæ0í:ág¥�é^êrëAãc¤�êMè�ç�ïZá �B�9
m
Aû Ø ��ú\�Mþ^���¸�m���"!�çdýäÙ�ý

ξ
¥
C<0(ξ)

¥�ìjé^ôSôRá {
ζ ∈ R1,3; q(ζ−ξ) < 0

} ¥
á0ç#ï/á �B��
m
Aû Ø �9çS
	���+Ù�ý

ξ
¥
C60(ξ)

¥#ìjé^ôSô|á {
ζ ∈ R1,3; q(ζ − ξ) 6 0

} ö D ËÍ�;VTM9�H/;R9:@�WZ3:2As�3:>A@�3:2 9fH/2 9�OG>A@CB:D?2 9fOG>,TC9:W/LNK B:K 2 9f9:20B5>AT-3=LN2�OGHe;A95942
C1

b
�=20Q|;VBjX-@�>ATC9�X-@�2�LN2 @Nx�<?>AW/T-359

ξ
2G3
ξ′

L�2
R1,d × H

9:>AT-3�K0t-;V@Nxn9:WJs�2G3=9:20@�H/20QR20T-3�9:W�sNW/He9�>AT-3�QR}0QR2�<C;A959:Kä=
{ξ′ = ξ} ⇐⇒

{
C<0(ξ′) = C<0(ξ)

}
⇐⇒

{
C60(ξ′) = C60(ξ)

}
( D Ì ).

��20Q|;VBjX-@�>ATM9�;A@C9594W&X-@�2�9:W
{γt}t>0

2�9F3�@�T�2pO0>A@�B5D?2yO ;V@C95;VH/2AsNH/2 9f2 TC9:20QgDCHZ2�9
C60(γt)

OGB5>AWe95942 T,3�;v~A2�O
t
=

9:W
0 6 s 6 t, C60(γs) ⊂ C60(γt).@�@�~-@�LN2pO020He;�sNW/H&<?20@N3�9:20QPD�HZ2 B�7�>ATCT�}G352yL�2pLNKG[CTCWZB�He;RB:2 H/;V3:W/>AT�L�I K�X-@�WZ~^;AHZ2 TCOG2�9:@�WZ~^;AT,352Ab

�RÞ�(����&�e����
��Ã�u��ßC3Sá0å	Ô)Ø ��ç�úu��ý�
 Ø �9çS
	����ý	

{γt}t>0

á0ç
{γ′t}t>0

¥�ä0åNè�ç�çÑæ^êMç�ç éVåNç&ì5éVô=òCæAì0çc¥Mâ0é^êMç�ë^è�çÑáwâ ûx!	çS�9#�����ý,þ�ÿ:ý�

âjè

⋃

t>0

C60(γt) =
⋃

t>0

C60(γ′t).

� ¶ À R�Q7I KM�gW a_Z<T�QSY�n�ngNcZ<ngX\X<e�T7Q.T�»iLtngX<T�X�acWUT�RURUT�Q y� ¹ ó�ngWUN_L<KMN_Th»iT�k!L<RUT^V�NcKba^Ä V�NcKi/2ygÆ¨fxX�W psT�N�Ä X�W pzYRZ5Æ¨f<ngo ß X<Y�ngXmK�Ä ß X<Y7ôgÅbÆ y�h¿ ß X\Y7ngX<K+Z<ngX<X<T[ZmKMX\Q�Ä ß X<Y7ôgÅgÆ�Z<T�QS�ge�X<e�NcKMRUWUQ KbacWUngX<Q.Z\T[Y7T[NPe�Qjo<R ajKba y� Ú � T�a { e�ngNcO�k!T 7.3
Z<T+Ä ß X<Y7ôgÅMÆuZ\ngX<X<T^o<X<T�dFT�NPQjWUngX>v�omKMXFajW ÷me�T^Z<T[Y�T�psKMW a y� Þ < X´KMZ<ngL\acT>R`K)X<nMajKbajWUngX
X<ngX£acNjKMZ<W acWUngX<X<T�RURUT C>0(ξ)

f�ThajY y Ltngo<N+NcKML<LtT7RUT�N!v�o�I WURwQ5I KM�gW a+R } Z\T�dFe�NcW ajKM�<RUT�Q!Y�ÝgX<T�Q�KH{!X<T�Q!Z<T R1,3 |
∀λ > 0, ζ ∈ C>0(ξ)

f
ξ + λ(ζ − ξ) ∈ C>0(ξ) y� à < X�K-Z<T�QSe�v�o<W dgKMRUT�X<Y�T�Q�KMX<KMRUng�go<T�Q�K7dFT�Y^RUT�QBT7X\QjT�k-�<RUT�Qwp2o\ajo\NcQ y
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∂c(H × R1,d)
b

z{TP<M2 @N3�Qg@�TCWZBdHe;�B5K0@�TCWZ>,TPLNWe9�EF>,WZT-352�LN2
H×R1,d

2G3�LN2
∂c(H×R1,d)

L�I @�T�2�3:>,<M>,HZ>,tAW/2#X-@�WNOG>Ep�TCO0W/L�2�9:@�B
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∂c(H × R1,d)
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b
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C60(ξ)

s
ξ ∈ R1,d × H

s\W/QR<M>,B4352�LC;VTC9SHe;kO0>ATC943:B5@COG3:W/>AT
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V
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R1,3

b � Q|;VtAW/T�>,TC9
;v~A>AW/B�@�T�2p;V<C<�HZWeO0;V3:W/>AT

ϕ : R1,3 → V
sNB52 9:<M2�Ow3j;VT-3=OG2 9�943:B5@COG3:@�B52 9>=

{
ζ ∈ C60(ξ)

}
⇐⇒

{
ϕ(ζ) ∈ C60

(
ϕ(ξ)

)}
,

LN2 9fK�X,@CWZ~^;VH/20TMOG2 9�;ATC;VH/>At,@�2 9f;vU-;VT-3�H/W/20@�<M>,@�B
C<0

(
ϕ(ξ)

) s
C>0

(
ϕ(ξ)

) 2G3
C>0

(
ϕ(ξ)

) b
4NW
ϕ(R1,3)

2 943�B:2 H/;V3:W/~A2 QS2 T-3fO0>AQR<C;AOG3 sN203
ϕ

q�203
V
u#D�W/20T�Oj7�>,W/9:W/2As�>AT�<M>,@�B5B5;PW/L�20T-3:WZ[C20B�H/2yDM>,B5L�O0;A@C95;VH�LN2

R1,3q�>A@�LN2
ϕ(R1,3)

uf÷S@�T�2�<C;AB435WZ2�LN@�D?>ABjL�L�2
ϕ(R1,3)

L�;VTM9
V
b
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c&2�DM>,B5L�q�O0;A@C95;VH�u6LN2

R1,3 9 I W/LN2 T-3:WZ[C2�÷P@�T�OGU�H/WZTCL�B:2
S2 × [−∞,+∞]

>��nHJI >,T�WeLN20T-35W%[C2
S2 ×{−∞}

203
S2 ×{+∞}÷P@CT�QR} QS2y<?>AW/T-3 b?z{T�T�>V352

C
OG2yD?>ABjL�sN2G3

p
H/2y<M>,WZT-3

S2 × {±∞}
bCz{T�QR>,T,35B:2�X-@�2

C
9 I W/LN2 T-3:WZ[C2yTC;^35@�B:2 HZH/20QR2 T,3

÷�@CT�2rOG2 B43j;VW/T�2|OGHe;A95942RL�I K X-@�W/~v;AHZ2 TCOG2|LN2|t,K0>NLNK�94WeX-@�2 9yLN2|H/@�QRWZ8 B:2,b&c&2R357�K0>,B:8 QS2|9:@�W/~v;AT-3�L�>AT�T�2R@�TC2rLN2 95OGB5WZ<�3:W/>AT
tAK0>,QRKG3:B5WeX,@C2�LN2�He;Ph�B:>,T-3:W/80B52yL�2��d>,W/9594>,T�L�2

L
9:@�B

H × R1,3 b
�)�&ÞC
������{� �që&ß�~�é^è�ç

u0 ∈ R1,d × H
ö

b,ö{à�á�ò�í:é�ì5áGâjâwå�â
{ξs}s>0

ìjéVêCî^áGí�õ-á
Pu0

�/ò�í:áwâ0ä0åCá�âReNí:á0ô|áGêMç�î^áGíjâ�åNê�òCé^è�êMç
ξ∞ ∈ C\p

ö	d�ê�ìjá=â0áGêCâb¥
{ξs}s>0

¤�êMè�ç
òCæ^í�â0áSì5éVô=òCé^íwçÑá0ígì5éVôPô|ágåNê?á�õ-ãjé ë,ãwâwè�ä0åCáRëAágï åNôPèPæ0í:á�ö

c ö{à�áwâ�çJíwèP¡Gå�â
Inv

(
{us}

) á0ç
σ(ξ∞)

ìjémÓ�ê?ì0è�ëAá0êCç�Ö�ëAáGâpá0ê�â0á0ôÍ¡0ïZáGâgëAá
Pu0

�Ñô|áwâwåNí:ápêCåNï�ïZá�ò?í5æGâ0ö

5 Ò�k%� ¦À­\¦�¢ ¤A¬^Ø�Ú\¡ Ø�� � Ô ¥ Õ?Ö ù ¬^Ø��wª�¦É­�¦ ¥ Ô §�¬^� � ¡ Ø�m,¬^¦ ­\¦�n{�MØ�¢ ¢�� � Ü z{T);�W/TCLNWeX-@�K�;V<�B58 9SH/2�3:7�K >AB580QR2
ÿ LN2 ü ;AB:<?20H/20~�WeOj7&s�4NOj7�@�B|2G3���@N35@�DC;AHZW/T&s#X-@�2�H�I >AT�<?20@N3�L�K OGB5W/B:2�He;¼<C;VB:3:W/2

{ξ̇s}s>0
L�I @CTË<�B:>NO02 9594@C9RB520He;^35WZ~�We9F352

{
(ξ̇s, ξs)

}
s>0

t,K0T�K B5;AH?9:@�B
H×R1,d

OG>,QRQS2yHe;P9:>AH/@N35WZ>,T�L�I @�T�2yK X-@C;V3:W/>AT�LNW%Y�K0B520T-35WZ2 HZH/2�943:>NOj7C;,9F35W/X-@�2yOG>,TCLN@�WZ3:2�<C;AB
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SO0(1, 3)
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2G3S��@N35@�DC;VH/W/T�HZ2�B:20�C2G3RL�I @�Ti3:7CK0>AB580QR2nL�K OGB5W/~v;AT-3g3:>,@C9pH/2 9P<�B5>NOG2 959:@C9pLN2�c&K0~�Ui9:@�B

SO0(1, 3)
q�~A>AW/BpHJI ;A<�<?20TCLNWeOG2� ª\­�¥�¦-ª�ÙZ¢S¬^¦-¢\ª\¥�¡ ¢ s

1
sN<&b�����uGb

@�<�<?20H/>ATC9
{ε0, ε1, ε2, ε3}

He;SDC;A9:2�O ;VT�>,T�WeX,@C2yL�2
R1,3

b���B5>AWe9�Oj7M;VQR<C9fLN2y~A2�Ow3:2 @�Bj90s
H1, H2, H3

s�94@�B
SO0(1, 3)

s
WZT�~^;VB5W/;AT-359�<C;AB�35B5;ATC94He;^35WZ>,Tr÷�t,;A@COj7�2,sAU�EF>A@�2 T-36@�TnBbEAH/2�<C;AB435W/O0@�HZW/20B�b � He9�94>,T,3�LN>AT�TCK 9#<C;VB#HZ2 @�B6~^;VH/20@CB620TnH�I W/L�20T-3:WZ3:K^A
B:2�94<?2 OG3:W/~A20QR2 T,3

Ü
E1

s�K Oj7M;VT�t,2 ;VT-3
ε0

203
ε1

s�2 T-~,>^U,;AT,3
ε2

203
ε3

94@�B�8Cs
Ü
E2

=NK�Oj7C;VTCtA2 ;AT-3
ε0

2G3
ε2

sN20T�~A>^U-;VT-3
ε1

2G3
ε3

9:@�B�8�s
Ü
E3

=NK�Oj7C;VTCtA2 ;AT-3
ε0

2G3
ε3

sN20T�~A>^U-;VT-3
ε1

2G3
ε2

9:@�B�8�b § êÍ�;VTM9�H�I WeLN20T-3:WZ3:Kpq ? b 8�bU:Au\OG>,QRQS2�L�;ATC9\3:>,@N3�H/2�Q|;AT-@M9:O0B:WZ3 s^He;yOG>AT�~,20T-3:W/>ATSLN2=94>,QRQR;V3:W/>ATSL�I �6WZTC943:2 WZT|2�9F3�;,LN>A<N35K02,b
@=@C9594WJs

Hj ◦ dw
j
s =

∑

j=1..3

Hj ◦ dw
j
s.

� ò < X�T7XFacT7X\Z)LmKMNBR } k!ngX�acNPT7NBv�o<T^Y�T[�	ngNPZ�T�QPa { ngk!e�ngk!ngNPL { T } ajT�RURUT[ngo�acT�RURUT�dgKMNPWUehaje y¶hö z T�Q_acNcngWUQ_Y { KMk!L\Q_Z\T�dFT7YhacT�o<NcQ.QjngXFaSRUT�QB�tningQPajQ7fmZ<e.� } KML<LmKMNPo<Q�KMo 1 y
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c&2�QR>A@�~,20QR20T-3RD�B:>^a�TCWZ2 T�9:@�B
H

;V<�<M;VBj;<;e3RO0>AQRQR2�He;k<�B:>AEF2 OG3:W/>AT!9:@�B
H ' SO0(1, 3)/SO0(3)

LN2�He;�L�W%Y�@C9:WZ>,T
{gs}s>0

94@CB
SO0(1, 3)

9:>AH/@N3:W/>AT�LN2yHJI K�X,@M;^3:W/>AT�LNWZY?K B:2 T-3:W/20H/HZ2p943:>NOj7C;,9F35W/X-@�2

dgs = Hj ◦ dw
j
s ,

q ? b 8Cb :,u
>	��H/2 9

wj
94>,T-3yLN2�9�QS>,@�~A2 QR20T-359{D�B5>^a�T�WZ2 TC9{WZTCL�K0<?20TCL�;AT-359 § 1 b|��HZ@M9�94W/QR<�HZ2 QR20T-3 s

{gsε0}s>0
2�9F3�@�T�QS>,@�~A2 QR20T-3

D�B:>^a�TCWZ2 T!94@CB
H
b^4�W�HJI >AT!WeLN2 T,35W%[M2

SO0(1, 3)
2G3RH�I 20TC9:20QPD�H/2

O+H
LN2 9SB520<?80B52 9P>AB:3:7�>,T�>AB5QRK 9SLNWZB52 OG359SLN2

H
s\H/2 9

Oj7C;VQR<C9SLN2�~A2 OG3:2 @�B59
Hi

9:>AT-3PH/2 9ROj7C;AQR<C9PL�2�~,2 Ow3520@�Bj9p7C>AB5WZÌ >AT-35;A@Nx¼O ;VT�>,T�WeX,@C2 9g9:@�B
O+H

s�203SHe;kOG>ATM9F35B:@COG3:W/>AT
<�B:K�OGK�LN20T-3:2�LN@�QR>A@C~A20QR2 T,3�D�B5>^a�T�W/20T�94@�B

H
He;SO0>ATC943:B5@COG3:W/>AT�L�2���20H/H/9=2G3=��H/a#>,B4357�UAb

1#>,QRQS2 T-3 s�2 T�O02 9�3520B5QS2�9f20T�~�W/95;Vt,20B�H/;RLNWZY�@C94W/>AT {
(ξ̇s, ξs)

}
s>0

9:@�B
H × R1,d ­³\WZxN>ATC9

s > 0
b94N@�WZ~^;AT,3�_�O ü 2 ;AT&s�OG>,TC9:W/LNK B:>,TC9

gs

O0>AQRQR2�H/;SH/WZQRWZ3:2rq�<�B:2�9:X-@�2�95û�B52�u�LN@�<�B5>�L�@�W%3
∏

i=1..n−1

exp
((
wj

(i+1)s
n

− wj
(i+1)s

n

)
Ej

)
,

HZ>,B595X-@�2
n→ +∞

q�~,>AW/B�Î _�O ü Ï	þ^ÐJsM1#7C;A<&b
4.8

uwb
C >V35>ATC9

e = (g, ξ)
@�T�<M>,WZT-3{L�2

SO0(1, 3) × R3 sC2G3{<M>-94>,TC9
es = (gs, ξs)

sM;v~A2�O
gsε0 = ξ̇s

b?c�;|LN2�9:O0B:W/<N35WZ>,T'LN2
_'O ü 2�;VTPEF@C9F35W%[M2�QS>,B5;AHZ2 QR20T-3�HJI ;V<�<�B5>vxNWZQ|;V3:W/>AT •

'
OGWZ® L�2 9594>,@C90b

es+ds = (gs+ds, ξs+ds) '
(
gs+ds, ξs + ξ̇sds

)

•
'

(
gs exp

(
(wj

s+ds − wj
s)Ej

)
, ξs + ξ̇sds

)

4�W&HJI >,T�QP@�T�WZ3
SO0(1, 3) × R1,3

LN@�<�B:>NLN@CW%3�9:20QRWZ® LNW/B52 Ow3
(g, ξ)(g′, ξ′) = (gg′, ξ + gξ′),

H�I W/L�20T-3:WZ3:K�<�B5K O0K LN2 T-3:2�90I K O0B:WZ3

es+ds = (gs, ξs)
(
exp

(
(wj

s+ds − wj
s)Ej

)
, ε0ds

)
.

C >V35>ATC9
Ẽj = (Ej , 0)

s
j = 1..d

s�H�I 2Gx�3520TC9:WZ>,T'TC;V3:@�B520H/HZ2SLN2
Ej

÷
SO0(1, 3) × R1,3

s�2G3
Ã0 = (0, ε0)

b C >A35;VT-3 ¦E��ÚH�I 2GxN<?>AT�2 T,35WZ2 HZH/2�94@CB�HZ2�<�B5>NLN@�WZ3�942 QRW%®ÑLNW/B:2�Ow3
SO0(1, 3) × R1,3

sN>,T�;Cs�;v~A2�O{LN2�9�T�>A35;^35WZ>,TC9fOGHe;VW/B:2�90s
¦���Ú (

(dg, ξ̇)
)

= (
� L
, 0) + (dg, ξ̇) +

1

2

(
dg2, ξ̇ + dgξ̇

)
+ · · · .

@=@C9594WJs

¦E��Ú (
(wj

s+ds − wj
s)Ẽj + Ã0ds

)
= (

� L
, 0) +

(
(wj

s+ds − wj
s)Ẽj , ε0ds

)
+

1

2

((
(wj

s+ds − wj
s)Ẽj

)2
, O

(
(wj

s+ds − wj
s)ds

))
+ · · ·

'
(
exp

(
(wj

s+ds − wj
s)Ẽj

)
, ε0ds+ o(ds)

)
.

@=W/TC94WJs
es+ds ' es

¦E��Ú (
(wj

s+ds − wj
s)Ẽj + Ã0ds

)

¶bG � I ngLte�NjKbacT�o<N 1

2

`

H2

1
+ H2

2
+ H2

3

´ T�Qca { ÜiL	n�T�RURUWUL\acWUvio<T y8< X)LtT7oia�KMo<QjQcWqng�\ajT�X<WUN[RUTJk!ngo\dFT�k!T�X�aS�<NPnA�_X<WUT�X'Qco<N H
T7X L<NPn2�PTha KMXFa^Qjo<N

H
R`K+Z<W ¾	o<QjWUngX T�RURUW acL<WUvio\TJQcngRUo\ajWUngX)Z\T-R�I e�vio<KbajWUngX

dgs = Vj ◦ dw
j
s + Vjkdw

jk
s

f�nR[ RUT�Q.Y { KMk!L<Q�Z<T�dFT�Y�acT�o<NPQ Vjk

QjngXFa�RUT�Q�Y { KMk!L\Q�Qjo<N
SO0(1, 3)

KMQjQjn�Y�WUe�Q.KMo\»�NPnMa KbacWUngX<QSWUX\÷mX<W ace�QjWUk�KMRUT�Q
E1,2, E1,3, E2,3

Z<T
R3 � Y7T�QSk�KbajNPWUY�T7QBQcngX�a_Z<eh÷mX<WUT�QSL y �<y
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c&2�<�B5>NOG2�9:9:@C9
{es}s>0

9:@�B
SO0(1, 3)×R1,3

LN>AWZ3�LN>,TCOVs�;V@y~�@pLN@�357�K0>,B:8 QS2�L�26_'O ü 2�;VT&s0}G3:B5269:>AH/@N3:W/>AT�LN26H�I K X-@C;V3:W/>AT
LNW%Y�K0B520T-35WZ2 HZH/2�9F35>�Oj7M;A943:WeX,@C2

des = Vj ◦ dw
j
s + V0ds,

q ? b 8Cb Ï-u
>	�

Vj(e) = eẼj

2G3
V0(e) = eÃ0

b?z{T�~,K0B5W%h�2�LNW/B52 Ow3520QR20T-3=X-@�2pOG2034352�K X-@C;^35WZ>,T�2�9F3�He;RQR}0QR2�X,@C2�HZ2�9:U�943:8 QR2
dgs = Vi ◦ dw

j
s , dξs = g0

sds.

z{TPT�>A3:2 B5;
Pe0

H/;�H/>AW�LN2fHe;�L�W%Y�@C9:WZ>,TS9:>AH/@N3:W/>ATRLN2fHJI K�X,@M;^3:W/>AT�q ? b 8Cb Ï-uwsVOG>,B:B52 9:<?>ATCL�;AT-3\÷�H/;yO0>ATCLNWZ3:W/>ATPWZTCW%35W/;AHZ2
e0 ∈ G

b
z{TÉ<M2 @N3'LN>ATMO�~,>AW/B�He;�L�W%Y�@C9:WZ>,T {

(ξ̇s, ξs)
}

s>0

94@CB
H × R1,d

OG>,QSQR2kH/;!<�B5>VEF2 OG3:W/>AT�94@�B
H × R1,d

L&I @�TC2
LNW%Y�@C9:WZ>,T|94@�B6HZ2�<�B5>NLN@�WZ36942 QRW%®ÑLNW/B:2�Ow3

SO0(1, 3)×R1,3 sVW/T-~^;AB:We;VT-3:2�÷yt-;V@COj7�2,b,1#2�tAB5>A@�<?2fT&I 2 9436;V@N35B:2�X-@�2�H/2=tAB5>A@�<?2
LN2)�d>AW/TCO0;AB:K

G
LN2�9fW/9:>AQRK03:B5WZ2�9�;m�|T�2 9�L�2�He;Sh�>AB5QR2�X,@M;ALNBj;^35W/X-@�2

q
q §bD uGb1{I 2 943n@�T)h�;AW%3�O0H/;,9:9:WeX,@C2¼q�2G3rH/2�3:7CK0>AB580QR2�����HZ2'QR>,T,35B:2 B5;-ugX-@&I KG3j;VT-3nLN>,T�T�K

e0 = (g0, ξ0) ∈ G
s6H/2 9R35B:W/D�@C9

Inv
(
{ξ̇s}

) 203
Inv

(
{gs}

) O0>KpJTCOGWeLN20T-3�÷RLN2 9�K0~,K0T�2 QR20T-359�LN2
Pe0

® QR2 9:@�B52�T�@�H/H/2�<CB:8�9BA�WZH�2 T�~^;RLN>,TCOyLN2yQS} QR2�<?>A@CB
Inv

(
{(ξ̇s, ξs)}

) 2G3
Inv

(
{(gs, ξs)}

) b|@=@M9:9:W�90I >NO0OG@C<M20®�3:®J>,T'LN2gHe;nLNWZY�@C94W/>AT {
(gs, ξs)

}
s>0

= {es}s>0
94@�B

G
b&1#2034352

LNW%Y�@C9:WZ>,T'KG3j;VT-3�2 T�tA2 TCLNB5K02�<C;AB{LN2�9�Oj7C;AQS<M9�LN2P~A2 OG3:2 @�B59=WZT�~^;VB5W/;AT-359�<C;AB=35B5;ATC94He;^35WZ>,T�÷|t,;A@COj7�2AsMH/;n94@�WZ3:2
{en}n>02 943�@�TC2SQ|;AB5Oj7�2S;VH/K ;V3:>AW/B52g94@CB

G
b&c�2g357�K0>,B:8 QS2R9:@�WZ~^;AT,3yBj;VQR80T�2PH�I KG35@CLN2|LN@kOG>AQR<?>AB:3:2 QS2 T-3y;,94U�QR<N3:>A3:WeX-@�2SL�2PHe;LNW%Y�@C9:WZ>,T

{es}s>0
÷SO020H/HZ2pL�2�He;RQ|;VBjOj7�2y;VH/K ;^35>AW/B:2

{en}n>0
b � H�h�;VWZ3=<C;VB:3:W/2�LN@�h�>AH/`-H/>AB52�94@CB�HZ2�9:@^EF2G3�b

�)�&ÞC
������{� �q�&ß>~�é^è�ç
e0 ∈ G

ö?à�áGâ=ç�íwèP¡0å�â
Inv

(
{es}

) á0ç
Inv

(
{en}

) ì5éVè�ê?ì0è�ëAá0êCç�ÖRëAáGâ�á0ê�â0á0ôÍ¡0ïZáGâ�ëAá
Pe0

�Ñô|áGâjåNí5á
êCåNï�ïZá�ò?í5æGâ0ö

•
4�>,@C9�H�I W/QS<C@�H/9:W/>ATiLN2£³�@�Bj943:20T�D?20B5tkq4Î ³C@�BjÏ	/vÐ�uws�HJI K03:@CL�2rLN@kO0>AQR<?>AB:3:20QR2 T,3�;A9:U�QR<N3:>A3:WeX,@C2RL�2 9�Q|;VBjOj7�2 9y;VH/K ;V®

3:>AW/B52 9�94@�B�LN2�9�tAB5>A@�<?2 9�90I 2 943�LNK0~,20H/>A<�<?K02yL�;VTM9#LN2yT�>,QgD�B520@M942�96LNW/B:2�Ow35WZ>,TC90s�<?>A@�Bf~,20T�W/B#<CB:2 TCLNB52�95;p<�He;AO02{TM;^3:@CB:2 HZH/2
L�;VTC9gH�I KG35@CLN2nL�2 9p<CB:>NOG2�9:9:@C9pL�2�c&K ~�U�9:@�BPLN2�9pt,B:>,@�<M2�90b_�\>,@�Bj94@�W/~^;VT-3gH/2 9p3:Bj;v~v;A@NxkL&I @�Ì020TMOG>V3:3�qFÎ @=Ì 2<út8^Ð�uwsS��;V@�t,W
LN>AT�TC2=L�;VTC9=Î �=;A@�ú	ú�ÐM@�T�2=L�2 95OGB5WZ<N35WZ>,T|;AOj7�2 ~AK02,s^20TR3520B5QS2�9�;VH/tAK D�B5W/X-@�2�90sVLN2�HJI 20TC9:20QPD�HZ2{LN2 9dh�>,TCOw35WZ>,TC9�7C;AB:QR>,T�W/X-@�2�9DM>,B:T�K 2 9pq�<M>,@�B�H/;|Q|;AB5Oj7�2p;AHZK�;^35>AW/B:2vuf94@�B{@�T�tAB5>A@C<M2pH/>NO0;AHZ2 QS2 T-3�OG>AQR<C;,Ow3�sM9:>A@C9{OG20B:35;AWZTC2�7-U�<?>V357�8 9:2gLN2PQS>,QR20T-3
94@�B#H/;gHZ>,WMLN2�9#95;V@�359�q4Î ��;V@�ú�ú ÐJs,3:7CK0>AB580QR2�9

8.4
2G3

13.4
uGb�4N;gQSK03:7�>NLN2�90I ;V<C<�HZWeX-@�2=WeOGWJs,203#He;p<C;AB435WZ2>���P2 943�OG>,TC95;AOGB5K02 2

÷RH�I 2GxN<?>,9:KpL�I @CT�2gLNK QS>,TC943:Bj;^3:W/>AT�;VH/tAK D�B5W/X-@�2�L�I @�T';VTM;VH/>AtA@C2yL�2 9f357�K0>,B:8 QS2�9 ��� 2G3 ��ë sML�;VTC9=H�I 2 9:<�B5W%3{L�2 9f35B5;v~^;V@�x
LN2|Î ��;V@�ú�ú0ÐJbCc�2 9fT�>A3:W/>ATC9�L&I ;AHZt,80D�B52yT�K O02 959:;AWZB52 9#U�9:>AT-3�B5;A<�<?20H/K02 9 b

C >V35>ATC9
g = NAK

He;¼LNK O0>AQR<M>-94WZ3:W/>AT�L�I � a�;,9:;vaf;kL�I @CT)K HZK QR20T-3
g ∈ SO0(1, 3)

s6;A9594>NO0WZK 2�;A@�9:>A@M9F® tAB5>A@�<?2
OG>AQRQP@N35;V3:WZh{Q|;^xNW/QR;AH

A =

{
A =

LNWe;Vt (( Oj7
t

9:7
t9:7

t
Oj7
t

)
,
� L

2

)
; t ∈ R

} b���>,@N3|<M>,WZT-3
(g, ξ)

LN2
SO0(1, 3) × R1,3

90I K O0B:WZ3=LN2yh�;	00>AT�@�T�WeX,@C2
(g, ξ) =

(
N, r(ε0 − ε1)

)(
A, u(ε0 + ε1) + vε2 + wε3

)
(K, 0),

H/;SQg@�3:H/WZ<�H/WeO0;^35WZ>,T�KG35;AT-3�O020H/HZ2pL�@�<�B5>NLN@�WZ3�942 QRW%®ÑLNW/B:2�Ow3 b
�)�&ÞM
������{� ��ÿ �N� Ô ª Õ Ø �+� � Ô ª[ÿ�ÿq� ø ß�~�é^è�ç ε0 = (g0, ξ0) ∈ SO0(1, 3) × R1,3 ¥fáGç

{en}n>0
ï/ærô|æ^í:ìMÑ�áRæVïZãjæ^çÑé^è�í:á

âjåNí
SO0(1, 3) × R1,3 ¥�èeâ5âwåCáSëAá

e0
¥
en = (gn, ξn)

ö��gé^çÑé^êCâ
gn = NnAnKn

ïZænë,ã5ìjéVô=òCévâwè�çJè�é^ê�ë&ñ �i�6ævâ0æ��6æ�ëAá
gn

ö
b,öV3Sæ^ê�â�ïZæ�ëAãjìjé^ô�ò�é^âwè�ç�è�éVê

(gn, ξn) =
(
Nn, rn(ε0 − ε1)

)(
An, un(ε0 + ε1) + vnε2 + wnε3

)
(Kn, 0),

ïZáGâyâjåNè�çÑáGâ
{Nn}n>0

á0ç
{rn}n>0

ì5éVêCî^áGíJõ,á0êCç
Pe0

�/ò?í5áwâ0ä0åCáyâReNí:á0ôRá0êCçÑö
c ö{à�æ|çJíwèP¡Gå�è�êMîvæVíwè�æ^êCçÑá

Inv
(
{en}

) áGâwçfá0ê-õ-á0ê?ë^í5ã5áF¥�â0é^å�â
Pe0

¥�òCæ^ípï/áwâ�î^æ^íwè�æ	¡0ïZáGâSæ^ï/ã5æVç éVè�í:áGâ
N∞

áGç
r∞

ö
c�;ËQ|;^35B:WeOG2

N∞
L�K0<?20TCL L&I @�T´~,2 OG3:20@CB

h∞ ∈ R2 b�c�; O0>AB5B:2�94<?>ATCLC;VTCO02k2 T-3:B52iHZ2�9�X-@C;VT-35W%35K 9';AHZt,K0D�B5W/X-@�2�9
(h∞, r∞)

sCL�I @�T�2�<M;VB:3 sN2G3=H/2 9�X-@C;AT-3:WZ3:K 9ft,K0>,QSK03:B5W/X-@�2�9
(σ∞, Rσ∞∞ )

sCL�I ;V@N35B:2y<C;AB43�s�2 943�2GxN<�H/W/O0W%352Ab
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